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PREFACE. 


• » 


In  the  year  IBOS,  1  published  a  treatise  on  tfie 
Doctrine  of  Interest  and  Annuities^  wherein  I  entered 
bto  a  full  investigation  of  all  the  principles  relative  to 
that  sdence ;  together  with  its  application  in  the  va-* 
rious  questions  arising  from  any  commercia!,  political, 
or  financial  inquiries.    In  the  preface  to  that  work  I 
tttgnified  my  intention  of  prosecuting  the  subject  still 
further,  so  as  to  take  in  the  whole  Doctrine  of  Xj/e- 
AnmuUies  and  Assurances :  the  present  treatise,  there- 
ibre,  must  be  considered  as  a  continuation  of  the  work 
above  alluded  to ;  and  will,  I  believe^  contain  all  that 
is  aaefbl  or  interesting  on  the  science.    The  motives, 
which  induced  me  to  submit  the  former  work  to  the 
j>ublic,  were  there  fully  explained ;  and  will  equally, 
not  more  forcibly,  apply  to  the  present  treatise. 
The  importance  of  the  subject,  at  the  present  day, 
P        cannot  be  doubted }  since  the  greater  part  of  the  pro* 
perty  of  this  kingdom  is,  in  one  shape  or  another, 
connected  with  diis  science.    The  present  possessors 

as 


ifi 


tbdr"  igntfrance.  or  neglect  c^  the  trutf  liotbiiemal^ 
piidciplfs  upoli  which  they  oaght  to  pK>ceed}  aad^ 
vrithout  .aa  attentk>o  to  Whicb>'  no  i^stabUshmtPit  of 
tbk  kiikd  can  possibly  fldorish, 
.  B1U5  the  BK)st  Unportaat  brSAioh  6f  this  science  i$ 
that  of  Assurands:  which  is  stiU  more  extensive  than 
etthe^  xd  iboae  above  meniioiied.    For^  iack] 
of  the  different  classes  of  pcrsoiis  hpldipg  propeity.: 
urider"  the  seva-al  tenures!  alluded  i0.  m  the  begianing 
of  thb  pre£Ke»:  and  whose  incomes  wSl  cotfse^tfeody ) 
detennine  with  their  lives>  there  is  an  imn^ense  i^uitiber; 
of  oiher  pehons,  in  the  diffeitent  depdrtal[ent»  of  society^ 
8ubject.t]Qi  the  same  contingency.  Every  mail  engaged  in 
ehber  of  the  three  prqfiusianM^  whose  emolilmenta  arise 
from  his  own  pers6nal  abilities  and  exertioM^^^-every. 
one  {mrsdmg  a  naval  or  milUary  life,  jwhoae  kicQme 
will  cease  at  his  death, — every  person  en^ged  in.^TiA- 
nnffactures^  commerce^  or  any  other  emfdoyfuent,  wboee 
own  immediate  exertions  are  the  support  of  the  qm- 
cem  in  which  he  is  engaged,-— these  and  many  otMrs^ 
too, numerous  here  to  Insist  on,  wiU  often  be  desirous 
of  sacrificing  tome  part  of  their  present  emolumenta 
and  profits,  not  only  with  a  view  to  secure  a  smti4>le 
provisiopi  for  their  families  at  their  decease  but  likewise 
to  render  their  own  lives  more  easy  and  comfortsd^Ie^ 


PRBFACB*'  tX» 

vMer  llie  ^let^g  consolation  that  they  have  guarded 
agwbst  one  of  the  great  evils  of  a  premature  death. 
'  Ifidet>endent9  however,  of  this  gena:al  view  of  the 
subject,  there  are  various  other  purposes  for  which 
AssoftBices  are  Netted.  Persons  holding  Leases  on 
lhe$y  and  paying  a^e  on  renewal^  are  oftentimes  in- 
duted  to  insure  a  sum  of  money  upon  those  lives,  ia 
(Hrder  that  they  meay  be  enabled  to  pay  such  fine  when 
itbeeomes  due.  Some  consider  it  a  good  method  of 
securii^  a  dubious  ot  protracted  debt,  by  assuring  the 
life  of  tlfe  debtor.  Others,  again,  may  be  entitled  to 
an  estate,  or  to  a  sum  of  money,  at  the  aid  of  a  givea 
term,  m  on  the  happening  of  a  particular  event,  pro* 
vided  they  be  then  alive  to  receive  it :  and,  in  order 
to  aecun?  such  sum  to  their  famiHes,  may  be  desirous 
ci  msuring  their  lives  for  such  term^  or  against  such 
comingency* 

%         * 

These,  and  a  thousand  other  cases  of  daily  occur*- 
.rence,  render  this  branch  of  the  science  interesting  to 

^ 

every  class  c^  the  community.  Numerous  Offices 
have  lately  ^ung  up,  in  the  metropolis,  for  the  pur- 
pose of  graadng  Assurances  on  every  possible  contin* 
gency  amongst  lives  in  general ;  and  it  therefore  be- 
comes  every  one,  engaged  in  the  public  business  ci  life, 
to  study  this  subject  with  attention. 
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Bur,  notwithstanding  the  importance  and  utility  of 
these  inquiries,  it  is  not  much  more  than  a  century  that 
they  have  been  concfucted  in  a  proper  and  scientific 
.  manner*.  The  celebrated  ,Dr.  Halley  led  the  way  in 
England ;  and  in  his  paper,  inserted  in  the  Philosophical 
Tramaclions  for  1693,  pointed  out  the  true  method 
of  calculating  the  value  of  Annuities  on  Lives.  In  the 
pursuit  of  this  object,  he  assumed  the  rate  of  human 
mortality  for  five  successive  years,  as  observed  at  Bra* 
law,  and,  from  these  data,  formed  the  ^rst  correct 
table  of  the  value  of  Life- Annuities.  That  table^  how-* 
ever,  being  adapted  only  to  every ^Jih  year  of  hmnan 
life,  and  calculated  at  only  one  rate  of  interest,  was  • 
consequently  very  limited  in  its  application  and  utility. 

The  illustrious  De  Moivre  improved  on  what  Dr. 
Halley  bad  begun  f.    He  carefully  examined  the  table 

*  Soon  afler  the  Revolution  in  this  coantiy  manj  of  the  loans, 
for  the  service  of  Government,  were  raised  upon  Life-Annuities  : 
and  nothing  can  show  more  forcibly  the  low  state  of  the  science, 
at  that  period,  than  the  vague  manner  in  which  the  values  of  socb 
annuities  were  estimated. 

f  Abraham  De  Moivre  was  bom  at  Vitri,  in  Champagne,  in 
1667.  The  revocation  of  the  £dict  of  Nantz,  in  \(5%5,  deternuned 
him,  with  many  others,  to  take  shelter  in  £ngland ;  where  he 
"perfected  his  mathematical  studies,  the  foundation  of  which  he  had 
laid  in  his  own  country,  and  which  have  rendered  him  so  great  an 
oniament  to  die  age  in  which  he  lived.  In  the  latter  part  of  hit 
life  he  subsisted  chiefly  by  giving  answers  to  questions  in  Chances, 


of  obeervadons  given  by  that  celebrated  philosopher: 
and,  finding  that  for  several  years  together  the  decree 
ments  of  life  were  uniform,  and  that  it  was  only  in 
youth  and  in  old  age  that  any  conaderable  deviation 
occurred,  he  founded  his  ingenious  hypothesis  that  the 
decrements  of  life  are  equal  and  uniform,  from  birth 
to  the  utmost  extremity  of  human  life*  He  veas,  at 
first,  inclined  to  compose  a  Table  of  the  values  of  Life** 
Annuities,  by  keeping  close  to  the  table  of  observa- 
dons }  that  is,  by  dividing  the  whole  extent  of  human 
life  into  several  intervals,  according  to  the  difference 
of  the  decrements  during  those  periods.  But,  before 
he  undertook  this  task  he  tried  what  would  be  the  re« 
suit  of  supposing  those  decrements  uniform  from  the 
age  of  twelve  to  the  utmost  extremity  of  life :  and  was 
that  the  excesses,  arising  on  one  side,  would 


AmmitieB,  &e:  and  it  is  said  that  most  of  these  solutions  were 
deliveied  at  a  coffee-lioose  in  St.  Martin*s-Iiane,  where  he  spent 
the  greatest  part  of  his  time.  His  merit  and  abilities  were  so  well 
known  and  esteemed,  that  the  Royal  Society  of  London  judged 
him  a  fit  person  to  decide  the  Yimous  contest  between  Newton 
and  htiBvmz,  concernir^  the  invention  of  Fluxions,  He  was 
bi^y  esteemed  by  the  first  of  these  celebrated  philosophers:  and 
it  is  reported  ^har^  dnring  the  last  tenor  twelve  years  of  Newroar's 
iifs^  when  any  person  came  to  ask  him  for  an  explanation  of  any 
|Mirt  of  his  works,  he  used  to  say  "  Go  to  M.  De  Moivre;  he 
knows  all  these  things  better  than  I  do  I  **  He  died  at  the  advanced 
1^  of  ejghty«s«ven. 

/ 
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be  compensated  by  the  defects  on  the  other.  For,  on 
comparing  his  calculation  with  that  of  Dr.  Halley,  he 
found  the  conclusions  to  differ  so  very  little,  that  he 
thought  it  superfluous  to  join  together  several  different 
rules  in  order  to  compose  a  single  one. 

The  first  edition  of  his  jinnuilies  on  Lives  was 
printed  in  octavo,  in  1724.  By  the  most  simple  and 
elegant  formulae  he  pointed  out  the  method  of  solving 
all  the  most  common  questions  relative  to  the  value 
of  Annuities  on  single  and  joint  lives.  Reversions  and 
Survivorships.  In  the  subsequent  editions  of  that 
work*  he  not  only  corrected  the  errors  into  which  he 


*  The  second  edMSon  appeared  in  1743  ;  and  the  third  in  1750. 
Since  which  time,  I  believe  there  have  been  other  editions:  but 
the  most  improved  copjr  is  that  which  is  inserted  at  the  end  of 
bis  Doctrine  of  Chances ^  3rd  edit.  1 756. 

In  the  preface  tp  the  second  edition,  here  alluded  to,  he  made 
ap  illiberal  and  onjustifiable  attack  on  Mr.  Simpson ;  and  chai^ged 
him  with  mutilating  his  propositions,  obscuring  his  demonstrations, 
and  pirating  his  rules.  But  Mr.  Simpson  effectually  refuted  thes6 
charges  (in  the  same  year)  in  an  Appendix  to  his  Doctrine  of  An* 
nuities :  at  the  close  of  which  he  exclaims,  in  the  language  of 
conscious  rectitude,  *'  I  appeal  to  all  rpankind,  wliether,  in  his 
*'  treatment  of  me,  he  has  not  discovered  an  air  of  self-suificieney* 
''  ill-natlire,  and  inveteracy,  unbecoming  a  gentleman."  Here 
the  controversy  appears  to  have  dropped.  For,  M.  J>eMoivre 
pnblished  the  third  edition  of  his  book,  without  any  further  notice 
of  Mr.  Simpson :  but  omitted  the  offensive  reflectioDi  which  bad 
been  inserted  in  the  preface  to  the  preceding  edition. 


bad  fallen  in  the  first  edTtion,  but  also  greatly  enlarged 
the  boundaries  of  the  science,  and  encouraged  other 
mathematicians  to  pursue  the  path  which  he  had  struck 
out  with  so  much  honour  to  himself*  Unfortunately, 
however,  his  hypothesis  will  not  suit  all  circumstances: 
and  more  recent  discoveries,  on  the  rate  of  human 
mortalityt  have  proved  that  it  cannot  always  be  safely 
adopted.  Nevertheless  it  is  still  of  great  use  in  the 
investigation  of  many  cases  connected  with  this  subject; 
and  will  ever  remain  a  proof  of  his  superior  genius  and 
abilities.* 

In  die  year  1742,  Mr.  Thomas  Simpson  published 
the  first  edition  of  his  little  treatise  on  the  Doctrine  of 
Annmties  and  Reversions;  in  which  he  introduced 
the  method  of  computing  such  values  from  the  real 
observations  of  life.  His  rules  upon  thi$  subject  aife 
genera^,  and  will  apply  to  any  observations :  neverth^ 
less  he  confined  himself,  in  his  Tables  and  in  his  Ex- 
amples,  to  the  rate  of  human  mortality  in  London  ^ 
deduced  fimn  the  observations  of  Mr.  Smartf.  The 
same  author  prosecuted  this  subject,  by  way  of  Sup- 

*  The  Tables  of  the  vatae  of  Life-Aimuttiesy  deduced  ffom 
.  M.  DcMoivre's  bjpotheais^  will  be  found  at  Che  eod  of  the  pre*, 
•ent  work ;  being  Tables  XUX  and  L. 

f  Mr.  SimpsoQ*s  l^bles  of  the  value  of  Life-Attnuides  will  be 
found  at  the  end  pf  this  work  I  being  Tables  XLV  to  XLVIII. 
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plementj  in  his  Select  Exercises  for  young  Prqficients 
in  the  MathematicSy  published  in  the  year  1752.^ 
.This  work,  however,  is,  for  the  most  part,  a  repetition 
of  the  rules  given  in  the  preceding  treatise :  to  which 
,are  added  some  new  problems  on  the  subject  of  con- 
iingent  annuities  and  assurances. 

On  the  style  of  Simpson  (always  simple  and  ek* 
gant)  it  is  needless  for  me  to  make  any  observations* 
His  works  are  his  best  comment ;  and,  need  only  be 
read^  to  be  admired.  Nevertheless  his  Treatise  on 
Life-Annuities,  together  with  his  Supplement  abot^e 
alluded  to,  are  perhaps  the  most  imperfect  of  his  pro* 
ductions.  Although  much  is  there  done,  srill  much' 
inore  remained  to  be  executed.  liis  Tables,  being 
deduced  from  the  rate  of  mortality  in  London  only, 
are  found  not  to  be  sufficiently  adapted  for  general 
use:  and  his  Rules,  being  deduced  partly  from  the 
hypothesis  of  M.  De  Moivre  and  partly  finom  real  ob- 
servadons,  have  been  ascertained  not  to  be  sufficiently 
correct.  S  ubsequent  improvements  in  the  science  have 
also  shown  that  some  of  his  general  theorems  are 

*  Tliat  part  relating  to  Annuities  has  lately  been  taken  ottt  of 
the  SeleU  Exercises;  and^  having  been  printed  separately  in  1791, 
is  now  generally  bound  up  with  his  Doctrine  of  Anmiitm  and  Re^ 
rersions:  the  seeond  edition  of  which  appeared  in  1775»  and  wbicii 
contains  the  Appendix  alluded  to  in  the  note  in  page  xtlr 
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'  The  next  treatise  on  this  subject  k  Aat  by  Mr« 
Morgan^  entitled  TTie  Doctrine  of  Annuities  and  As* 
imranceSy  which  appeared  in  1 779.  This  author  sets 
Bat  with  the  vain  attempt  to  render  the  principles  of 
the  science  intelligible  to  persons  unacquainted  with 
faa^ematics :  but,  after  a  fruitless  effort  for  this  pur* 
pose^  he  ultimately  leases  his  readers  to  pursue  theii* 
faquiries  by  the  common  and  Only  useful  method  of 
tmalysts.  Besides  some  valuable  observations  ^*  on  the 
^^  diiSerent  methods  of  determining  the  state  of  a  So* 
^  dety,  whose  bdAness  consists  in  making  Assurances 
^ onlires/^  that  work  will  be  found  to  contain  a 
tariety  of  problems  treated,  £or  the  mo^  part,  m  a 
plain,  easy  and  familiar  manner }  and  adapted  to  the 
ktate  of  the  science  at  that  period.  But,  out  of  tbd 
ferty-two  problems  which  that  treatise  contains,  about 
thirty  of  them,  chiefly  relating  to  contingent  annukiea 
and  assurances,  3!te  (owing  to  more  accurate  observa« 


lent  workj  mmt  be  aware  that  any  additional  Tables  of  the  Tain* 
f)f  Life-Annuttiesj  or  any  Observations  on  the  lest  method  offormm, 
ikg  then,  will  add  greatly  to  our  means  of  information.  It  will 
tiieiefbre  readily  be  seen  that  my  remarks  do  notaUude  to  thla  part 
of  b»  treati«fe,  which  I  consider  invaluable^  and  of  constant  utility. 
My  obaervationt^  in  the  present  instance^  apply  more  particularljr 
to  any  impTovement  in  the  oxa/^iis  of  the  8cienc« ;  and  its  appli« 
tt&Ki  to  any  practical  ogses, 

b2 
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tions  and  k  ntore  iiAproved  analysis)  now  rendeftj 
totally  unfit'  for'  general  use*  Mr.  Morgan  himself, 
however,  has  been  the  principal  cause  of  this  revolu- 
lion  in  the  science :  but  of  the  merit  of  his  improve* 
liients  on  this  subject  I  shall  speak  hereafter*. 

The  last  professed '  treatise  on  the  science,  which  I 
think  worthy  of  notice  f,  is  Mr.  Baron  Maseres*s  Prin» 

,   *  In  Mr.  Mcff]gan*8  Doctrine  tfJnnuUUi  bfe,  we  dnd  three  fMiir 

tables  of  the  value  of  Life- Annuities,  deduced  firom  the  probabilities 
of  life  as  observed  at  Northampton:  namely,  one  for  Single  lives, 
another  for  two  Joint  lives  whose  ages  are  equal,  and  another  for 
two  Joint  lives  whose  difierence  of  age  is  sixty  years:  the  inter«st 
in  each  table  being  at  4  per  cent.  In  this  infant  state  of  the  science, 
every  additional  table  contributed  greatly  to  the  means  ofinfomia* ' 
tion  on  this  subject. 

It  may  be  here  necessary  to  remark  that  the  fourth  edition  of 
Dr.  Price's  Obs.  <m  Rev*  Pay.  (which  first  contained  the  present 
valuable  oollection  of  Tables)  did  not  appear  till  four  years  t^er 
the  publication  of  Mr.  Morgan's  work  above  alluded  to.  So  that, 
till  within  these  thirty  years,  there  existed  only  four  tables  of  the 
value  of  Li^ Annuities :  viz.  two  founded  oh  M.  DeMoivre'a 
hypothesis^  and  two  deduced  from  the  London  observations;  which 
are  the  Tables  XLVII  to  L  at  the  end  of  this  work.  As  to  the 
'  table  formed  by  Dr.  Halley,  it  was  too  contracted  for  any  real  use. 

f  I  must  not  howe\'er  omit  mentioning  the  name  of  Dr.  Waring : 
who,  in  a  small  pamphlet  entitled  On  the  Principles  of  transtoAng 
jflgehraic  Quantities  into  Ptolahk  Relations^  i^c  (1792),  has  de*' 
voted  about  thirty  pages  to  the  consideration  of  the  subject  of  An-  ^ 
nuities  and  Assurances.  His  style  tod  manner,  however,  will  not 
be  much  adniired  by  those  who  have  read  the  works  of  preceding 
writers  on  this  subject.  The  fermala  in  page  61,  is  taken  from 
t))at  pampbleU 
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g^les  of  the  Doctrine  of  Life  Armmties  (1783): 
whereiD  du»  eelebrated  author  has  explained  the  sub- 
ject in  80  fitmiliar  a  manner^  as  to  be  intelligible  even 
Jlo  those  who  are  unacquainted  with  the  Doctrine  of 
Chances,  and  who  have  made  no  great  proficiency  in 
inathematics.  This  treatise,  however,  (although  con* 
Mtiag  of  more  than  700  quarto  pages)  goes  no  further, 
in  the  analyns  of  the  subject,  than  the  first  two  pro- 
lolems  in  the  present  work :  but  its  value  is  greatly 
enhanced  by  containing  a  variety  of  new  Tables  of  the 
value  of.  Annuities  on  Single  lives,  and  on  two  Joint 
lives  of  different  ages,  deduced  from  the  probabilities 
6i  living  as  observed  by  M.  De  Parcieux  amongst  the 
Government  Annuitants  in  France;  these  being  justly 
considered  by  the  learned  author  as  the*  most  proper 
data  whereon  to  found  the  value  of  Life- Annuities** 
There  are,  moreover,  in  that  treatise  several  interesting 
obMTvasions  on  the  best  method  of  providing  Annuities 
for  Old  Age^  and  on  various  subjects  of  finance  and 
political  economy ;  which  render  it  particularly  valu* 
able  to  those  who  are  desirous  of  information  on  the^^ 


*  Tbece  tables  (with  the  exception  of  those  on  Single  livesj  at 
the  several  rates  of  2,  2^,  7,  8,  g,  and  10  per  cent  interest) 
are  inoerted  at  the  end  of  the  present  work ;  being  Tables  V  to 
XIII.  The  original  .tables^  however^  are  carried  to  m  places  of 
fcrimals;— a  dubious  effort! 


impcMtsmt  questions,  and  will  perpetuate  the  Qame'ati4 
.aUUties  of  this  truly  publicf^^rked  writer. 

Soon  iMter  the  publieatioa  of  the  fourth  edition  of 
Dr.  Price's  Observations  on  Rfversimtuirtf  Paym&itti^ 
(which  gontaia^  the  valuable  collection  of  Tables  of 
lifci-Annuities^  deduced  from  the  observations  madt 
at  Nortbaii^o9  and  in  Sweden)  Mr.  Morgan  was  eM 
9bl^  to  detect  the  inaccuracy  of  those  rules  which^ 
9ot  only  Mr.  SimpBon  Uqd  others  had  given  for  deter* 
mining  the  value  of  contingmit  annuities  and  assuraacesi 
but  also  which  he  hiiuelf  had  deduced  from  the  saoKS 
pindples,  in  his  treatise  above  mentioned:  and  hs 
immediately  set  about  to  correct  them.  His  labours^ 
on  this  subject,  are  contained  in  the  several  papert 
inserted  by  him  in  the  Philoifopiical  Transmctions  fef 
1788,  178d»  1791,  1794  and  iao(X  in  the  firsi 
volume,  here  alluded  to,  be  has  considered  those  caisoa 
only  in  which  tw^  lives  are  aoocemed:  in  tiie  neaci 
two  voI^me8y  his  object  was  to  deduce  the  value  of 
contingent  assuranfes  in  all  those  cases  whene  thrn 
Hves  are  concerned,  and  which  admit  of  a  correct  an- 
swer: and  in  the  last  two  volumes  he  proposed  to 
determine  the  value  of  contingent  annuities  and  as^ 
auiances  in  all  the  remaining  cases  of  thre€  lilies. 
'  Whoever  will  take  the  pains  to  read  over  thos^ 


Ik). 
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pKpe»  yAA  tttemtoA,  miKt  h6  struck  f^  stiiffirise  and 
r^;retat  die  strange  and  emfm^  matmer  iM^likh  Mr^ 
MoigaD  has  puimMd^  in  order  to  dbtato  the  tolution 
ti  the  several  {>roblet&8  under  consideradon.  No  OM^ 
at  ibJt  present  advanced  state  <rf  the  science  (with  so 
flttnj  tttodds  of  dmplicity  and  elegance  b«fore  Mm),^ 

4 

<oidd  ^expecf  to  see  any  mathematicai  itquiries  con- 
ducted in  so  loo^e,  so  obscure^  and  $o  eictraordinaiy 
^manner.    The  investigations  are  tediously  and  un«' 
necessarily  prolix ;  crowded  with  useless  repetitions, 
and  a  variety  of  unmeaning  quantities.    All  Which 
mighty  indeed,  be  excused,  if  the  resulting  formuiip 
had  been  at  once  simple  and  correct :  instead  of  which  5 
we  find  the  grossest  errors  committed,  not  only  as  tc^ 
didrybrsi,  but  as  to  their  accuracy.    They  are,  for 
the  most  part,  wmece$8atUy  long ;  abounding  with 
uiete^  quantides,  (which  render  their  numerical  solu** 
tion  etsceediftgly  intricate  and  (Bfficult) ;  and  often^* 
times  at  variance  with  the  particulars  mentioned  in 
the  investigadon :  which,  together  with  the  errotieotis 
manoer  in  which  they  are  printed,  renders  them  of 
little  4Mr  no  use  to  the  public*    Most  of  his  problems 
are  investigated  in  two  different  ways,  and  are  solved 
by  the  means  of  two  distinct  formulae :  but,  notwitlW 
standing  the  similarity  of  these  methods  is  studionsly 
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Icept  from  (he  obeervation  of  the:  reader,  and  aHhpnigli^ 
tbede.  doubl?  formulaei  are,  ip  ^ach  problem,  totaUy  di& 
lereat  in  uppegtance;  yet  they  will  be  fqund .  iu  all 
caces  CO  be  .precisely  the  sstme  dkguised  under  different 
symbols  I  <  A  curious  and  -  interestiiig  branch  of  the; 
sctmcehas  been  thus  strangely  distorted  aad  en« 
veloped  in  mystery ;  a  depraved  taste-in  matbematical 
reasoning  has  been  introduced  ;  and  (what  is»  by  far, 
of  the  greatest  ia>portance)  many  false  solutions  have 
probably  resulted  from  too  great  a  dependance  on  the 
general  formula^*, 

*  Mr.  Morgan  and  myself  are  the  only  pers6ns  that 
hi^ve'ever  yet  attempted  to  give  correct  solutions  in  the 
several  cases  of  Contingent  Annuities  and  Assuraftces,- 
The^e  cases  haye  been  fully  invest^ated  hx  the  fifth 
and  eighth  Chapters  of  the  following  treatis;.  But, 
in  conducting  those  investigations,  I  could  not  avoid 
a  frequent  reference  to  the  preceding  labouirs.  of 
Mr,  Morgan  on  this  subject ;  not  only  with  a  view  of 

f  The  Philosophical  JV^nsactions  not  being  within  the  reach  of ' 
eveiy  person^  Mr.  Morgan  has  inserted  his  Jormuke,  for  the  solu- 
tion of  the  several  problems  here  alluded  to,  in  the  last  edition  of 
Dr.  Price's  Ois.  on  Rev,  Par/,  note  (P).  But,  the  errors  of  the 
original  are  multiplied  in  the  copy:  and  Mr.  Moi^an>  if  he  stodiei 
his  own  reputation  as  a  mathematician,  had  better  evpuose  them 
alOgether  in  future,  than  suffer  them  to  remain  in  their  present 
worse  than  useless  stat^. 


feneuriftg  tlie'cijflpable  method  wliich  he  has  adopted 
in  parsimig  bis  *  inquiries ;  but  also,  in  order  to  ob« 
Tiate  any  objectioa  diat  might  be  made  to  myformalx^ 
because  they  do  not  correspond  with  his.  It  i&need^ 
less,  however,  in  this  place,  for  me  to  add  to  the  com« 
aents  which  I  have  already  made  m  the  two  chaptert 
above  alluded  to*. 

sibpv^  ar^  the  principal  English  t  authors  that 


*  See  the  Ohservations  in  pages  igs,  2t4>  and  241 ;  also  th^ 
several  Notes  in  pages  186,  187,  210,  257,  259,  ^61,  263,  273, 
S79, 288  and  808 :  where  the  charges,  ahove  insisled  on,  are  fa]]/ 
«zplaiiked  and  demonstrated.  8«^  likewise  the  Notes  in  pages 
114,  118,  126  and  137. 

f  With  respect  to  the^c^  writers  on  this  science,  theif 
productions  are  more  numetons  than  ours,  but  their  inquiries  ars 
Bot  so  extensive.  The  subject  of  Life- Annuities  was  treated  bf 
Van  Httdd^  of  Amsterdam ;  and  likewise  by  the  celebrated  Jean 
de  Wilt,  in  his  treatise  entitled  D^  vardye  van  de  Ufrenten  CsTc 
(1671 ).  M.  Stmyck  also  inserted,  in  the  Introduction  to  his  Uni* 
Tcrsal  Geography  (1740),  some  conjectures  on  the  state  <^f  human 
inaStaKty;  and  a  long  treatise  on  the  method  of  calculating  the  value 
of  Life-annuities.  But  M.  Kerseboom  carried  his  researches  much 
fiirtlier,  in  his  treatise  published  in  1748 ;  and  afterwards  in  1752. 

Whilst  these  inquiries  were  pupsuing  in  Holland,  Jil.  De  F^- 
cienx  was  occupied  with  the  same  subject  in  France.  In  his  EsiOi 
fur  la  ProhabHiti  de  la  Durie  de  la  Fie  Humaine  (J  7^  ^^  has  en* 
deavonred  to  establish  the  rate  of  mortality  which  exists  amongst 
Life- Annuitants  only,  and  has  adopted  it  as  a  proper  standard  fcqr 
determining  the  value  of  Life-Annuities.  But  besides  this  im4» 
portant  point,  he  has  discussed  a  number  of  other  interesting  sub« 
j^ts  connoted  with  this  science :  and  hts-'work  will  be  read  with 
much  profit  an4  advantage.    In  1779  ^*  ^^*  Cyran  published  U^ 


krre  unrkteb  dn  file  fiufaject  of  Lifies^Annufaie^  and 
ABsurances*  They  ire  §efw  in  namber ;  and  the  whote 
of  tbdr  productions^  taken  colleccivdy^  by  no  tafetaii 
cxmtmn  a  complete  view  of  the  science.    And^  vMted 


fakul  its  Rentes  Vingcres,  wbich  confmns  many  iitefid  and  m^ 
iDable  Tables.  M.  De  Parcieux  (the  nephew  of  the  preceding 
author  of  the  same  name)  published  also  a  treatise  on  this  subject^ 
toMedDmii  des  AnmdtJs  (178l)i  But  th«  riiott  ineful  Dtark 
on  this  science  is  that  published  by  M.  Davillard^  under  the  title 
^  Recherchss  sur  les  Rentes  tsfc  (1787). 

The  researches  of  M.  Wargentin  and  M.Sussmtlcb  are  w^ 
known  in  this  coiintiy,  from  the  frequent  mention  of  their  labours 
by  Dr.  Price,  to  his  Ols,  on  Rev.  Pay.  The  immortal  Evlsr  ha« 
giso  condescended  to  illustrate  the  first  prineiples  of  this  science  in 
f  paper  mserted  -by  him  in  tbe  Sisimre  d^  CAmL  Rey*  de  Berlin 
for  1760:  wherein  a  method  is  given  (similar  to  that  of  Mr.  Simp<» 
son)  for  determining  the  value  of  an  annuity  on  a  life  one  year 
younger,  from  the  value  of  an  annuity  on  a  lift  one  year  elder. 
The  same  author  has  likewise  inserted,  in  his  Oputceda  Anaiytioik 
(1785),  the  solution  of  a  question  relative  to  Keversionary  An^ 
nuitka. 

But,  notwithstanding  the  list  of  authors  which  is  here  aAdiioed> 
it  will  be  found  that,  as  far  as  the  analysis  of  the  subject  is  cOA^i 
cemed,  the  science  remained  nearly  stationary  under  their  handtf* 
Their  Inquiries,  in  this  respect,  were  confined  principally  to  the 
method  of  deducing  the  value  of  annuities,  on  single  and  j(»nt  lives^ 
from  given  tables  of  observations  3  that  is,  to  such  subjects  as  are 
detailed  in  the  second  Chapter  of  the  present  work.  Those  eaeM 
and  interesting  parts  of  the  science  which  relate  to  the  subject  of 
Beversions,  Survivorships,  and  Assurances,  together  with  their 
feveral  applications  to  the  various  purposes  of  life,  do  not  enter 
into  any  of  the  foreign  treatises  which  I  hare  had  an  opportnntfy 
ef  seeing* 
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HMT^dM^kie  improvemciits  ktve  rendered  them,  tft  t 
fpa^meamte^  cidier  obsolete  or  useless:  and  hMe 
fkomk  the  necessity  of  a  general  revirioQ  of  the*  su1h> 
lect  Under  these  drcumstances  I  was  induced  to 
farm  a  new  treatise^  which  should  comprehend  not  only 
all  that  is  useful  and  hnportant  in  dther  of  the  pre*^ 

•  ■ 

frediDg  works,  but  also  such  additional  infbrmadon  aft 
•  more  improved  gnalyds  and  more  recent  dlscDTerieB 
fn  the  science  have  been  able  to  aiFdrd. 

The  folbwiog  is  the  outline  of  my  plan. 
-  The  l^rst  chapter  contains  a  few  elementary  prini 
pples  of  the  Laws  of  Chance ;  some  remarks  on  the 
^robmbiUiies  of  I^e^  with  Tea  account  of  the  sererri 
Tables  qf  Observations  made  at  differeiit  parts  of  the 
vorid;  and  an  explanation  of  the  general  method 
lidopted  to  express  those  probabilitfes  in  all  cases* 
This  preliminary  chapter  will  prevent  much  unneeesi' 
lEary  repetition  in  the  cptirse  of  the  work* 

The  Second  chapter  shows  the  method  of  deteru 
Ininiflg  the  Vafue  of  Annuities  on  any  Single  or  Joint 
Uves;  on  the  i^n^^^/ of  any  number  of  lives ;  Scc^&o; 
The  second  corollary  to  the  first  problem  is  of  con- 
'eiderable  importanqe  in  enabling  us  todeduce,  in  a 
very  easy  and  expeditious  manner,  the  value  of  an^ 
liyldes,  OA  mj  single  or  joint  lives>  froai  naX  obseiv 


i 


vatioss*.    For;  it  dumld  be  pardculaiiy  observedetlMttt 

T^es  of  such  values  being  once  formed^  the  soiulions 

to  the.  subsequent  problems  become  extremely  easy ; 

smce  the  fonrndscare  expressed  in  terms  denoting  the 

yklue  of  such  annuities. 
The  Third  chapter  contains  the  four  neoessary  |>r^ 

blems  for  the  solution  of  all  cases  of  absolute  Revere 

jdonary  annuities :  and  at  the  end  of  that  chapter  I 

have  selected  all  the  possible  cases  of  two  and  thpreo 

lives,  in  order  that  they  may  be  more  easily  referred 

|o*    The  formulae  there  given  will  be  found  of  con« 

Aderable  utility  also  in  enablmg  us  to  determine  the 

value  of  the  Fines  that  ought  to  be  paud  for  the  Be^ 

fiewal  6f  Leases  held  on  two  or  three  lives :  as  I  have 

fully  explained  in  the  Examples  given  in  page  $97*    « 

The  Fourth  chapter  comprehends  various  cases .  of 

annuities  depending  on  Survivorships  between. two  and 

diree  lives.    These  cases  might  have  been  considerably 

augmented^  but  without  any  real  benefit:  smce  the 

most  frequent  ones  are  tliere  inserted ;  and  any  other 

(which  may  arise}  is  easily  solved  by  the  same  method 

of  proceeding. 


*  The  Specimen,  inierted  in  page  S6,  is  not  tbe  same  as  tha^. 
given  by  Dr.  Price  in  bis  Obs.  on  Rev.  Pay,,  but  an  improTed  me« 
abod  deduced  fiom  tbe  formula  tb^re  alloded  to.. 


V    » 
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.  The  fUUi  chapter  relates  ^td  sucb  cases  of  Conti$^ 
gmu  Bevenionarif  AnhmiiM  as  coidd  not,  'for  want* 
ef  some  pievious  infonnadoiif  be  inserted  in  the  two 
pcecedBag  i^aptara:  and  I  believe  that  the  mediod  o£ 
tohition,  which  I  harie  there  adopted^  will  come  nearer 
to  the  correct  value, than  any  that  has  hitherto  been 
poUiriied* 

The  Sixth  chapter  trtels  of  jfssurances :  a  subject 
9S  great  inqiortance  and  extensive  utility  at  the  present 
day. .  A  full  explanatbn  of  the  doctrine  is  given  in  the 
two  problems  inserted  in  that  chapter. 

The  Seventh  chapter  contains  the  method  of  deter* 
ndiUAg.-die  value  of  annuities  on  Successive  lives;  th& 
value  of  Fines  in  Copyhold  estates  held  on  lives ;  the: 
value  of  Presentations^'  Advofwsons^  and  things  of  a* 
like  kiad.  It  likewise  enables  us  to  determine  the> 
value  of  the  Fmes  that  ought  to  be  paid  for  Rawing 
or  Exchanging  any  lives  held  on  a  lease  originally 
granted  for  three  lives  and  afierwards  for  a  number 
$f  years  certain :  a  practice  pursued  by  several  cor<* 
poratbns  in  this  country*. 

The  Eighth  chapter  is  devoted  to  an  investigation  of 

*  See  some  singular  errors  and  al»urdUies^  into  which  the  Cor. ' 
poration  of  Ltverfool  bad  fallon  upon  this  subject^  pointed  out  ii^  ^ 
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die  valve  of  Ctmiingeni  jhsurances;  ikhtxfiik  t  iuhrtf 
considered  erery  poteible  caae  in  which  not  BEioKe  ibam 
Aree  lives  tte  concerned.    la  this  brinch  of   th« 
sdence  I  flatter  myself  that  I  btfe  mtnie  conaderabltf 
improfemeots.    I  have  divested  the  subject  of  all  ese* 
ttaneons  matter}  have  not  introduced  facte  cases  thait 
were  absolutely  necessary  $  have  eicposed  the  singular 
fbrmiike  g^ven  by  Mr.  Morgan  (the  only  person  who 
has  preceded  me  in  these  inquiries);  and  have,  for  tbtf 
most  part)  introduced  more  correct  expressions  for -thlf 
value  of  the  several  cases  there  aDuded  ta» 
-  The  three  remaining  chapters  complete  the  analysis 
of  the  science,  and  relate  to  such  subjects  as  cofikl 
wa  p^i^rly  be  introduced  into  either  of  the  preceding 
ones*    The  Ninth  is  confined  to  an  explanation  of  ther 
odebrated  hypothesis  of  M.  De  Moivre :  wher^  it» 
great  utility  and  convenience,  in  many  obvious  cases^ 
is  defended  against  the  recent  attacks  of  Da**  Price  aist 
Mr.  Morgan.    The  Tenth  treats  of  the  method  of 
determinbg  the  value  of  life^annuities  payable  Half^ 
yearly^  Quarterly^  &c :  also  of  the  value  of  life*an«^ 
nuities  Secured  by  Land:  and  of  the  value  of  Assu^ 
ranees  of  sums  of  money  payable  immediately  on  the 
extinction  of  any  given  lives.   The  Eleventh  shows  th<* 
i^thod  of  finding  in  u4nmial  F'aymcnls  the  value  o^       i 
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wy  Assoraoce  or  of  any  Deferred  Anxuiity :  pixH 
blems  viiich  will  be  fbimd  of  very  extensive  use  in 


The  Twdfib  chapter  contains  a  variety  of  very  ustfol 
Qgestians  connected  with  this  subject :  to  which  are 
added  the  jfittfes  for  the  soluticm  of  the  same ;  and  9 
nnmerGois  xdkcdon  of  Examples.  These  are.  tfarova 
together  into  one  chapter  iox  two  obvious  reasons :  ia 
the  first  phce,  by  being  separated  from  the  body  of 
Ae  vaork^  they  do  not  interrupt  the  analytical  invesd* 
gadons;  and  secondly^  they  may  be  used  (together 
vkh  the.  Tables  which  folbw)  by  such  persons  as  am 
not  acquainted  with  mathematics.  Consequendy^  the 
present  work  will  be  accommodated  to  die  use  of  both* 
shsaes  of  readers;  and  (although  some  repetituni  is. 
unavoidably  occa^oned  thereby)  may  be  thus  rendered 
dodbiy  valuable^  The  questions  ia  tliis  chapter  are 
such  39  moat  frequently  occur:  but^  others^;  of  less 
public  udlity,  or  the  solution  to  which  coukl  not  be 
Qonv^lieittly  expressed  in  words  at  length,  are  to  be 
met  With  in  the  body  ot  the  work,  subjoined  to  the 
n^pective  problems. 

.  The  Thirteenth  chapter  shows  the  direct  2q>pIicadon 
q(  the  dbcdit  thirteenth  and  eighteenth  quesdons,  in 
the  preceding  chapter,  to  some  of  the  most  useful  and* 


upportant  conderhs  of  life:  namely,  to  the  xnetHod  dt 
forming  the  best  Schemes  for  providing  annuities  fof 
the  benefit  of  Old  ^ge,  and  for  fVidows.  These  ob« 
servations  are  brought  together  under  one  head ,  in 
order  that  they  might  not  interrupt  the  regular  af-^ 
langement  of  the  questions :  and  because  it  gives  me^ 
diereby,  an  opportunity  of  enlarging  more  fully  oa 
Aisrvery  interesting  subject 

.  The  Last  chapter  contains  an  account  of  the  yarioutf 
Societies  or  Companies  that  have  been  formed  in  thia 
metropolis  for  the  purpose .  of  granting  Annuities^ 
Assurances  and  Endowments  ^  together  with  a  review 
of  their  several  -  plans  and  constitutions*  By  diis. 
statement  the  world  may  be  enabled  to  judge  of  their 
comparative  merits,  and  mU  easily  decide  on  their  re-^ 
spectiv^  claims  to  public  patronage.  This  additional 
chapter  cannot  be  considered  foreign  to  the  nature  of' 
Ae  present  work.  For^  after  explaining  the  principles 
of  the  science,  and  after  entering  at  large  into  the 
Talue  of  such  subjects,  it  becomes  me  not  only  to 
abow  where  a  person  might  apply  who  is  desirous  of 
negotiating  for  such  things,  but  likewise  to  point  out* 
^ose  Offices  at  which  he  may  do  it  with  the  greatest 
security  and  advantage  to  himself.  And  I  am  the* 
more  induced  to  do  this^  as  I  have  lately  obsexyed 
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tereral  mean  attempts  to  mislead  and  deceive  the  pub- 
lic. Uninterested  in^  and  unconnected  vfiih^  any  of 
these  Societies,  I  have  been  anxious  only  to  give  a 
clear  and  unprejudiced  account,  deduced  from  theif 
own  plans  aAd  proposals,  as  submitted  by  them  to  th^ 
public*.  At  the  end  of  this  chapter  I  have  also  inserted 
a  brief  account  of  the  recent  plan,  adopted  by  Go- 
vernment, for  converting  the  3  per  cent  stocks  into 
Life-Annuities.  The  propriety  and  advantage  of  a 
measure  of  this  kind,  I  had  suggested  in  my  Doctrine 
tf  Interest  and  Annuities* 
'  Respecting  the  Tables  of  Observations,  and  of  Life- 

*  WbUst  the  present  work  wa^  at  the  press,  I  stnick  off  500 
copies  of  this  Fourteenth  Chapter,  which  I  published  as  a  pamphlet, 
in  a  separate  form,  imder  tlie  title  of  An  Account  of  the  soferal 
lAfe^Assfirance  Companies  established  in  London.  The  whole  iin« 
pression  has  been  already  sold :  but  I  may  probably  reprint  it  ai 
4oiDe  future  opportiinif)^^   . 

From  the  tenor  of  that  pamphlet  many  persons  have  imagine4 
that  I  have  given  an  unqualified  approbation  of  the  plan  and  con- 
idtution  of  (he  Equitable  Society  r  whereas  iny  intention  wai 
inerdy  to  represent  it  as  the  most  equitable  and  adv^tag^ous  so^ 
ciety  nou;  existing.  The  exclusion  (except  in  very  rare  instances) 
t>f  peftons,  asitured  for  a  term  of  years,  from  the  benefits  of  the 
Society,  as  well  as  the  use  of  disproportionate  ratet  for  wparliculat 
class  of  the  assured^  are  not  consonant  to  the  original. views  and  in- 
tentions of  the  Society.  Moreover,  the  long  interval  laetween  each 
division  of  pcofits^  as  well  as  the  modie  of  dividing  tb6te  profits,  ar^ 
not  such  as  (in  my  opinion)  ought  to  be  adopted  by  any  new  societyj 
ilihough  we  might  justly  pause  before  any  alteration  could  bo 
^nfety  proposed  for  ihc  adoption  of  tlie  Ecjuitabi^  Society  io  ils 
present  sute.  c 


Annuities  deduced  therefrom^  which  are  inserted  at 
the  end  of  this  work,  I  can  only  observe  that  they  are 
a  collection  of  all  that  have  hitherto  been  published^ 
in  this  country,  on  the  subject :  and  that  they  are  here 
carefully  reprinted  from  the  authorities  mentioned  in 
the  note  in  page  41.  The  necessity  of  o/Aer  tables  I 
have  often  had  occasion  to  mention ;  but  I  fear  it  will 
be  long  before  I  shall  be  able  to  congratulate  the  put> 
lie  on  this  pomt.  It  consequently  becomes  the  more 
necessary  to  have  all  those,  which  do  exist,  brought 
into  one  view,  in  order  that  they  may  be  more  con<< 
veniently  consulted.  The  Tables  of  the  value  of  As- 
surances for  Single  and  Joint  Lives,  according  to  the 
observations  made  by  AI.  De  Parcieux  and  in  Sweden^ 
have  been  calculated  expressly  for  this  work;  and  will 
be  oftentimes  found  extremely  useful. 

It  now  remains  pnly  to  explain  and  to  justify  the 
method  of  notation  adopted  throughout  the  present 
work :  and  (since  it  is,  for  the  most  part,  novel  in  its 
nature)  to  obviate  any  objections  that  may  be  made  to 
its  introduction  into  the  analytical  science.  It  is  need- 
less for  me,  at  the  present  day,  to  point  out  the  great 
advantage  attending  a  convenient  and  simple  notation : 
since  it  is  notorious  to  every  one,  conversant  with  ma- 
themadcs,  that  some  of  the  greatest  improvements  in 
the  science  (and  in  the  most  abstruse  parts  of  it,  too) 
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have  arisen  from  this  very  source.  The  expressions 
for  the  probabilities  of  life,  inserted  in  §  2Sj  are  an 
improYement  on  the  method  adopted  by  Mr.  Sim^n. 
For,  he  denotes  the  probabilities  of  the  life  A  con- 
tinuing 1 ,  2,  S,  &c,  years;  by  the  chara(!ters  a^  a,  a, 
&c :  whereas  I  make  a,  a,  a,  &c,  to  denote  the  num- 
ber of  persons  living  at  the  end  of  those  years,  whereby 
the  probabilities  of  the  life  A  continuing   1 ,  2,  d,  &c 

years,  will  be  represented  by  the  fractious  — ,  -  ,  — • 
ice.  This  method  of  denoting  those  quantities  keeps 
the  several  parts  distinct,  which  will  be  found  of  con- 
siderable use  in  many  of  the  investigations  which  arise 
in  the  progress  of  the  work.  In  the  next  place,  I  have 
selected  the  Greek  characters  «,  jS,  y,  to  denote  the 
number  of  persons  living  at  an  age  n  t/ears  older  than 
A,  B,  C,  respectively ;  whereby  the  solutions  of  all 
cases  relative  to  Deferred  or  Temporary  annuities  are 
rendered  extremftly  simple,  and  easily  to  be  remem- 
bered ;  all  the  investigations  of  such  cases,  by  pre- 
ceding authors,  being  rendered  extremely  confused 
and  unscientific,  for  want  of  some  general  principle  of 
this  kind*.  I  cannot  anticipate  any  objection  to  this 
"measure. 

*  See  pardcularly  the  metbodn  pnrsued   hj   Dr.  Price  and 
Mr.  Morgan  in  Obs,  on  RiV.  Pay,  notes  (fi),  (C)  and  (D). 
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'   Throughout  the  whole  of  this  work  1  have  xml* 
formly  represented  the  lives,  which  are  the  subject  of 
discussion,  by  the  Roman  capitals  A,  B,  C,  &c ;  re* 
serving  the  Italic  capitals  ^,  B,  C,  &c,  to  denote  the 
value  of  an  annuity  on  those  lives.    This  improve- 
ment, though  apparently  trifling,  is  however  more  .cor^ 
rect  than  the  uniform  practice,  hitherto  pursued,  of 
making  the  same  letters  denote  two  different  quantities 
in  the  same  investigation.     I  have  also  adopted  a  more 
accurate  mode  of  expression,  when  speaking  of  the 
value  of  annuities  on  lives,  than  has  hitherto  been 
followed  by  preceding  authors,    I  never  use  the  am- 
biguous phrase  the  value  of  a  life^  when  I  mean  to 
express  the  value  of  an  annuity  on  such  life :  neither 
do  I,  when  speaking  of  more  than  one  life,  leave  it 
doubtful  whether  the  expression  alludes  to  Hit  joint 
lives,  or  to  the  longest  of  such  lives.     These  vague 
and  equivocal  expressions  ought  to  be  banished  from 
all  true  science  {  and,  they  would  scarcely  have  been 
considered  worthy  of  refutation,  had  they  not  been 
so  generally  adopted  by  every  author  who  has  hitherto 
written  on  this  subject  (not  excepting  even  the  ac« 
curate  Simpson  himself) :  whereby  a  vicious  and  cor* 
rupt  mode  of  expression  has  been  introduced,  without 
any  corresponding  advantage  to  compensate  for  so 
gross  an  error. 
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f    Since  ^rery  series^  which  expresses  the  value  of  aa 
Qimttity  on  the  whole  contmuance  of  life,  may  be  di- 
vided into  two  parts,  which  (separately  taken)  denotp 
Ae  value  of  a  Deferred  and  Temporary  annuity,  and 
9oce  those  cases  are  of  frequent  occurrence,  it  becomes 
exceedingly  desirable  to  be  enabled  to  express  such 
fMxsl  aeries  by  some  general  character.    The  method 
^hich  I  have  adopted  has  been  to  enclose,  in  a  paren* 
<heds,  the  value  of  an  annuity  on  the  given  lives  ;  and 
40  affix  the  Ropan  letter  d  or  t  (according  as  the 
annuity  is  Deferred  or  Temporary),  in  order  to  show 
that  the  series,  represented  by  the  quantity  within  such 
pSHrenthesis,  is  not  complete.    This  plan  I  have  founds 
in  a  variety  of  cases,  extremely  useful  and  convenient 
See  pages  43  and  45. 

In  deducing  the  value  of  Deferred  annuities^  how* 
€ver,  in  any  practical  questions,  it  is  always  requisite 
40  know  the  value  of  »milar  annuities  on  the  same 
imnd>er  of  fives  older  by  the  given  term  than  such 
iives:  it  is  therefore  useful  to  be  enabled  also  to  de* 
note  the  value  of  such  annuities  by  some^  convenient 
expression }  as  well  in  order  to  avoid  circumlocution 
as  to  render  the  resulting  formulas  more  simple  and 
islegant. .  Such  values  I  have,  throughout  the  following 
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worky  denoted  by  afGxing  the  $inail  Italic  letter  *  to 
the  characters  denoting  the  value  of  annuities  on 
the*  given  lives.  Whereby  these  new  values  may  be 
easily  distinguished  from  the  values  of  annuities  on 
the  original  lives ;  and  their  meaning  may  be  easily 
retained  in  the  memory.     See  page  43. 

With  respect  to  the  new  characters  introduced  in 
the  twenty-seventh  and  twenty-ninth  Problems,  (see 
pages  186,  189,  180,  and  211)  they  are  adopted 
more  for  the  sake  of  a  convenient  reference  than 
for  any  analytical  purpose.  With  this  view,  I  have, 
in  the  use  of  them,  chosen  such  as  will  most  readily 
assist  the  memory :  the  life  on  which  the  assurance  is 
made  being  always  exprt^sed  by  the  largest  letter; 
the  smaller  ones  being  added  merely  to  denote  th^ 
number  and  value  of  the  lives  on  which  the  contin- 
gency  depends.  Thus,  the  value  of  an  assurance  on 
the  life  A,  provided  he  dies  the  first  of  two  lives^  A  B, 
is  denoted  by  «/^^ ;  but,  if  it  depends  on  his  dying  the 
first  of  three  lives  ABC,  it  is  denoted  by  ^^^.  la 
like  manner,  the  value  of  an  assurance  on  the  life  B; 
provided  he  dies  the  llrst  of  two  lives  B  C,  is  denoted 
by  JB^ :  but,  if  it  depends  on  his  dying  the  first  of 
three  lives    ABC,  it  is  denoted  by  B"^^*    Fo**  • 
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aimlar  reason  also  I  have,  in  the  thirty -fifth  Problem, 
(see  page  240)  denoted  the  value  of  an  assurandt'on 
the  decease  of  A  or  B,  provided  either  of  them  be  the 
first  that  dies  of  three  lives  A  B  G,  by  the  character 
^^.  It  will  be  found  that  many  of  the  problems  in 
the  eighth  chapter  may  be  expressed  in  a  very  simple 
manner  by  means  of  these  symbols;  which  can  be 
my  only  apdogy  for  introducing  them,  Mr.  Morgan 
(who  is  the  only  person,  besides  myself,  that  has  at- 
tempted to  give  correct  solutions  to  such  problems) 
has  arbitrarily  adopted,  in  his  formulae,  the  unmeaning 
letters  E,  2,  M,  Q,  &c,  to  denote  the  values  here  al« 
luded  to.  But,  when  compound  quantities  are  repre- 
sented by  more  simple  expressions,  those  characters 
ought  to  be  preferred  which  will,  most  readily  and 
with  the  least  effort  of  memory,  bring  to  our  recol- 
lectioa  the  original  quantity  intended  to  be  expressed*: 

*  This  priQciple  b^  guided  rae  in  the  choice  of  the  cbaracten 
inserted  in  the  Scholium  to  the  first  Lemma  in  the  fifth  chapter 
(seepage  11 6).  i  mention  these  things  merely  to  obviate  the 
objectioos  of  soiqc  byper^critics^  who  ipay  probablj  complain  of 
the  work  as  being  disfigured  by  Greek  characters,  and  uncouth 

■<■■  Si  forte  necesse  est 
Indlciis  monstrare  recentibus  abdita  rerum, 
.    Fingere  dnctutis  non  exaudita  Cethegis 
(JmUingeti  d|ibitarque  licentia  sumta  pudenlen 

Hot. 
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Ittid  I  should  have  been  much  better  satisfied  if  I  could 
have  pursued  the  same  plan  in  the  thirty-ninth  and 
subsequent  Problems. 

•  Such  is  the  nature  of  the  present  work,  which  will 
most  probably  terminate  my  labours  on  this  subject* 
Much  of  my  time  is  taken  up  in  answering  ques* 
tionsy  which  are  laid  before  me  for  solution,  rela<* 
dve  to  Annuities  and  Assurances.  Those  solutions 
are  oftentimes  different  from  such  as  arise  from  the 
ordinary  rules  and  methods  laid  down  by  preceding 
writers :  and  it  is  on  this  account  that  I  have  beat 
more  particular  in  my  inquiries  on  this  subject ;  as 
well  as  desirous  of  explaining  the  cause  of  the  diflference, 
in  order  to  remove  any  doubt  as  to  their  accuracy  or 
propriety.  The  theorems,  from  which  my  pracdail 
irules  are  deduced,  are  strictly  and  mathematically 
^kmonstrated  in  the  course  of  the  present  work: 
and  in  the  numerical  enunciation  •  of  those  rules 
(when  applied  to  the  solution  of  such  cases  as  are 
submitted  to  my  consideration)  I  discard  the  in* 
discrimhmte  use  of  the  Life- Annuity  Tables,  deduced 
from  the  Northampton  Observations;  so  generally 
adopted  by  the  different  Assurance  OfGces,  and  so 
much  recommended  by  their  immediate  supporters. 


Hie  motives,  which  have  influenced  me  to  this  deter* 
nmuuzon,  it  is  unnecessary  here  to  enter  into :  ance 
they  are  fully  explained  in  the  course  of  the  present 
vork»  And  I  can  only  add  that  they  will  condnue 
to  be  my  rule  of  conduct,  as  long  as  I  am  appealed  t<^ 
by  the  puUtc,  as  an  arbiter  on  these  subjects. 


FRANCIS  BAILT 


Cjffice,  No.  13,  Angd-Cottrt, 
Tkregmortmi'Sirget^ 
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CHAPTER  I. 

On  the  Laws  of  Chance;    and  the  Probability   ^ 

Human  Life. 

§  1 .  It  is  not  my  intention  here  to  enter  into  a  full 
investigation  of  the  nature  and  laws  of  chance,  but 
merely  to  explain  those  principles  of  the  doctrine. 
which  are  more  essentially  connected  with  the  subject 
of  the  present  work ;  in  order  to  prevent  any  mis- 
understanding in  the  terms  which  are  occasionally 
made  use  of. 

§  2.  The  probability  of  the  happening  of  any 
event  is  to  be  understood  as  the  ratio  of  the  chances, 
by  which  that  event  may  happen,  to  all  the  chances 
by  which  it  may  either  happen  or  fail :  and  it  may  be 
expressed  by  a  fraction  whose  numerator  is  the  number 
of  chances  whereby  the  event  may  happen,  and  whose 
denominator  is  the  number  of  chances  whereby  it  may 
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either  happen  or  fail.  Thus,  if  there  be  a  chances 
for  the  happening  of  any  event,  and  b  chances  for  its 
not  happening;    then  will  the    probability  of  such 

event  taking  place  be  truly  represented  by  -—^* 

§  3.  In  like  manner,  the  probability  of  any  event 
failing  (or  of  its  not  happening)  may  be  expressed  by 
^  fraction  whose  numerator  is  the  number  of  chances 
whereby  it  may  fail,  and  whose  denominator  is,  as 
before,  the  whole  number  of  chances  whereby  it  may 
either  happen  or  fail.     Thus,  the  probability  of  the 

above  event  failing  will  be  truly  expressed  by  — r^^ 

§  4.  Since  the  sum  of  the  two  fractions,  repre- 
senting the  probabilities  of  the  happening  and  of  the 
failing  of  any  event,  is  equal  to  unity;  it  follows  that, 
one  of  theqi  being  given,  the  other  may  be  found  by 
subtraction.     Thus,  the  probability  of  an  event  hap- 

piening  being  denoted  by  — ^ ,  the  probability  of  the 

same    event    failing    will  be  truly    represented    by 

1  —  —-7  =  — r-;  ;  and  vice  versd. 

§  5.  If,  upon  the  happening  of  an  event,  a  person 
be  entitled  to  a  given  sum  of  money,  his  expectation 
of  receiving  that  sum  has  a  determinate  value  before 
the  happening  of  the  event ;  and  such  value  is  ascer- 
tained by  multiplying  the  present  value  of  the  sum 
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expected  by  the  fraction  which  represents  the  probabi- 
Kty  of  obtaining  it.  Thus,  if  a  person  has  a  chances 
of  obtaining,  and  b  chances  of  losing  a  certain  sum 
of  money,  the  present  value  of  which  is  equal  to  Sy 

then  will  s  X  —rn,  denote  his  expectation  of  receiving 

such  sum,  and  will  be  the  true  Value  of  his  interest 
therein*. 

*  These  prioctples  may  be  more  familiarly  explained  by  tlie 
following  example.  Suppose  that  a  person  has  3  chances  in  5  to 
obtain  ;£'100,  the  present  vahie  of  his  expectation  is  the  product  of 
£iO0  by  the  fraction  |,  and  consequently  it  is  worth  £60.  For, 
snppo6tng  that  an  event  may  equally  happen  to  any  one  of  5  dif« 
lereot  persons,  and  that  the  person  to  whom  it  does  happen  should, 
in  consequence  of  it,  obtain  the  sum  of  ;^100,  it  is  plain  that  the 
light  which  each  of  them  in  particular  has  upon  the  sum  ex« 
pected  is  -^  of  ;^100;  which  right  is  founded  on  this  principle, 
tha(  if  the  5  persons  concerned  in  the  happening  of  the  event 
should  agree  not  to  stand  the  chance  of  it,  but  to  divide  the  sum 
expected  among  themselves,  then  each  of  them  must  have  ^  of 
j^lOO  for  his  pretension.  Now,  whether  they  agree  to  divide  that 
sum  equally  among  themselves,  or  rather  choose  to  stand  the 
chance  of  the  event,  no  one  has  thereby  any  advantage  or  disad- 
Tantage,  since  they  are  all  upon  an  equal  footing:  and  cpnsequently 
each  person's  expectation  is  worth  -J-  of  ^100.  Let  us  further 
suppose  tliat  two  of  the  five  persons  concerned  in  the  happening 
of  the  event,  should  be  willing  to  resign  their  chance  to  one  of 
the  other  three  \  then  the  person  to  whom  these  two  chances  are 
thus  resigned  has  now  3  chances  that  favour  him,  and  consequently 
he  has  now  a  right  triple  of  what  he  had  before,  and  therefbce  his 
expectation  will  in  such  case  be  worth  f  of  ;^100.  Now,  if 
we  consider  that  the  fraction  ^  expresses  the  probability  of 
obtaiiung  the  sum  of /lOO,  and  that  f  of  100  is  the  same  as 
I  X  100,  we  must  naturally  fall  into  the  oonclusbn  laFd  down 

B  2 
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.  §  6.  The  probability  of  the  happening  of  several 
events,  that  are  independent  of  each  other,  is  equal  to 
the  product  of  the  probabilities  of  the  happening  of 
each  event  considered  separately.  Thus,  if  the  pro* 
bability  of  the  happening  of  the  first  of  any  number 

of  independent  events  be  denoted  by -, ;  that  of  the 

c  c 

second,  by  -v^;  that  of  the  third,  by  -^A  &c,  &c: 
then  will   -^-i  X  — —j  X  --->  X  &c,  denote  the  pro- 

a-i-  V        c  -i-  a       e  4-y 

bability  of  the  happening  of  all  those  events.  And 
this  expression,  multiplied  by  the  present  value  of 
the  given  sum,  will  denote  the  value  of  the  expecta^ 
tion  of  receiving  such  sum  on  the  happening  of  ail 
those  events*. 

hi  the  text^  that  the  expectation  qF  receiving  any  sum  is  deter^ 
mined  by  multiplying  such  sum  by  the  probability  of  obtaining  it: 
and  though  this  meihod  of  reasoning  is  deduced  from  a  particular 
case^  it  will  easily  be  perceived  tliat  it  is  general^  and  applicable 
to  any  otlier  case.     See  De  Moivre's  Doctrine  of  Chances,  p.  3. 

*  For  example:  Suppose  that^  in  order  to  obtain  jClOO^  two 
events  must  happen^  the  £rst  whereof  has  3  chances  to  happen 
and  2  to  fail,  and  the  second  whereof  has  4  chances  to  happen 
and  6  to  fail :  the  value  of  the  expectation  will  in  such  case  be 
^  X  -lif  X  100  =  24  pounds.  The  demonstration  of  which  will 
be  very  easy  if  it  be  considered  that,  supposing  the  first  event  liad 
happened,  the  expectation  (then  depending  entirely  upon  (he  se* 
cond)  would,  before  the  determination  of  the  second,  be  worth 
^  X  100  =  40  pounds.  We  may  therefore  look  upon  the  happening 
of  the  first  as  a  condition  of  obtaining  an  expectation  worth  £40 : 
but^  the  probability  of  the^  6rst  event  happening  has  been  sup- 
posed ^,  wherefore  the  es^ctation  sought  for  is  to  he  estimated 
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§  ?•  By  a  similar  method  of  reasoning  it  will  be 
evident  that  the  probability  of  the  failing  of  any  numi» 
her  of  independent  events  is  equal  to  the  product  of 
the  probability  of  ttie  failing  of  each  event  considered 
separately*  Thus»  if  the  probability  of  the  failing  of 
the  first  of  any  number   of  independent  events   be 

b  d 

denoted  by  —7-1 ;  that  of  the  second,  by  — .  -; ;  that 

f  h  d 

of  the  third,  by  -4~^;  &c,  &c:  then  will  — ,  x  ~--i 

X  -~p  X  &c,  denote  the  probability  of  the  failing 

of  all  those  events.  And  this  expression,  multi- 
plied by  the  present  value  of  the  given  sum,  will  de- 
note the  value  of  the  expectation  of  obtaining  such 
sum  on  the  £iiling  of  all  those  events. 

§  8.  .Moreover,  the  probability  of  the  happening 
of  either  of  any  number  of  independent  events  is  de- 
noted by  tile  difference  between  unity  and  the  ex- 
pression mentioned  in  the  last  article.      For^  since 

— -^  X  -T-%  X  -4->  X  &c,  denotes  the  probability  that 
4+^      c-^d      e-^f  ^  ^ 

any  given  number  of  events  shall  fail,  it  follows  (from 

h  d  f 

S  4)  that  1 — ,  X  -Tj  X  ~  r->  X  &c,  will  denote 

the  probability  that  they  shall  not  all  fail ;  but  that 

^  bj  -J^  X  -t^  =  100)  that  is,  by  the  product  of  the  two  probabi- 
lities of  faappeniog,  multiplied  by  the  suin  expected.  The  sara^ 
method  of  reasoning  may  be  applied  to  the  happening  of  three^ 
or  any  other  number  of  events^  as  may  be  seen  more  at  laige  in 
the  authors  who  haye  treated  on  this  subject. 
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some  one  or  other  of  them  will  happen.  And  this 
•expression,  multiplied  by  the  present  value  of  the 
given  sum,  will  denote  the  value  of  the  expectation 
of  receiving  such  sum,  on  the  happening  o£.  either  of 
those  events* 

§  9.  In  like  manner,  if  the  expectatipn  of  r^ 
ceiving  any  sum  depends  upon  the  happening  of  any 
number  of  independent  events,  and  upon  the  failing 
of  any  number  of  other  independent  evejits,  its  value 
will  be  equal  to  the  present  value  of  such  sum,  multi- 
plied by  the  probability  of  all  the  former  happening, 
and  also  by  the  probability  of  all  the  latter  failing. 
And  from  these  principles,  we  may  determine  the 
value  of  an  expectation  depending  on  the  happening 
or  failmg  of  as  many  independent  events  as  may  be 
assigned, 

§  10.  Hitherto  I  have  considered  only  such  events 
as  are  independent  of  each  other :  but,  if  we  wish  tp 
determine  the  probability  of  the  bappeniri^  of  two 
events  that  are,  dependent  on  each  other*,  we  must 
multiply  the  probability  of  the  happening  of  one  of 

*  IVo  events  anq  iqdependent,  when  tliey  haye  no  ponneclipn 
with  each  other,  and  the  happening  of  one  neither  forwards  nor 
obstructs  the  happening  of  the  other :  as  the  continuance  or  failure 
of  any  given  lives.  On  the  olher  hand,  two  events  may  be  con- 
sidefed  as  dependent,  when  the  probability  of  cither's  happening 
is  altered  by  the  happening  of  the  other  3  a»  the  continuance 
or  failure  of  tlie  same  life  in  different  periods  of  its  duration : 
see  §  2. 
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them,  by  the  probability  which  the  .other  will  have  of 
happening  when  the  first  is  considered  as  having  hap- 
pened :  and  the  same  rule  will  extend  to  the  happen- 
ing of  as  many  events  as  may  be  assigned. 

/ 

§  11.  If  there  are  several  expectations  upon  se- 
veral fiume^  it  is  evident  that  the  expectation  upon  the 
whole  will  be  equal  to  the  sum  of  the  expectations 
upon  each.  But  if  only  one  sum  is  to  be  received  on 
the  happening  or  failing  of  the  given  events,  the  me- 
thod of  determining  the  value  of  the  expectauon  will 
be  somewhat  altered*  The  process,  however,  which 
is  to  be  pursued  in  such  cases  will  be  more  fully  ex- 
plained in  the  course  of  the  present  work :  what  has 
been  already  said  being  merely  introductory  to  the 
various  probabilities  and  contingencies  that  occur  in 
the  following  sheets* 

§  1 2.  Now  with  respect  to  the  probability  that  a 
person  of  a  given  age  will  or  will  not  live  to  any  6ther 
given  age,  or  till  a  certain  sum  of  money  granted 
him  becomes  due,  it  is  obviously  in  all  cases  a  matter 
of  very  great  uncertainty,  and  will  be  often  very  dif- 
ferent in  different  persons  of  the  same  age.  The 
chance  which  a  man  of  thirty  years  of  age,  who  is  in 
good  health  and  lives  a  temperate  and  quiet  life  in 
the  country,  has  to  live  twenty  year^  or  till  he  is 
fifty  years  of  age,  is  evidently  much  greater  than  that 
of  another  man  of  the  same  age,  and  of  the  same 
degree  of  health  and  vigour  of  body,  who  lives  in  a 
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great  city  and  in  scenes  of  riot  and  dissipation;  and 
it  is  likewise  greater  than  that  of  another  man  of  the 
same  age  and  of  the  same  degree  of  health  and  vigour, 
but  who  is  going  into  an  unhealthy  climate  to  which 
he  has  not  been  accustomed :  and  still  more  evidently 
it  is  greater  than  that  of  another  man  of  the  same  age 
who  is  of  a  weak  and  sickly  constitution,  or  who  by 
his  daily  occupation  is  exposed  to  many  dangers  of 
his  life  from  which  the  generality  of  mankind  is  ex- 
empt ;  as  is  the  case  with  soldiers  and  sailors  in  time 
of  War.  or  actual  service.  These  are  circumstances, 
beyond  the  reach  of  calculation ;  and  all  that  can  be 
done  by  any  general  rules  upon  this  subject  is  to  esti- 
mate the  degree  of  probability  with  which  it  may  he 
reasonably  expected  that  a  person  of  any  given  age 
will  live  to  any  other  given  age^  upon  a  supposition 
that  he  has  neither  a  better  nor  a  worse  chance  of  so 
doing  than  the  majority  of  other  persons  of  the  same 
age.  This  medium  or  average  chance  of  living  is^ 
determined  by  tables  that  exhibit  the  number  of  per- 
sons which^  out  of  a  certain  number  of  children  born 
(usually  not  less  than  a  thousand),  are  found  by  a  long 
series  of  observations  to  be  living  at  the  end  of  every 
subsequent  year  of  human  life  to  its  extreme  period^: 
which  period  in  some  of  the  tables  is  carried  to  86, 
and  in  others  to  more  than  90  years. .  The  instances 
of  the  prolorfgation  of  human  life  to  100  years,  or 
more,  are  so  few  that  they  are  not  thought  to  be 
worth  attending  to  in  forming  any  general  rules  on, 
xhis  subject. 


r 
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§  13.  Various  observations  on  the  mortality  of 
human  life  have  b^en  made  by  different  persons,  and 
in  different  places;  and  several  tables  of  the  kind 
;ibo?e-menti0ned  have  been  calculated  and  formed  by 
the  differoit  writers  on  this  subject,  such  as  Dr.  Hailey, 
Mr.  Thomas  Simpson,  M.  Kersseboom,  M.  De  Paf- 
deux,  Dr.  Price,  M.  Susmilch,  M.  Wargentin,  M, 
Muret,  and  others.  But  the  same  t^ible  of  the  proba- 
lulities  of  life  will  not  suit  every  place:  for,  long  ex-? 
perience  has  shown  that  all  places  are  not  equally 
healthy;  or  that  the  number  of  persons  who  die 
annually  is  different  in  different  places.  Dr.  Halley 
formed  his  table  from  observations  on  the  births  and 
burials  of  the  inhabitants  of  the  city  of  Breslaw  (the 
capital  of  the  duchy  qf  Silesia  in  Germany),  during  a 
series  of  five  years;  viz.  from  1687  to  16?1#  Mr. 
Thomas  Simpson,  from  observations  on  the  bills  of 
mortality  in  London  for  ten  years,  from  1 738  to  1 737*. 
M.  Kersseboom,  from  the  registers  of  certain  assignable 
annuities  for  lives  in  Holland^  which  had  been  kept 
there  for  one  hui^dred  and  twenty-five  years,  and  in 
which  the  ages  of  the  several  people  dying  in  that 
period  had  been  truly  entered.  M,  De  Parcieux,,from 
^  similar  use  of  the  lists  of  the  tontines  in  France^ 

*  In  Table  I,  at  the  end  of  the  present  work,  the  column  de- 
IK)diig  the  probabilities  of  life  in  London,  is  not  the  one  iiere  men- 
tioned; but  a  more  correct  one  formed  by  Dr.  Price,  from  tlie 
bills  of  mortality  for  ten  years,  from  1759  to  1768.  The  same 
author  likewise  formed  one  from  the  bills  of  mortality  for  ten 
years^  from  1771  to  178O. 
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the  numbers  of  which  were  verified  by  the  Kccrologes^ 
or  mortuary  registers^  of  several  religious  houses  of 
both  sexes*.  Dr.  Price,  from  a  register  of  mortality 
kept  at  Northampton^  for  forty-six  years,  from  1735 
to  1780:  the  same  author  has  also  formed  a  table 
from  a  similar  register  kept  at  Norwich  for  thirty  years» 
from  1740  to  1769;  another  from  a  similar  register 
kept  by  Mr.  Gorsuch  at  Holy  Cross  near  Shrewbury, 
for  thirty  years  from  1751  to  1780:  another  from  a 
«milar  register  kept  by  Dr.  Aikin  at  fFarrington  m 
Lancashire,  for  nine  years,  from  1773  to  1781 :  an- 
other from  a  similar  list  kept  by  Dr.  Haygarth  at 
Chester  J  for  ten  years,  from  1772  to  1781 :  another 
from  the  register  of  mortality  at  Vienna^  for  eight 
years ;  another  from  the  register  of  mortality  at  Her* 
Urif  for  four  years,  from  1752  to  1755:  another 
from  a  similar  register  at  Brandenburgh,  for  fifty 
years,  from  1710  to  1759:  each  of  the  last  three 
being  from  tables  given  by  M.  Susmilch :  also  an* 
other  from  the  tables  of  mortality  at  Stockholm^  for 
inine  ye^rs,  from  1755  to  1763,  as  given  by  M.  War*. 


♦  Ip  the  table  alluded  to  in  the  la^t  note,  the  column  denoting 
the  probabilities  of  life  in  France,  is  not  the  one  given  by  M.  De 
Moivre  and  Mr,  Ferguson  j  but  a  more  correct  one  published  by 
M.  florcncourt  at  the  end  of  his  Treatise  on  Political  Arithinetick. 
Referring  however  to  the  last  note^  it  may  be  necessary  here  to 
remark  that  in  Tables  III  and  XLY  I  have  preserved  the  original 
values  as  given  by  M.  De  Parcieux  and  Mr.  Simpson ;  becaus^^ 
tiic  Life  Annuity  Tables  being  deduced  therefrom,  I  consider  thcin 
gs  the  most  proper  to  be  used  in  conjimption  tbeirewith. 
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gentin :  and  another  from  seven  different  enumerations 
of  the  whole  population  of  the  kingdom  of  Sweden^ 
each  repeated  at  the  end  of  three  years,  viz.  in  1757, 
1760,  1763,  1766,  1769,  3772.  and  1775.  M* 
Muret  formed  his  table  from  registers  kept  in  forty- 
three  parishes  in  the  district  of  Faud  in  Switzerland, 
for  ten  years,  from  1 756  to  1 765. 

§  1 4.  All  these  tables  differ  from  each  other ;  and 
in  many  cases  so  materially  as  to  leave  us  in  great 
doubt  whether  the  subject  has  attained  that  degree 
of  accuracy  and  correctness  to  which  it  is  capable  of 
being  carried.  It  should  be  observed  that  there  are 
two  sorts  of  data  for  forming  tables  of  the  probability 
of  the  duration  of  human  life:  one  is  furnished  by 
the  registers,  or  bills  of  mortality^  which  show  the 
npmbers  dying  at  all  age§;  the  other,  by  the  propor- 
tions of  deaths  at  all  ages  to  the  numbers  living  at 
those  ages,  as  discovered  by  surveys  or  enumerations. 
Those  tables  which  are  deduced  from  the  former  of 
these  data  are  correct  only  when  there  is  no  consider- 
able fluctuation  among  the  inhabitants  of  a  place,  and 
when  the  births  and  burials  are  equal:  for,  when 
there  are  mpre  removalsy/Y)m,than  to  a  place,  and  the 
births  exceed  the  burials  (as  is  almost  always  the  case 
in  country  parishes  and  villages)  tables  so  formed  give 
the  probabilities  of  living  too  low:  and  when  the 
contrary  happens  (as  is  generally  the  case  in  cities  and 
large  towns)  they  give  the  probabilities  of  living  too 
high.      But  tables  formed  froq;i  the  latter  of  t^es^ 
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data  are  subject  to  no  errors :  they  must  be  correct 
vrhatever  the  fluctuations  are  in  a  place,  and  how  great 
soever  the  inequalities  may  be  between  the  births  and 
the  burials. 

§  15.  Most  of  the  tables  above*mentioned  have 
been  deduced  from  the  former  of  these  data ;  and  in 
most  of  them  due  allowances  have  been  made,  as  far 
as  circumstances  would  admit,  for  the  fluctuations 
arising  from  etpigration  &c.  But  I  believe  there  are 
no  observations  extant  which  will  enable  us  to  form 
tables  from  the  latter  of  these  data,  except  those 
published  by  M.  Wargentin*  of  the  population  of  the 
kingdom  of  Sweden :  and  it  is  much  to  be  regretted 
that  similar  observation^  are  not  made  in  othei: 
countries. 

§  1 6.  It  is  a  singular  circumstance  that  not  only 
Ao  females  live  longer  than  males^  but  married  women 
live  longer  than  single  women.  All  the  tables  of  ob- 
servations intimate  this :  but  the  fac^  has  been  more 
fully  confirmed  by  the  observations  made  by  Dr.  Aikin 
al  fVarriyigion^  and  by  Dr.  Haygarth  at  Chester ;  each 
of  whom  kept  distinct  registers  of  the  rate  of  mor- 
tality amongst  males  and  females.  Similar  registers 
also  were  kept  at  Stockholm :  and,  in  the  enumeratiot 
of  the  whole  population  of  the  kingdom  of  Sweden^ 
this  circumstance  was  particularly  attended  to.     These 

*  In  the  Memoirs  of  tke  Academy  of  Sciences  at  Stockholm^  i« 
1776. 
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latter  observations  therefore  being  formed  on  such 
unerring  principles,  furnish  sufficient  data  for  calcu- 
lating distinct  tables  of  the  value  of  annuities  on  lives 
among  males  and  females,  taken  separately  or  con- 
junctly :  and  which  tables  might  be  applied  with  good 
efect  in  determining  the  value  of  annuities  or  assu- 
rances where  the  lives  of  widows  are  concerned*. 

517.  The  tables  of  observations  most  used  in  this 
country  at  presenr,  are  those  which  were  formed  by 
Dr.  Price  from  the  bills  of  mortality  at  Northampton : 
but  they  derive  their  importance  principally  from  those 
numerous  tables  of  the  value  of  annuities  on  single 
and  joint  lives,  which  are  computed  therefrom ;  and 
which  afford  great  facility  to  the  solution  of  the  va- 
rious cases  connected  with  this  subjectf.  In  every 
other  point  of  view  it  must  appear  extremely  incorrect 
to  take  the  rate  of  mortality  in  one  particular  town, 
as  a  criterion  for  that  of  the  whole  country.  The  ob- 
servations ought  to  be  made  on  the  kingdom  at  large, 
in  the  same  manner  as  in  Sweden ;  more  particularly 
as,  in  the  real  business  of  life,  the  calculations  are 
general  and  uniform,  and  adapted  to  persons  in  every 
situation.  But  tili  the  legislature  thinks  proper  to 
adopt  some  efficient  plan  for  furnishing  these  data  J, 

*  See  Tables  XIV  to  XXIV. 

t  See  Tables  XXV  to  XLIV. 

X  By  virtue  of  an  Act  of  Parliament  which  passed  in  1600,  a 
gur\'e7  was  made  of  the  population  of  this  kingdom  in  the  follow- 
ing jear :  but,  from  the  manner  in  which  that  survey  was  formed 
and  conducted,  it  has  afforded  little  or  no  information  respecting 
the  subject  of  the  present  work.  ^ 
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we  must  rest  contented  with  the  laudable  exertions-  of 
public-spirited  individuals ;  and  avail  ourselves  of  the 
best  light  which  they  afford  us  on  this  subject* 

§  1 8.  With  respect  to  the  several  tables  of  mor- 
tality above-mentioned^  I  do  not  think  that  any.  of 
them  (with  the  exception  of  those  given  by  M.  Kersse- 
boom,  and  M.  DeParcieux)  afford  the  proper  grounds 
for  calculating  the  value  of  annuities.  For,  it  is  Evi- 
dent that  no  person,  in  an  ill  state  of  health,  or  who 
is  conscious  of  any  thing  in  his  constitution  that  might 
tend  to  the  shortening  of  life,  would  give  that  value 
for  an  annuity  which  the  tables  indicate :  neither  am 
I  inclined  to  think  that  he  would  become  a  purchaser 
at  all.  The  lives,  therefore,  of  such  persons  as  do 
become  annuitants  will  consequently  be  good  lives :  or 
a  certain  part  only  of  the  general  mass  of  mankind. 
The  principles,  upon  which  M.  Kersseboom  and 
M.  De  Parcieux  have  formed  their  tables,  enable  us  to 
ascertain  pretty  accurately  the  rate  of  mortality  among 
this  class  of  people :  and  therefore  form  a  proper  basis 
for  determining  the  value  of  annuities. 

§  1 9.  The  same  observations  may  be  applied,  with 
nearly  the  same*  propriety,  to  the  method  of  computing 
the  value  of  assurances*.    For^  it  is  well  known  that 

*  This  fact  18  indabltable:  for  "  during  the  last  33  years,  from 
**  JflDuaxy  176s  to  January  1601,  the  number  of  assurances  on 
''  single  lives  [at  the  Equitable  Society]  has  been  83^201 ;  of 
''  which  number  sixty  thousand  fife  hundred  and  ninety-seven 
'<  bav«  been  on  tbar  lives  o[  persons  under  50  years  of  age,  among 


^ 
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the  assurer  endeavours  to  guard  as  much  as  possible 
gainst  a  bad  life:  and  the  l^w  of  the  land  justly 
punishes  any  fraud  in  this  respect.  Nevertheless^  as 
avarice  or  negligence  may  induce  a  relaxation  of  duty, 
the  lives  <^  vfhictx  assurances  are  made  are  more  liable 
to  be  mixed  than  those  on  which  annuities  are  granted, 
la  either  case,  however,  we  might  often  deduce  a  more 
correct  value  from  knowing  the  situation  of  life,  the  re« 
adence,  and  mode  of  living  of  the  parties  concerned. 

§  20.  But  in  many  instances,  both  of  annuities 
and  assurances,  the  ages  and  conditions  of  the  lives 
are  so  involved  that  we  must  proceed  upon  general 

"  whom  the  deathi  have  heen  fewer  than  those  in  the  Northamp- 
**  ton  table  in  the  proportion  of  four  to  seven  /"  (See  Dr.  Price's 
,0b.  on  Rev.  Pay,  vol.  ii.  p.  443.)  No  &ct  can  more  clearl/ 
show  the  inaccuracjr  of  those  tables  for  general  use  ?  and  though 
it  may  be  prudent  for  an  Insurance  company  to  adopt  them,  as 
veil  as  to  make  use  of  the  lowest  rate  of  interest  in  calculating 
the  values  of  annuities  therefrom  (whereby  large  profits  are 
secured  to  the  lociety) ;  yet  the  public,  who  have  no  interest 
(herein,  and  who  occasionally  seek  for  information  on  this  head, 
tbould  be  cautious  in  using  them,  unless  they  appear  to  be  appli- 
cable to  the  case  in  question.  The  grounds,  on  which  the  cal- 
culations are  niade,  ought  to  be  as  COTrect  as  the  present  state  of 
information  will  allow,  in  order  that  the  public  may  be  satisfied 
with  the  accuracy  of  the  result.  The  contrary,  however  is  the  fact : 
sad  Dr.  Price  himself  has  at  length  acknowledged  il ;  although  in 
nther  a  surreptitious  manner.  He  introduces  M.  Kersseboom'g 
snd  M.  De  Parcieux's  tables  of  observations  in  order  '*  that  nothing 
"  00  this  subject  may  be  wanting;'*  as  if  it  were  a  work  of  su- 
pererog^tion,  and  not  one  of  the  most  essential  as  wcl}  as  one  of 
the  most  valuable  parts  of  his  treatise. 
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principles^  without  reference  to  the  particular  situation 
of  the  parties;  and  therefore,  were  it  on  this  ground 
only,  it  would  be  extremely  desirable  to  ascertain  the 
rate  of  mortality  in  the  kingdom  at  laige.  It  would 
enable  us  to  determine  how  iar  the  tables,  now  in  use, 
might  be  depended  upon ;  and  furnish  the  basis  for 
others  more  numerous  and  comprehensive. 

§  21.  For  the  information  6f  ^he  reader  I  have 
inserted  a  comparative  view  of  all  the  principal  tables 
that  have  been  given  of  the  rate  of  mortality  in  dif- 
ferent parts  of  the  world ;  being  Table  I.  at  the  end 
of  this  work.  The  first  column  shows  the  ages,  and 
the  other  columns  the  number  of  persons  living  at 
those  ages,  out  of  1 000  born*  at  the  different  places 
mentioned  at  the  head  of  each  column:  and  these 
places  are  arranged  according  to  their  degree  of  mor- 
tality amongst  them.  London  and  other  cities  are 
therefore  placed  first ;  and  the  rest  in  their  order,  as 


*  The  original  tables  commence  with  numbers  (Ufifering  from 
each  other  ^  but  aA  here  reduced  to  the  same  number  at  the  be- 
ginning, viz.  1000:  by  which  mean  we  are  enabled^  by  In- 
spection^  to  compare  the  numbers  together  at  any  age,  and  imme- 
diately perceive  the  relative  degrees  of  mortality  at  the  seyi^ral 
places  given.  The  reader  will  obsen'e  that  I  have  given  other 
tables  of  the  probabilities  of  life  for  France,  Sweden^  Northamptan 
and  Londofi,  together  with  the  decrements  or  number  of  persons 
dying  annually ;  which,  bdng  on  a  more  enku^ed  scale,  may  be 
used  with  greater  accuracy  hi  the  solution  of  the  several  problems 
which  occur  in  the  present  work.  These  Tables  are  III>  XIV^ 
XXV,  and  XLV. 


r 


nearly  as  possible,  to  the  most  hesUthy^  ^hi^h  cire  the 
Cpumry  provUices.  This  table  will  consequently  serve 
to  illustrate,  in  a  striking  manner,  the  great  difference 
betwe^i  the  duration  of  life  in  large  cities  and  in  the 
ctmniry :  for  it  will  be  ^en  that,  in  proportion  as  we 
recede  from  the  former,  the  probability  of  life  is  greater, 
and  the  chance  of  arriving  at  old  age  is  considerably 
increased.  Thus,  it  appears  that,  out  of  a  thousand 
persons  bom  at  Vienna,  not  half  of  them  live  to  be 
two  years  of  age ;  whereas  at  Norwich,  that  number 
will  live  to  be  eight  years  of  age ;  and  at  Holy  Cross, 
they  live  to  be  above  twenty-seven  years  of  age ;  whilst 
in  the  province  of  Vaud  in  Switzerland,  they  live  to  be 
forty-one  years  old.  It  will  also  fully  confirm  the 
observation,  which  has  been  made  in  §  18,  respecting 
the  probability  of  living  amongst  those  persons  who 
purchase  annuities  on  thdr  own  lives :  for  it  appears 
from  the  observations  of  M.  De  Parcieiix  that  the 
chan^  of  living  amongst  a  set  of  government  anr 
nukants  is  in  almost  every  period  of  their  existence 
much  greater  than  amongst  an  ecjual  number  of  indif« 
.  ferent  persons  living  in  the  most  healthy  pQrt  pf  the 
globe :  and  which  consequently  show3  that  the  North- 
ampton tables  are  a  very  inaccurate  index  of  the  rate 
of  mortality  amongst  a  set  of  persons  who  purchase 
annuities  on  their  own  lives. 

S  22.  But,  however  inaccurate  these  tables  of  ob- 
servations may  be,  or  however  inapplicable  to  existing 
•circumstances,  the  subject  of  the  present  work  is  not 
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at  all  afiected  diereby.  For,  since  the  principles  here 
laid  down,  and  the  rules  thence  deduced,  are  all 
treated  generally^  without  allusion  to  any  particular 
table  of  observations^  the  reader  may  apply  them  to 
any  of  the  tables  above  mentioned ;  or  to  any  others 
which  may  be  hereafter  found  to  be  more  correct,  or 
more  suited  to  any  given  circumstances. 

§  23.  In  any  table  of  observations,  therefore, 
which  expresses  the  number  of  persons  living  at  every 
age  of  human  life,  let  the  number  of  the  living  at  the 
age  of  A  be  denoted  by  a  \  and  those  answering  to 

the  next  succeeding  ages  in  the  table,  by  a,  a,  a,  &c, 
respectively.  Further  ;  let  the  number  of  the  living 
at  the  age  of  B  be  denoted  by  b ;  and  those  answering 

to  the  next  succeeding  ages  in  the  table,  by  £,  6,  b, 
&c,  respectively.  Again ;  let  the  number  of  the  living 
at  the  age  of  C  be  denoted  by  c ;  and  those  answer* 

ing  to  the  next  succeeding  ages  in  the  table,  by  c,  c,  c, 
&c,  respectively.  In  like  manner^  let  the  number  of 
persons  living  at  the  end  of  n  years  from  the  age  of 
A  be  denoted  by  u ;  and  those  answering  to  the  next 

succeedmg  ages  m  the  table,  by  c^  a,  a,  &c.  Also 
let  the  number  of  persons  living  at  the  end  of  n  years 
from  the  age  of  B  be  denoted  by  /3 ;  and  those  an- 
swering to  the  next  succeeding  ages  in  the  table  by 

'0y  09  0y  Stc.  Moreover,  let  the  number  of  persons 
living  at  the  end  of  n  years  from  the  age  of  C  be 


r 


CL  U  PROB^BILITUS  CfB  Uf  £*  19 

denoted  by  7 ;  and  those  answering  to  the  next  suc- 

I     It     m 

ceeding  ages  in  the  table  by  y,  7,  y,  &c.  And  so  on 
for  any  other  lives.     Then,  considering  that,  out  of 

a  persons  alive  at  the  age  of  A,  only  a  of  them  will 
be  alive  at  the  end  of  the  year,  it  is  evident  that  the 
number  of  chances  lor  the  life  of  A  condnuing  one 

year  will  be  a ;  and  that  the  whole  number  of  chances 
fer  its  living  or  dying  will  be  a:  consequently  the 
probability  that  A  will  live  to  the  end  of  the  first  year 


will  be  denoted  by  — .     And  by  a  dmilar  method  of 

reasoning  it  will  be  seen  that  the  probability  of  his 
living  to  the  end  of  the  second  year  will  be  denoted 

by  — }  and'  of  his  living  to  the  end  of  the  third  year, 

by  — ;  and  so  on :  for,  a,  a,  &c,  will  be  respectively 

the  number  of  chances  for  the  life  continuing  2,  S, 
&c,  years,  and  a  will  still  be  the  total  number  of 
chances  for  his  living  or  dying  in  any  year.  In  like 
manner,  the  probability  of  the  life  B  continumg  1, 
2,  S,  &c,  years,  will  be  respectively  represented  by 

hit  '       " 

y,  -T-,  -J-,  &c:  and  that  of  the  life  C,  by--,  — , 

-r,  &c,  respectively :  (See  §  2)«  By  a  similar  me- 
thod of  reasoning  it  will  be  found  that  the  probability 
of  the  life  A  continuing  n,  (n  + 1),  (n  +  2),  (n  +  S), 

&c,  years  will  be  respectively  denoted  by  — ,  — ,  —  , 

C2 
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— ,  &c:  and  that  the  probability  of  the  life  B  con- 
tinuing the  same  periods  will  be  respectively  denoted 

by  -^,  ~,  ^y  -^,  &c :  and  that  the  probability  of 
the  life  C  continuing  the  same  periods  will  be  re- 


ar    m 

y    y    7    Y 


spectively  denoted  by  — ,  — ,  — ,  — ,  &c. 

§  24.     Moreover,  the  probability  of  any  two  lives, 
A  and  B^  continuing  in  being  together  for  1>  2,  3,  &Cg 

'  L       "?       "'1' 

years^  will  be  respectively  denoted  ^X  ^  r  *^  j  >  'i^* 


til     ff  1/ « 

lb  c      ah 


&c :  and  that  of  three  lives  A,  B,  C,  by  -  ,— ,  — t-tj 

m  Kt  HI  \ 

— 7—  ,  respectively:  (See  §  6).  Further,  the  proba- 
bility of  any  two  joint  lives  A  and  B  continuing  in 
being  together  for  n,  (n  +  l),  {n  -f  2),  (»  -|-  3),  &c, 

years,  will  be  respectively  denoted  by  *^,  ^,  ^, 

//I   M 

— ^-,  &c:  and  that  of  three  lives  A,  B,  C,   for  the 
ab  '  7^7 

t    '    t        H  B  n      tH  m  in 

u     ^Py     *py    apy    aay  ^      - 

s;3ime  terms,  by  -y^,  -y-^,  -7-^,  ~y<-,8oc.* 


*  I  would  here  observe  thai,  when  several  Hves  are  involved  in 
a  question^  A  is  generally  supposed  (unless  otherwise  expressed) 
to  be  the  youngest;  B  older  than  A  i  C  older  than  Bj  and  so  on. 
This  rule,  however,  is  dispensed  with  in  the  fifth  and  eighth  chap- 
ters of  the  present  work. 


§  25.  This  being  premised,  it  is  evident  (from  ^  4) 
that  the  probability  of  A  dytTig  before  the  end  of 

the  first  year  will  be  denoted  by  1 .   For,  since 


—  denotes  the  probability  of  his  living  to  the  end  of 

that  period,  if  we  subtract  this  value  from  unity  it  will 
give  the  probability  of  his  nOt  living  so  long.  And 
by  a  similar  niethod  of  reasoning  it  will  be  found  that 


W  ttf 

a  \       /.        a 


(l ),    (l  —  —  ],  &c,  will  denote  the  probability 

of  the  same  life  dying  before  the  end  of  the  second, 
third,  &c,year,  respectively.  In  like  manner  the  pro- 
bability of  the  life  B  or  C  failing  in  1,2,  3,  &c, 

years,  will  be  respectively  represented  by    \5~-t-)» 

(■-1%  {'-I).  &-= «  ('-4).  ('-I). 

{ I  —  — ) ,  &c.  Moreover,  the  probability  that  either 
of  two  lives  A,  B,  or  of  three  lives  A,  B,  C,  will  fail 

in  1,  2,  3,  &c,  years,  will  be  denoted  by    f  1  — ^), 

(i-^).('-;-|)>8«i«{-ir:).(-lr:). 

m  m  m 

(l  —  -y^),  &C,  respectively.    And  universally,  if  w« 

subtract  from  unity  the  probability  of  the  lives  conti- 
nuing together  to  the  end  of  the  given  term,  the  re- 
mainder will  express  the  probability  that  they  shall  not 
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all  continue  together  to  the  end  of  that  period ;  but 
that  one  or  other  of  th<^3ti  vill  die  previous  thereto* 

§  26.  But,  the  probability  that  all  the  lives  A,  B, 
C,  &c,  shall  fail  in  one  year  will  (by  §  6)  be  denoted 

l>y   (l— 5")  X  (l-j)  X   (t-f)  X  &c;  in  two 

11  U  It 

years,  by  (l-|.)  X   (l-|)  X  {l-~)   X  &cj 

in  three  years,  by  (j-^)  X  (l— ^)  X  (l— 7) 

X  &c^  &c.  And  the  probability  that  this  event  shall 
not  happen,  but  that  some  one  pr  o^her  of  the  llve^ 
shall  continue  in  being  to  the  end  of  the  first,  se- 
condy  third,  &c,  year,  will  (by  §  8)  be  represented 

^  (*  — X^  X  ('"-l")  ^  &G,  &c,  respectively, 

$  27.  Hitherto,  in  deducing  the  probability  of  ^ 
life  failing  in  any  given  time,  I  have  had  regard  only 
to  such  event  taking  place  at  any  time  before  the  end 
of  that  period :  but  if  we  wish  to  determine  the  pro- 
bability of  the  life  filling  iix  any  particular  year  the 
exegesis  will  be  materially  different.  The  probability 
that  A  will  die  in  the  second  year,  afti^r  having  out.- 


I  Oul. 
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It 
a 


fiyed  the  first  year,  is  evidently  equal  to  1—  —  =t 


a 


;— ;  because  -j-  will  then  denote  the  probability  of 

a  a 

its  living  to  the  end  of  that  year,  and  this  Value,  being 
subtracted  from  unity,  will  give  the  probability  of  its 
then  dying  in  that  year :  but  since  this  event  now  de- 
pends upon  its  living  through  ^e  preceding  year  (the 


probability  of  which  is  — )    the  value  above  found 

must  be  multiplied  by  such  probability,  in  older  to  give 
its  true  value :  whence,  the  present  value  of  the  pro- 
bability that  the  life  A  will  fail  in  the  second  year^  is 

truly  denoted  by  ^^  x  —  =  — -•    In  like  manner 

^^  •■*  ^^ 

the  probabiUty  of  its  failing  in  the  third  year  is'ez- 

jr     lit  n  K     HI 

pressed  by  ^^  x  —  =  ^^:  and  so  on  to  the  n* 

a 

(n+  l)»S  (»  +  2)"*,  (n  +  sy^  &c,  years;  whai  the 
probabilities  of  the  given  life  A  failing  in  those  years 


will  be  respectively  '--  , , , ,  &c:  and 

where  a  denotes  the  number  of  persons  living  at  the 

cnd^f  n—  1  years  from  the  age  of  A.  The  same  ob- 
servations will  apply  to  the  case  of  any  number  of  joint 
lives :  for,  by  pursuing  the  same  method  of  reasoning, 
it  will  be  found  that  the  present  probability  of  either  of 
the  three  lives  A,  B,  C,  failing  in  the  second  year  will 
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If  t         Hit  It  lit  I   f    I         II  Jl  U 

bc^^ahc  .      ADC        avc-^avc 


ht  denoted  by ~- —  x  —f-  ==* # ;   tn 

J  I ' I  abc  aoc       '      • 

aoc 


II  'I  II    III  m  m        It  iL  n  it  n  n     mifnii 

adC'^uct^^   aoc        avc-^alc 


the  thitd  year,  by  ^^^f=^  X  H'-  = 


"J-  ate  abc      * 

a  V  c 


ktid  go  on  to  the  n*,  (n  +  l )«    (n+'2)»*,  (n  +  3)'^ 
fee,  year ;  when  the  probabilities  of  the  lives  failing 

m  those  years  lespecavely  will  be      '  ,   ^.     -^^ 


aoc        '  abc        '  ,T< 


/  I  I 


note  the  nuftfiber  of  persons  living  at  the  end  of  nt— I 
years  from  the  ages  of  A,  B,  C,  re^ectively* 
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CHAPTER  IL 
On  Life  jinnuities  in  general. 

^  28.  jl  he  method  of  determining  the  present  value 
of  any  annuity  is,  to  find  the  present  value  of  each 
yearns  rent  as  it  becomes  due;  and  the  sum  of  all  these 
will  be  the  totd  present  value  of  the  annuity  required. 
Such  value  will  in  all  cases  depend  on  the  annual  rate 
of  interest  concerned ;  and  throughout  the  whole  of 
the  present  work  I  have  denoted  this  annual  rate  by 
f*:  consequently  the  amount  oi  £,\  at  the  end  of  a 
year  will  be  denoted  by  (1  +  f);  and  the  present 
value  of  c£l  certain  to  be  received  at  the  end  of  1,2, 
3,  &c,  years  will  be  respectively  denoted  by  (l  +f)"\ 
(l  +  f)""%  (l+f)"%  &c.t     The  sum  of  which  con- 

*  The  annual  rate  should,  in  all  cases  of  compound  interest, 
be  carefully  distinguished  from  the  jwmmal  rate :  but,  such  annual 
race  may  always  be  expressed  in  terms  of  the  nominal  rate,  as  I 
bare  distinctly  shown  in  another  work.  See  Doctrine  of  Interest 
ad  AtmmiUi^  {>.  i6. 

f  Ab  we  shall  often  have  occasion  in  the  coarse  of  this  treatise 
to  find  the  present  value  o££{  certain  to  be  received  at  the  end  of 
any  number  of  years,  and  also  the  present  value  of  ^^1  per  annum  for 
any  number  of  years,  at  different  rates  of  interest ;  I  have  (in  order 
to  avoid  the  necessity  of  referring  to  any  other  work)  inserted  at 
the  end,  two  tables,  which  show  the  values  here  alluded  to :  bein^ 
Tables  LVIII  aud  LIX,  at  the  end  of  this  work. 
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tinued  to  n  terms,  or  (1  +  f )"*  +  (1 + f)""*  +  (1  +  f)""' 

(1  +  e)'"'*=  1z±jL£I!,  will  denote  the 

present  value  of  an  annuity  of  <£l  per  annum  for  n 
years :  and  if  this  series  be  continued  to  infinity,  the 

sum  of  it,  or  — ,  will  express  the  present  value  of  the 

perpetuity  of  the  same  annuity.  The  principles^  on 
which  these  observations' are  founded,  have  been  fully 
explained^  in  my  treatise  on  the  Doctrine  of  Interest 
and  Annuities ;  but  I  have  thought  it  necessary  to 
mention  them  here,  in  order  to  prevent  circumlocution 
in  the  investigation  of  the  following  problems. 


§  29.  In  life  annuities,  however,  the  rent  of  each 
year  is  to  be  received  only  on  certain  contingencies ; 
consequently  the  present  values  above  mentioned  must 
be  diminished  in  proportion  to  the  probability  of  re- 
ceiving them :  and  the  sum  of  such  values,  for  each 
successive  year,  will  be  the  total  present  value  of  the 
life  annuity  required.  Throughout  the  whole  of  this 
work  I  have  supposed  the  annuity  to  be  ^1  per  annum ; 
in  which  case,  the  present  value  deduced^will  denote 
the  number  of  years  purchase  that  such  annuity  is 
worth:  and  which,  being  multiplied  by  any  other  an* 
nuity,  will  give  the  present  value  of  such  other  annuity 
accordingly. 


r 
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PROBLEM  I. 


§  SO^.  To  find  the  valuef  of  an  annuity  granted 
ppon  any  number  of  lives ;  that  is,  for  as  long  a$  they 
shall  all  pontinu^  in  being  together^ 


SOLUTION^ 

Let  A,  B,  C,  &c,  be  the  lives  upon  which  the  an* 
nuity  is  granted;  and  l^t  the  probability  of  each  life 
frontinuing  1,29  3^  &p,  years,  be  as  denoted  in  §  28; 
then  it  will  follow,  from  what  has  been  said  in  §  24, 
that  the  probability  of  all  the  lives  continuing  to  the 

end  of  the  first  year  will  be  —tTW  *  ^'^'^'^^  being 

*  This  fundamental  prq>osition^  tipon  which  the  whole  doctrine 
pf  annuities  in  a  great  measure  depends^  maj  be  found  in  most 
authors  ^who  have  treated  on  this  subject.  In  the  investigation  of 
the  subsequent  Pioblems  and  their  Qorollades,  I  shall  refer  to  t}ie 
nmilar  propositions  in  the  works  of  the  five  following  authors : 
viz.  Simpson's  thctrine  pf  Anntdtm  and  Reversions,  177^>  ^nd 
his  Supplement  to  the  8ame>  1 791.  De  Moivre's  Doctrine  of 
Chances,  3rd  edit.  17^0.  Dodsoo'9  Matketnatical  Repository. 
Dr.  Price's  Observations  on  Reversionqry  Payments,  6chedit.  1603* 
Morgan's  Doctrine  of  Annuities  and  Assurances,  1^79'  and  his 
paper}  in  t^e  Philosophical  Transactions  for  1788,  1789,  17g!^ 
1794,  and  1800.  Whereby  the  reader  may  the  more  readily 
compare  themi,  together^  and  judge  of  the  respective  merits  of  the 
rules  which  they  have  given  for  the  solution  of  the  same. 

t  By  the  term  value,  I  mean  the  number  of  years  purchase, 
that  the  annuity  is  worthy  agreeably  to  what  I  have  just  observed. 
T^  niode  of  expression  ^U  be  used  throughout  the  present 
Fork. 
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multipiied  by  (l  +  p)"'?  or  the  present  value  of  ^1 
certain  to  be  received  at  the  end  of  one  year,  will 

produce  >;  ;  \    ^  ^  for  the  present  value  of  the  first 

year's  rent;  or  the  expectation*  of  receiving  such 
sum  on  the  contingency  that  all  the  lives  continue 
to  the  end  of  the  first  year.  In  like  manner,  since  the 
probability  that  all  the  lives  will  continue  to  the  end 

a  u  n 

of  the  second  year  is     ,^  ^  ,  if  this  expression  be 

multiplied  by  (1  +  f)""*?  or  the  present  value  of  <£l 
certain  to  be  received  at  the  end  of  two  years>  it  will 

produce  .    ■    .-^    .    ^    for  the  present  value  of  the 

second  year's  rent ;  or  the  expectation  of  receiving 
such  sum  on  the  contingency  that  all  the  lives 
will  continue  to  the  end  of  the  second  year.  By 
the  same  method  of  reasoning  it  will  be  found  that 

■  '        3    ,    ^    will  denote  the  present  value  of  the 

third  year's  rent  j  or  the  expectation  of  receiving  such 
sum  on  the  contingency  that  all  the  lives  will  continue 
to  the  end  of  the  third  year.  And  in  this  manner 
we  must  proceed  for  til  the  subsequent  years  of  hu- 
man life,  the  sum  of  all  which  termsti  or  —, — T=r  X 

•  See  Ch.  1.  §  5  and  6. 

f  When  the  sum  of  this  series  is  to  be  determined  in  numbers, 
the  terms  of  it  must  be  carried  to  the  extinction  of  the  eldest  life 
C«  involved  in  the  combination  3  at  which  period  all  the  subse* 

quent  terms  vanish  because  y,  y,  lac,  beooooe  equal  to  nothing. 
This  observation  will  apply  to  all  cases  of  combined  lives. 
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to  i  c  Vc   ,    fl  ©  c  (^c   ^^aoc  ^c    ,  ajSy  fefcH     ..| 

be  the  total  present  value  of  the  annuity:  where  n 
in  this  case  denotes  the  number  of  years  between  the 
age  of  the  oldest  of  the  given  lives,  and  the  age  of 
the  oldest  life  ia  the  table  of  observations. 


COROLLARY    I. 


5  SK  Now,  when  only  one  lif^  A  is  con(:emed^  this 

«ries  will  become  l-L^j  +  ^  +  ^-^.+ &cj 
when  two  lives,  A  and  B  are  concerned,  it  will  be- 

-^      l|       ttb       ,        ab        ,        ab        ,^       Itt 

*°"''  -  lo+T)  +  (ITT?  +  (T+T?  +  H-  ^"^^^ 

if  we  make  the  italic  capitals  Ay  5,  C,  &c,  to  denote 
the  value  of  an  annuity  on  any  single  life  A,  B,  C, 
&c ;  and  AB,  AC^  BC,  &c,  to  denote  the  value  of 
an  annuity  on  any  two  joint  lives  AB,  AC,  BC,  &c ; 
and  ABC,  &c,  to  denote  the  value  of  an  annuity  on 
any  three  joint  lives  ABC,  &c :  then  in  the  case  of  a 
single  life,  we  shall  have 

&c  &c  &c  &:c: 
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and  in  the  case  of  two  joint  lives,  we  shall  have 

&c  &c  duC  &o: 

and  in  the  case  of  three  joint  lives,  we  shall  have 

ll     aoc      ,      a^c      ,      abc       ,     ^       I         vnr* 

&C  &C  &C  &C. 

COROLLARY   II. 

§  S2.  Although  there  is  no  .method  of  summing  iq> 
these  terms,  or  of  abridging  the  general  expression  above 
given  for  finding  the  value  of  annuities  on  single  and 
joint  lives,  but  each  respective  term  must  be  actually 
reduced  to  numbers^  and  the  whole  of  them  added 
together  in  order  to  determine  the  total  value  of  the 
annuity ;  yet  in  finding  the  value  of  annuities  on  a 
number  of  single  or  joint  lives,  that  is  on  lives  of 
several  successive  ages,  the  process  may  be  consider- 
ably abridged  by  deducing  the  value  of  an  annuity 
on  the  next  younger  life  from  the  value  of  an  annuity 
on  a  file  or  lives  each  one  year  older.  For,  let  ABC 
denote  the  value  of  an  annuity  on  any  number  of  joint 
lives  A,  B,C* ;  and  ABC  the  value  of  an  annuity 


/  rf 


*  In  the  Investigation  vl  shall  confine  the  case  to  three  joint 
lives:  but  it  is  easy  to  see  that  the  method  is  general^  wktUever 
number  be  taken. 
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oa  the  same  number  of  joint  liipes  each  one  year 
younger  than  A,  B,  C  j  and  let  a  6  c  &c  be  the  num- 

ber  of  persons  living  at  t\\e  ages  of  those  younger 

fives,  as  found  in  any  table  of  observarions :  then,  for 

ff  If «/ 

ao  c     j^ 

f  10  ^ 

a 

(r+f) 


the  very  same  reason  tbat  — r-    ——  + 
IL,+  1^]=JBC,  w.  ^  have  ^{0.  + 


'1' 

ab  e 


-.+ 


/I  J.  .\«  I    /7T^  +  &c    =  ^BC.     Wherefore,  mul- 

tiplymg  the  first  equation  by  abc^  and  the  latter  by 
(l-f  f)  a6c,  we  have 


/  /  / 


111  nun 

«*'   -|.  JLiL- +  &c  =  ^fiC  X  ate 


(i  +  f)  •  O  +  f) 
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fihc      .      a  ^  c 


whence   ABC  (l  '\-  q)  abc  —  aic  =  ABC  X  aic. 
I   I  J    ^         *    I  /  / 


f  /  / 


whence  the  following  rule  for  finding  the  value  of  an 
annuity  on  any  singlt  life,  the  principle  of  which  it  is 
easy  to  apply  to  the  case  of  any  joint  lives.  ■  Begin 
with  the  oldest  life  in  the  table  of  observations ;  add 
unity  to  the  value  of  an  annuity  on  that  life  ( usually 
equal  to  0)  and  multiply  the  sum  by  the  expectation 
of  a  life  (me  year  yimnger  receiving  X^l  at  the  end  of 
a  year;  the  product  will  be  the  value  of  an  annuity 
on  th?  life  one  year  younger:  this  value  being  sub- 
stituted for  the  value  of  an  annu'ty  on  the  oldest  Iilfe, 
and  the  process  repeated,  will  give  the  value  of  an 


snnuity  on  the  Mxt  yoragest  Ufe:  and  so  on  till  we 
come  to  the  age  of  the  gives  life.  Now,  though  the 
method  of  deducing  the  value  of  m  annuity  on  any 
given  Ufe  by  means  of  this  formula  13  rather  more  la- 
borious than  finding  the  numerical  value  of  each  term 
of  the  series  given  in  the  last  corolbry ;  yet  iha  pr^ 
sent  formula  has  this  advantage,  that  the  several  steps 
of  the  process  gi^e  the  values  of  annuities  on  Uves  of 
all  the  ages  between  the  given  life  and  the  oldest  life 
in  the  table  of  observations :  whence,  the  calculation 
of  the  value  of  an  annuity  qn  Uves  of  uU  those  ages 
becomes  scarcely  more  troublesome  than  the  calcula- 
tion of  the  value  of  an  annuity  on  the  youngest  life. 

§  33.  Example  1.  Let  it  be  required  to  find  the 
value  of  an  annuity  on  a  life  aged  90  years,  allowing 
interest  at  the  rate  of  5  per  cent  per  annum,  and  ac- 
cording to  the  probabilities  of  life  in  general  as  ob- 
served in  Sweden. 

The  value  of  an  anniuty  on  a  Ufe  aged  96  is  evi- 
dently equal  to  0 : 

aged  95,  =       (1+0)      X  -^  X  -9524  =-4762 
94,  =    (1  +  -4762)  X  4  X  -9524  =-5624 


93 


5 

5 


,  =  (I +  -6624)  X  ^  X  -9524  =  '6764 
92,  =  (I +  -6764)  xl\  X  •9524  =  '8S6S 
91,  =  (l+'«y6S)  X  *^  X  -9524  =  l'i  129 
90,  =  (1  +  1-1129)  X  ^J  X  •9524=1'412S» 


I 


I 

I 
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vbence  it  appears  that  the  value  required  b  equal 
to  1'4129*^. 


§  34.  Example  2«  What  is  the  value  of  an  an- 
nuity on  the  joint  lives  of  a  man  aged  90,  and  a  wo^ 
floan  aged  84;  red^oning  interest  at  4  per  cent  and 
the  probabilities  of  living,  among  males  and  females 
uspedibely^  as  observed  in  Steeden? 

By  beginning  with  the  oldest  life  in  the  table  of 
observations,  joined  to  another  whose  difference  of 
age  is  6  years,  it  will  be  found  that  the  value  of  an 
annuity  on  two  similar  joint  lives  aged  95  and  'SB  is 
equal  to  0: 

94and88=:  (l+O)  X  5-^7-^^ '^^^•^=*^^** 
98  and  87  =  (1+-1845)X  ~^^X  •9615=-S496 
92and  86  =  (l+-3*96)  X.^^^X'B^lS^^'Sail 
91  and  85  =  (1+-5827)X  ^^^^X  •96l5=-7507 

90and84  =  (1+-750Y)  X  —^  X  seis^z-mfid 

Whence,  the  value  of  the  annuity  required  is  equal 
to  -8629.1 


*  Dr.  Price  has  given  incorrect  values  for  apnuilies  on  lives  in 

« 

gentral,  according  to  the  table  of  observations  for  Swedeo.    Sed 
'Obs,  on  Rev.  Pay.  vol.  ii.  p.  422.    He  has  taken  a  mean  betweea 
the  value  of  annuities  on  male  and  female  livesj  vrhith  is  eviddntljit 
irtoneoiis. 

'  t  lo  Tables  XVII  to  XXIV  at  the  end  of  this  woflc,  dse  vakiel 
are  deduced  from  the  probabilities  of- living- amongit  males  a&ri 

D 
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§  S5.  But  the  best  mode  of  computing  the  values 
of  annuities  is  by  means  of  logarithms :  and  the  me* 
thod  of  doing  this  will  be  sufficiently  evident  from  an 
inspection  of  the  formula  in  page  31,  and  from  the 
principles  which  have  been  just  laid  down.    For,  since 

jiBC  =  (1  +  ^BC)  X  —^  (1  +  e)-^  it  is  manifest 

1 1  I 

that  Log.  ^BC:=i  Log.  a  -{-  Log.  b  +  Log.  c  +  Log. 

(i  +  eV*  +  Log-(l  +^i5C)-[Log-a  ,+  Log.  *  + 

Log.  c^:    whence  the  calculations^  which  appear  so 

laborious  and  intricate  when  2  or  S  joint  lives  are  in* 
volved,  are  reduced  to  the  simple  operations  of  addi- 
tion and  subtraction. 

S  36.  In  calculating  the  values  of  annuides  ac- 
cording  to  this  method^  the  following  directions  should 
be  observed.  Begin  with  the  oldest  life,  C;  and 
write  down  horizontally  on  a  paper  (divided  into  co- 
lumns as  in  the  annexed  specimen)  the  logarithms  of 
the  number  of  persons  living  at  the  end  of  n^  (n-*- 1), 
(7i-*2),  &Ct  years  from  birth ;  n  denoting  the  number 
of  years  between  birth  and  the  age  of  the  oldest  life  in 
Uie  table  of  observations.  Then,  proceeding  to  the  next 
oldest  life  B,  write  down  in  a  similar  manner,  imder  the 
former^  the  logarithms  of  the  number  of  persons  living 

ftntles  colUttiuelyf  bat  it  would  be  vefy  d^tnble  to  have  tables 
of  th^  values  of  annoities  on  joint  lives^  where  tiie  ages  of  the 
two  sexex  axe  kept  ^^stinct  from  each  other.  See  the  note  to  the 
lecoDd  example  ip  QueitioA  IV,  Chapter  Till. 


) 
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at  the  end  of  (n  —  A),  (n  —A—  1%  (n — A—  2),  &c, 
years  from  birth :  A  denoting  the  difference  of  age 
between  B  and  C.  And  so  on  to  the  next  oldest  life, 
acccMrding  to  the  number  of  joint  lives  required.  Add 
these  several  perpendicular  values  together,  and  write 
down  under  each  of  them  the  logarithm  of  (1  -f"  f  )''^» 
This  being  done,  the  subsequent  operations  become 
extremely  easy,  as  will  sufficiently  appear  from  the  foU 
lowing  specimen,  which  shows  the  method  of  obtain* 
ing  the  values  of  annuities  on  two  joint  lives  of  all 
ages  whose  difference  of  age  is  10  years ;  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living  as 
at  Northamploru 
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5  S7.  In  taking  out  these  togarkhrns  from  tb« 
T^)les,  die  decimal  parts  only  are  to  be  retained  t  and 
the  same  observation  will  apply  to  the  addition  and 
subtraction  of  the  logarithms  in  the  specimen.  No 
error  is  likely  to  arise  from  thus  omitting  the  index^ 
because  in  the  last  logarithms  resulting  from  the  pro* 
cess  (and  which  are  the  logarithms  of  the  values  of 
the  annuity  required  in  line  L)  the  index  when  posi* 
tive  never  exceeds  1 ;  and  when  negative  it  cannot 
well  be  mistaken. 

In  every  column,  the  numbers  in  the  lines  D,  E,  F, 
6,  H,  I,  K,  L,  show  the  process  for  finding  the  value 
of  the  annuity :  and  are  all  that  are  required  for  that 
purpose.  The  last  line  L  shows  the  logarithms  of 
Such  values :  and  the  natural  numbers  corresponding 
to  those  logarithms  (that  is,  the  true  values  of  thtf 
annuity  required )  are  set  down  in  the  line  S.  Thtf 
reason  for  their  being  thus  kept  detached  will  appeaf 
in  the  sequel ;  when  I  come  to  notice  the  subsequent 
fines  M,  N,  O,  P,  Q,  R  :  and  which,  for  the  present, 
we  must  suppose  not  to  be  in  existence* 

.  §  S8«  This  specimen  may  be  accommodated  to 
the  calculation  of  the  values  of  annuities  on  siyigU 
lives,  by  striking  out  the  logarithms  in  the  line  E  and 
F.  Or,  it  may  be  accommodated  to  the  calculation 
of  the  values  of  annuities  on  any  three  joint  lives 
ABC,*  if  to  the  logarithms  in  the  lines  D  and  E  we 
add  (in  order  to  obtain  the  line  F)  the  loj^rithms  of 
tb«  number  of  pefsons  Uving  at  the  end  of  ( n  "-*- 1)^ 
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(n—  5—1),  (n—  X— 2),  &c  years  from  birth :  5  de- 
noting the  difference  between  the  age  of  AandC* 
Hence  it  is  evident  that,  by  this  method,  the  compu- 
tations of  the  values  of  annuities  on  any  twoj  tkrecy 
or  four  joint  lives,  are  nearly  as  easy  as  the  computa- 
tions of  the  values  of  annuities  on  any  single  lives*: 
tod  that  the  principal  labour  will  consist  in  taking  out 
the  logarithms  of  the  number  of  persons  living  at  the 
respective  ages ;  and  in  finding  the  natural  numbers 
corresponding  to  the  values  m  the  line  L. 

§  S9*  It  is  obvious  that  an  error  in  any  one  d£ 
the  numbers  will  cause  an  error  in  all  the  subsequent 
numbers:  and  therefore,  since  the  detection  of  an 
error  at  the  end  of  the  process  might  be  attended 
with  infinite  trouble,  it  would  be  a  great  satisfaction 
to  be  enabled  to  prove  the  accuracy  of  the  numbers 
in  each  column,  as  we  go  on.  A  method  of  doing 
this  has  been  pointed  out  by  Mr.  Morgan,  in  his 
Doctrine  of  Annuities^  fefc,  page  58  j  from  which, I 
have  deduced  the  following  rule. 

9  40.  In  the  horizontal  line  M  write  down  the 
logarithms  of  (1  +  p)-(»-*-^),  (1  +  p)-(«-*-^), 

( 1  +  f  )^  "  ,  &c* :  J  denoting  the  difference  oi 

*  The  best  and  most  expeditioas  method  of  finding  the  sub^- 
quent  logarithms  of  these  quantities,  after  having  obtained  the  lo- 
garithm of  (I  +  f)""^""^"'V  is  to  add  thereto  the  iGgariOiim 
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age  between  the  oldest  and  the  youngest  life  involved. 
Add  these  to  the  logarithms  in  the  line  K  and  set  down 
the  sum  of  them  in  the  line  N :  add  them  also  to  the 
logarithms  in  the  line  I,  and  set  down  the  sum  of 
these  in  the  line  O.  Next  take  out  the  natural  num* 
bers*  to  the  logarithms  thus  set  down  in  the  lines  N 
and  O ;  and  place  these  in  the  lines  P  and  Q  respec- 
tively. Then  if  the  natural  number  in  the  line,  Q,  in 
any  column^  is  equal  to  the  sum  of  the  natural  num- 
Wrs  in  the  lines  P  and  Q,  in  the  preceding  column, 
all  the  values  thus  far  have  been  correcdy  determined. 
But,  if  the  first  5  or  6  figures  of  such  number  in  Q 
do  not  agree  with  the  first  5  or  6  figures  of  the  num«* 
ber  in  the  line  R,  in  the  preceding  column,  it  will 
show  that  there  is  some  inaccuracy  in  the  numbers 
*  employed  since  the  last  proof:  and  consequently,  a 
revision  of  the  process  from  that  point  becomes  ne- 
cessary.f 

of  (l  +  ;)  for  each  succeeding  year.    Thus,  \n  the  preceding 

specimen,  the  logarithm  of  (l-f  f)""^*'"^~*\  pr  (104)-w, 
is  equal  to  '552166  i;  and  the  logarithm  of  r04  is  equal  to 
*0i;O333 :  therefore  0170333  added  continually  to  '352l66l,  will 
give  all  the  subsequent  values  in  the  line  M. 

*  In  order  to  take  out  these  logarithms  in  a  proper  manner, 
it  might  teem  necessary  to  retain  tlie  indices  of  the  logarithms 
throughout  the  whole  process:  but,  after  a  short  trial,  the  com- 
putist  will  find  that  he  is  not  likely  to  be  led  into  any  error  by 
omitting  them,  and  that  it  will  save  much  time  and  labour  if 
Jbe  reject  them  altogether. 

t  In  revising  the  process  here  alluded  to,  it  will  be  necessary  ^ 

to  examixie  the  numbers  in  the  lines  N,  P,  Bj  S«  in  the  prtctdifg  j 
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§  41.  Now^  though  the  labour  of  computing  the 
yalues  of  annuities  oa  any  lives  is  somewhat  increased 
by  this  method  of  proceeding,  yet  the  additional  trouble 
is  more  than  compensated  by  the  sadsfacdon  which 
results  from  a  knowledge  of  the  accuracy  of  the  values 
obtained ;  as  well  as  by  the  dme  and  labour  which  are 
saved  in  consequence  of  detecdng  every  error  as  it 
arises^ 

5  42.  I  have  entered  thus  fully  into  the  best 
method  of  deducing  the  values  of  annuides  on  single 
and  joint  lives,  because  we  are  sdll  in  want  of  many 
accurate  tables  upon  this  subject,  not  only  to  complete 
those  we  are  already  possessed  of;  but  more  pardcu- 
larly  some  new  ones  founded  on  the  probabilities  of 
life  in  this  country  as  observed  amongst  annuitants 
only^  and  also  on  the  probabilities  of  life  as  observed 
in  the  kingdom  at  large.  Such  tables  would  be  ex« 
tremely  valuable  for  general  use ;  but  the  trouble  of 
calculating  them,  even  with  the  sdd  of  logarithms,  is 

column;  the  numbers  in  the  lines  D,  £,  F,  in  the  suhsequent 
column  3  and  the  numbers  in  tlie  lines  G,  H,  \,  K,  L«  M«  O^  Q^ 
ki  the  colunwi  where  the  proof  is  found  to  fail. 

Dr.  Price  observes  {Obs,  on  Rev,  Pay.  vol.  i.  p.  218)  tliat  in 
calculating  the  last  value  (that  is,  when  we  come  to  the  age  of  the 
youngest  life  in  the  tnble  of  observation.^)  this  pfoofwUI  change 
into  2L'nmf  proof,  verifying  all  the  preceding  values.  This,  how* 
ever,  is  not  the  case :  the  rule  which  he  has  given  for  this  purpose 
is  still  the  same  proof  differently  worded j  and,  in  common  with 
each  proof  in  its  respective  column^  verifies  all  the  pieced  it  ig 
values.  -s 
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so  great  tkat  few  individuaU  (were  diejr  possessed  of 
sufkieiit  daia^  whereon  to  proceed)  would  be  £s» 
posed  to  undertake  so  laborious  a  task :  and  it  unfbr« 
toaately  happens  that  those  Societiesj  whose  province 
it  seems  more  peculiarly  to  be  to  patronize  an  under* 
taddng  of  that  kind,  would  find  little  intserest  in  giving 
the  public  any  additional  information  on  this  subjecL 


•  • 


§  43.  At  the  end  of  the  present  work  I  have  in- 
serted a  collection  of  all  the  tables  of  the  values  of 
annuities  on  single  and  joint  lives,  that  have  hitherto 
been  published* :  from  which,  the  computist  may 
select  such  as  appear  to  relate  more  particularly  to 
the  cases  laid  before  him*  Or^  he  may  occasioQally 
make  use  of  them  all>  according  to  the  condition^ 
situation,  and  circumstances  of  the  parties  c<mcemed« 
The  use  and  application  of  these  tables  will  be  more 
fully  explained  in  the  last  chapter. 

COROLLARY   IILt 

§  44.  By  means  of  the  general  expression  in  the 
problem,  for  finding  the  value  of  an  annuity  on  any 

*  Tables  V  to  XIII  are  (by  permission  of  Baron  Maseres) 
•taken  from  his  valuable  Treatise  on  Annuities :  Tables  XVI  to 
XXIV^  and  from  XXVIl  to  XLIV  are  taken  from  Dr.  Price's  O*- 
scrvo/umfon  An;.  Pay.  vol.  il  edit.  1803 :  Tables XLVI I  and  XLVIIt 
are  taken  from  Mr.  Simpson's  Treatise  on  Annuities.  Table  XLIX 
is  taken  fit>m  Mr.  Dodson's  Mathematical  Repository,  vol.  ii :  and 
Table  L  is  taken  fiom  Dr.  Riee's  work  above  mentioned. 

t  Price,  Note  (&)»    Simpson's  Sup.  Prob.  15. 
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given  lives,  we  may  determine  the  value  of  a  Deferred 
life  aimuity;  that  is,  of  an  annuity  which  is  not  to 
commence  till  the  end  of  a  given  number  of  years 
^=z  n)  provided  the  given  lives  are  then  in  being,  and 
to  continue  from  that  period  to  the  extinction  of  such 
given  live&    For,  let  Ay  B,  C,  &c,  be  the  given  lives; 

and  let  a,  a,  a,  a,  &c;  /3,  jS,  jS,  p,  &c;  y,  y,  y,  y,  &c;  &c 
denote  the  number  of  persons  living,  according  to  any 
table  of  observations,  at  the  end  of  n,  (n  + 1 ),  (n  +  2), 
(«+*)»  &c,  years,  from  the  several  ages  of  A,  B,  C, 
&c,  respectively,  as  explained  in  §  23:  then  vrill  the 
value  of  an  annuity  on  the  lives  ABC&c,  be  ex« 

pressed  by  the  foUowing  series,  ^^;i^      |^?_L^^  + 

g be  (Stc   .   a  be  tsfc   ,  apyfSfc    j^    apyWc 

•   Ip    '*  «^  a^ 

+  ^       ^/g  +  &c  J ;   where  the  first  part  is  to  be 

0  +  f)  J 

continued  to  n  terms,  and  where  the  latter  part  (or 

that  which  is  deferred )  is  to  be  continued  to  the  ut- 
most extent  of  human  life.     Consequently  this  latter 

part,  or  the  senes -7— sr  X    — ^-^— rr  H — ^-^ — 3  + 


0 


(i+f) 


(»+f) 

to  be  entered  on*  at  the  end  of  n  years ;  and  the  sum 

*  The  fint  payment  of  which,  however,  will  not  take  place  till 
the  end  of  the  {n  +  1)"^  year.  Seo  my  Doctrine  of  Inierest  end 
Annuitust  p.  65,  note* 
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of  which  I  shall  denote  by  {ABCkc)  .♦  Now,  if 
we  have  tables  of  the  values  of  annuities  on  single 
and  joint  lives  of  all  ages,  we  may  easily  deduce  the 
value  of  this  series  ( without  the  actual  calculation  of 
each  separate  term)  from  the  value  of  an  annuity  on 
the  same  number  of  lives  each  n  years  older  ilian  the 
given  lives.  For,  if  this  latter  value  be  denoted  by 
A'B^C&Cyf  we  shall  have,   according  to  the  prin* 

■ 

*  Care  shoold  be  taken  not  to  mistake  the  new  character^  here 
mtrodocedf  for  the  index  of  the  quantity  within  the  vinculam. 
In  the  doctrine  of  aDniiitie8>  the  notation  is,  in  several  instances, 
different  from  that  of  the  common  analysis  of  quantities :  for  in- 
stance,  the  juxtaposition  of  the  letters  jiBC  &c>  does  not  denote 
the  multiplication  of  the  quantities  represented  by  those  letters, 
because  those  letters  jointly  represent  but  one  quantity ;  neither 
does  A!^>  as  used  by  Mr.  Morgan,  denote  the  a:th  power  of  an 
annuity  on  the  life  of  A.  These  new  methods  of  notation,  after 
a  proper  explanation,  do  not  cause  any  ambiguity;  as  will  be 
readily  felt  by  those  who  are  acquainted  with  the  Differential  and 
Integral  Calculus:  and  witii  respect  to  the  symbol  here  intro- 
duced, I  would  observe  that  (similar  to  the  like  character  in  the 
Difierential  Calculus)  it  does  not  altogether  represent  a  quantity, 
but  merely  an  operation.  This  operation  consists  in  substituting, 
for  the  value  of  an  annuity  on  the  given  lives  within  the  vinculum, 
the  value  of  <in  annuity  on  the  same  number  of  lives  each  older 
by  the  givc^i  term,  and  in  multiplying  the  same  by  the  expectation 
that  the  original  lives  will  receive  ^^1  at  the  end  of  that  term. 

f  I  would  here  observe  that  I  denote  the  value  of  an  annuity  on 
a  life  n  years  older  than  A,  B,  C,  &c,  by  the  characters  A*,  ff,  C*, 
&c:  and  on  two  joint  lives,  each  n  years  older  than  AB,  AC,  BC, 
&C5  by  the  characters  jfJi^,  A'C,  B'C,  &c:  and  on  three  joint 
lives,  each  n  years  older  than  ABC,  &c,  by  A'B'C,  &c. 
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dples    laid    down   in  the    problem,    ARChc  = 

therefore,    multiplying  both   sides   of  this  equatioa 

l|2^(l+p)-»=:(^fiG&c)'^:    whence  the  fol- 
lovdng  general  rule. 

« 

§  45.  Find  the  value  of  an  annuity  on  the  same 
number  of  lives^  eath  as  many  years  older  than  the 
given  lives  as  are  equal  to  the  number  of  years  du^ 
ring  which  the  annuity  is  deferred;  find  also  the  ex^ 
pectation^  of  the  given  lives  receiving  £\  at  the  end 
of  that  term :  the  product  of  these  two  quantities  will 
be  the  value  required.^ 

*  The  expectation  of  receiving  any  som  of  mooejr  tt  the  end 
of  aoj  given  term  is  equal  to  the  present  value  of  such  sum  mul* 
tiplied  by  the  probability  that  the  given  lives  will  continue  in  being 

■o  long :  that  is,  equal  to  -^yT^T  ^  ^^  +  P)       •     ^^  Chap.  I^ 
f  5  and  6. 

f  The  periods  for  which  any  annuity  may  be  deferred,  and  the 
variety  of  ages  with  which  the  same  may  be  combined,  would 
render  it  an  endless  labour  to  compute  a  table  of  the  value  of  de* 
ferred  life  annuities  to  suit  every  case.  Mr.  Baron  Maseces  has 
given  a  partial  table  of  this  kind,  which  shows  the  present  value 
of  annuities,  on  single  lives,  to  commence  at  the  end  of  thirty 
years,  adapted  to  every  age  from  3  to  64  years,  founded  on 
M.  De  Parcieux's  tables  of  observations,  and  at  the  several  rates  of 
3|,  4, 4|»  and  5  per  cent  interest.  See  his  Doctrine  qf  Annuities, 
p.  283  to  28/. 
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For  examples  of  the  nse  and  appllcatbn  of  dus  co- 
zoilary,  see  Question  VI  in  Chapter  XII. 


COROLLARY  IV.* 

§  46.  By  the  help  of  the  series  in  the  last  corollary 
we  may  determine  the  value  of  a  Temporary  life 
annuity ;  that  is,  of  an  annuity  which  is  to  commence 
immeifiately,  but  to  continue  only  for  a  given  number 
of  yeais  (  ssn)  which  is  less  than  that  to  which  it  is 
possible  that  the  given  life  or  lives  may  extendf,  and 
then  to  cease.  For,  supposing  every  thing  to  remain 
as  in  the  last  corollary,  it  is  evident  that  the  first  n 


terms  of  the  aeries  there  given,  or  -j-tt  X     %z^r-r- 


f 


ahc  (Sfc  ^^ab  else    ,  ^PY  oc    | 


value  of  the  temporary  annuity  required,  and  which 
I  shall  denote  by  (^-BC&c)  .J     Now  by  means  of 

♦  Simpson's  Sup.  Prob.  6.  De  Motvre>  Prob.  26.  MoigaOy 
Prob.4.     Dodson^  vol.  iii-  Ques.  2,  J,  and  10. 

f  This  is  alwa3r6  understood  in  cases  of  this  kind  :  and  it  may 
be  imre  useful  to  remark  Hiat  the  term  during  which  it  is  possible 
vxf  given  life  may  be  proloaged  is  equal  to  the  difference  between 
the  age  of  that  life,  and  the  age  pf  the  oldest  life  in  the  table  of 
dMUVatiimi.  In  the  case  of  joiat  lives,  it  is  equal  to  the  dilTerencft 
Utwettt  the  oldest  of  such  joint  lives,  and  the  age  of  the  oldest 
)lfe  in  ths  table  of  observations. 

X  Agreeably  to  what  has  been  said  in  the  note  in  page  A3,  the 
feader  must  be  care&l  not  to  mistake  this  chartcter  ibr  the  mdeif 
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Ae  tables  above  mentioned,  we  may  eaaly  deduce  the 
value  of  this  series  without  the  actual  enumeration  of 
Its  several  terms :  for,  it  is  evident  on  inspection  that 
the  value  of  the  first  n  terms  of  the  series  in  the  last 
corollary  is  equal  to  the  value  of  the  whole  series 
minus  the  sum  of  all  the  terms  after  the  n^  term* 
But  the  sum  of  all  the  terms  after  the  n^  term  has 
been  found,  by  the  last  corollary,  to  be  equal  to 

(ABChz)  :  consequently  the  sum  of  the  first  n  terms 

is  equal  to  ABChc-^i/iBChc)  \  whence  the  fol- 
lowing rule. 

§  47*  Find  the  value  of  an  annuity  en  the  given 
lives  deferred  during  the  given  period^  and.  deduct 
this  value  from  the  value  of  an  annuity  on  the  given 
lives :  the  difference  will  be  the  value  required. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  VII  in  Chapter  XIL 

COROLLARY   V. 

§  48.  By  a  similar  method  of  reasoning  we  may 
find  the  value  of  a  Deferred  and  Temporary  life  an- 
nuity; that  is,  of  an  annuity  which  is  not  to  cqm^ 
mence  till  the  end  of  a  given  number  of  years  (^n), 

of  the  quantity  within  the  vincolom*  For,  the  sjrmbol  here  intfo* 
duced  denotes  also  rather  an  operation  to  be  pedbrmedr  anl 
which  operation  consists  in  suhstituting^  for  the  original  qnantityj 
the  t^trence  between  such  quantity  and  the  new  one  found  by 
the  method  laid  down  in  the  note  above  alluded  to. 


^ 


\ 
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and  then  to  continue  only  during  another  period  (^  y)» 
which  is  less  than  that  to  which  it  is  possible  the  given 
lives  may  then  be  prolonged.  And^  from  what  has 
been  said  in  the  third  corollary,  the  truth  of  the  foU 
lowing  rule  will  be  evident. 

§  49.  From  the  value  of  an  annuity  on  the  given 
lives^  deferred  for  the  term  n,  subtract  the  value  of 
the  same  annuity  on  such  lives^  deferred  for  the  term 
{n  +  y)  .•  the  difference  will  be  the  sum  of  the  required 
y  terms  of  the  series^  or  the  value  of  the  annuity 
proposed* 


COROLLARY   VI.* 


5  50.  If  the  annuity  b  to  be  enjoyed  for  a  term  cer* 
tain  (  =  n\  and  after  that  during  the  continuance  of 
any  given  lives,  its  value  will  be  expressed  by  the  fol^ 

bwmg  series  ^^+(i:ij.+(rT7r»+ ^)» 

r  «/3y6fc   ■    ttj3ytftf    ,    aPydTc       ^  T 

Lo+f)       0+i)       (1+f)  J 


ahcl^c 


But,  the  first  n  terms  of  this  series,  or  .,  .   v+^,  .   ,4 

+(r+i?+ ._,  are  equal  to  ^y—,  or 

to  the  present  value  of  an  annuity  of  <£l  per  annum 
for  n  years  J  and  the  remaining  part  of  the  series  is. 
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d 
by  the  third  corollary,  equal  to  (-/f  JBC&c)  ;  whence 

the  following  rule. 

§  51.  To  the  present  value  of  an  annaiiy  certaifi 
Jot  the  given  temiy  add  the  value  of  an  annuity  on  the 
given  lives  deferred  for  that  term :  the  sum  will  be 
the  answer  required* 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXII  in  Chapter  XIL 


COROLLARY  VII, 

$  52.  If,  in  the  general  expression  for  the  value 
of  an  annuity  on  a  single  life  A,  we  suppose  g  to 
vanish,  or  that  money  does  not  bear  any  interest; 
then  will  such  expression  be  reduced  to  the  series 

.'—(a+a+^+Scc),  and  which  is  the  value  of  jU)  an- 

miity  on  the  lifjs  A  considered  as  a  yearly  annuitant 
without  interest  of  money:  whence  the  following  rule. 
Pivide  the  sum  of  all  the  living,  at  every  age  after  the 
age  of  the  given  life,  by  the  numbier  of  persons  Uving 
at  that  age;  and  the  quotient  will  be  the  value  re» 
quired; 

In  a  subsequent  chs^ter  I  shall  show  that  we  must 
add  -I-  or  ^  to  the  value  thus  found,  in  order  to  obtain 
the  value  of  a  similar  annuity  on  the  life  A  considered 
9S  a  half  yearly  or  ^or^er/y  annuitant^:  but  when 


I 


the  life  id  eonsidiered  as  a  momently  ttmuksuit,  trd 
must  add  4.  to  such  value*  In  this  last  case  the  re<* 
quired  value  coincides  with  the  sums  of  the  probabi-* 
lities  that  such  life  will  attain  to  the  end  of  the  V\  2^\ 
S^y  &c,  moments  from  the  present  time  to  the  end  of 
its  possible  existences  and  is  the  same  with  what  is 
denominated,  by  writers  on  this  subject,  the  Exptcta* 
tion  of  Life ;  or  the  number  of  years  which,  taking 
lives  of  the  same  age  one  with  another,  any  one  of 
those  lives  may  be  considered  as  sure  of  enjoying; 
those  who  live  beyond  that  period,  enjoying  as  much 
more  in  proportion  to  their  number,  as  those  V9ho  fall 
^hort  of  it  enjoy  less.  Consequently  the  rule  for 
finding  the  Expectation  of  Life  will  be  as  follows. 

J  53.  Divide  the  sum  of  all  the  livings  at  every 
Mge  a/icr  the  age  of  ike  given  life^  by  the  number  qf 
persons  living  at  that  age:  half  unity  added  to  th^ 
quotient  will  be  the  valne  required, 

S  54.  As  we  may  sometimes  Have  occasion  to  deter^ 
nine  this  vzloe  in  order  to  compare  the  probabilities  of 
Kfe,  or  the  values  of  annuities,  according  to  different 
tables  of  observations,  as  well  as  for  various  purposes  of 
i^proxiaialion  to  be  explained  hereafter,  I  have  here  in* 
serted  the  rale  for  finding  such  values  according  to  any 
bble  of  observations.  But  in  Table  II  at  tlie  end  of 
the  present  treatise,  1  have  given  the  Expectation  of 
Life  for  every.^^A  yew  as  deduced  from  the  several 
tables  of  observations  mentioned  in  page  9 :  and  ia 
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Tables  IV,  XV,  XXVI  and  XLVI,  I  have  given  the 
Expectations  of  Life  for  every  year,  as  deduced  from 
the  tables  of  observations  immediately  preceding*. 

PROBLEM  n.t 

§  55.  To  find  the  value  of  an  annuity  granted 
i^pon  the  longest  of  any  number  of  lives ;  that  is,  for 
as  long  as  any  one  o(  them  is  in  existence^ 

soLurroiTr 

Let  A,  B,  C,  &c,  be  the  lives  upon  which  the  an- 
^ulty  is  granted,  and  let  the  probability  of  each  life 
continuing  1,2,  3,  &c,  years,  be  as  denoted  in  §  23  r 
then,  the  probability  that  some  one  or  other  of  these 
vi?ill  live  to  the  end  of  the  first  year  will  (by  §  26)  be 

expressedby  1  — (l  — ^-)x{l  — -j-)x(l  — ~)X&« 
=  ±+A+£-L&c-— -''^~— -&C  +  — + 

a    ^    b    ^    c  ajb       ac       be  *    abc      - 

&c ;  which,  being  multiplied  by  (1  +  f)"',  or  the  pre- 
sent value  of  £l  certain  to  be  received  at  the  end  of 
one  year,  will  give  the  present  vahie  of  the  first  year's 
rent,  or  the  expectation  of  receiving  such  sum  en  the 

*  *  I  would  here  observe  that,  accardrng  to  the  hypothesis  of 
M.  De  Moivre,  which  will  be  explained  hereafter,  the  expectatioz* 
of  any  single  life  it  equal  to  half  the  complement  at  that  life:  con- 
•equently  tkeGompleftient  of  any.  life  is  eqpd  to  twic«  the  £xpec«^ 

« 

tation  of  that  life.  This  mode  of  expression  is  sometimes  used, 
even  when  speaking  of  values  deduced  from  real  olservations,  , 

t  Simpson^  Piob»  3.  De  Moivre^  Prob.  4  and  5.  B^odiion^ 
vol.  ti,  Ques.  76  to  H&i  vol.  iii.  Q\m.  U. 


\ 
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contingeftcy  that  iny  otie  of  the  lives  contbues  to  the 
end  of  the  first  year.  In  like  manner^  since  the  pro« 
bability  that  some  one  or  other  of  the  lives  will  live. 


£ 


to  the  end  of  the  second  year  is  1  — (l— *— )  X  (l—- r) 

tt  If         a         It  nit        MM        UH 

V  c  /  a   '    ^    '    c    '  ab       ac       be 

"  I  n 

i—  fcc  -| 7 — (-  &c ;  It  follows  that  if  this  expression 

be  multiplied  by  ( 1  +  f  )'^,  or  the  present  value  of  c£l 
tertain  to  be  received  at  the  end  of  two  years^  it  will 
give  the  present  value  of  the  second  year*s  rent,  or  the 
expectaiion  of  receiving  such  sum  on  the  contingency 
that  some  one  or  other  of  the  lives  will  live  to  the  end 
of  the  second  year.    By  the  same  method  of  reason* 

W  ft 

fag  it  will  be  found  thatl  — (l— -^)  X  (l  — y)  ^ 

m  iH       IV        w  lU  a      m m       mm 

\         r/  «'^*c'  abac       be 

m  itt  III 

*-  &c  +  ^y^  +  &c,  being  multiplied  by  (l  +  ^ )""*, 

will  give  the  present  value  of  the  thh^  year's  rent,  or 
the  expectation .  of  receiving  such  sum  on  the  contin- 
gency that  some  one  or  other  of  the  lives  will  live  to 
the  end  of  the  third  year.  And  so  on  for  all  the  sub- 
sequent years^  to  the  utmost  extent  of  human  life : 
the  sum  of  all  which  expectations,*  or  the  series 

*  When  ttbe  ^ges  of  the  given  lives  differ,  the  number  of  lermt 
•omposing  thos^  several  aeries  will  also  ^Ser:  but,  I  would  here 
^hmfc,  QDce  for  all^  diat.in  everfcane  (Sf  combined  lives  thm 
Imns  must  be  continued  to  the  extinction  of  the  oldest  >ife  in- 


(1+f) 
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Ca    .   b    ,   c   .   ^         ao      ac     he      ^      .  ate   ,   ^       \ 
a  *   i  *   H  *  ab      ac     be  abc  '         J 

r"  /«        w        /w  ///  ///     ///  III     III  III  III  III  III  "~n 

(l-f^)*La   '^•c-  ab     ae     be  .      abe*  I 

wiU  be  the  total  present  value  of  the  annuity  required. 

§  56.  But,  the  first  collateral  column  in  this  ge- 
neral expression  denotes  the  value  of  an  annuity  on 
the  Kfe  A ;  the  second  denotes  the  value  of  an  an- 
nuity on  the  life  B ;  the  third  denotes  the  value  of  an 
annuity  on  the  Kfe  C ;  &c.  In  like  manner,  the  fourth, 
fifth  and  sixth  collateral  colunras  denote  the  values  of 
an  annuity  eja  the  joint  lives  AB,  AC,  BC,  &c  re- 
spectively :  and  so  on.  Whence,  if  we  substitute  for 
these  respective  values  the  characters  mentioned  in 
Prob.  I,  cor.  1,  the  whole  expression,  or  the  sum  of  all 
the  terms  in  the  above  series,  wHl  become  eqaal  to 

.urf+J3  +  C+&c--^fi--rfC7^BC- &c-f.^5C  + 
&c :  consequently,  the  value  of  an  annuity,  ta  condnoe 
a3  long  as  any  one  of  the  given  lives  is  in  existenc^^  is 
.  ^ual  to  the  sum  of  th^  values  of  an  ^viuity  on  all 
the  single  lives>  mimts  the  sum  of  the  valuer  of  an 
annuity  on  all  the  joint  lives  combined  two  and  twOj, 

vplvf d  in  the  comVoaticm;  or  anivenaUj,  mck  teriet  must  be 
«QDtlnviod  till  the  teraos  ya&ish,  which  will  happen  wheo  either  of 
ibfi  lives  iDvolvtti  in,  tnch  teriet  has  anived  at  the  extncoiity  of 
hunifnUfe* 
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plus  the  sum  of  the  values  of  an  annuity  on  all  the 
joint  lives  combined  three  and  three,  minus  the  suui 
<^'the  vsdues  of  an  annuity  on  all  the  joint  lives  com- 
Ixned  four  and  four ;  and  so  on.  Therefore,  when 
the  values  of  an  annuity  on  the  single  and  joint  lives 
are  given,  the  value  of  an  annuity  on  the  longest  life 
may  be  very  easily  determined :  and^  for  the  sake  of 
a  more  convenient  reference,  I  shall  take  L  to  denote 
the  value  found  by  this  rule ;  the  number  of  lives, 
which  it  is  intended  to  represent,  being  khvays  ex- 
plained when  the  character  is  used. 

For  examples  of  the  use  and  application  of  this, 
problem^  see  Questions  VIII  and  IX  in  Chapter  XIL 


• 

%  57-  If  the  lives  are  all  equal,  or  of  the  same 
age  A,  and  their  number  be  represented  by  n ;  then 
the  probability  that  some  one  or  other  of  such  lives 
will  continue  to  the  end  of  the  first,  second,  third, 
&c,  years  respectively,  will  be  severally  denoted  by 

these  quantities  be  severally  expanded  by  means  of  the 
binomial  theorem,  in  order  to  reduce  them  to  simple 
terms,  and  then  be  respectively  multiplied  into  the 
present  value  of  Jj\  due  at  the  end  of  those  years  j 
the  sum  of  them,  or  the  series 

*  DodsoD,  vol.  it.  CtiM§.  79,  65  afi4  80:-«-VoL  tii.  Ques.  11. 
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r*      f  II  .  lit  ^ 

1      1        a      o.(n— I)  aa  ,  n,(n^i)  n— 2  aaa       ^      I  •, 

(l+f)  L      «  2        aa  '        3  3     aaa  J  ^ 

1      I         a      n.fn-rl)  a  a  ,  if.fn— 1)  «— 2  aaa       -       I   , 

0+f)  L      «  ?        ^*  ^  3aaa  J' 

r^       M  ^   mm         ,         .  WW  lit  "H 

acp  &c  &c 

\xrill  be  the  total  present  value  of  the  annuity  reauirec)* 

S  58.  Whence  (if  we  take  jiA^  AAA^  &c,  to  dc«- 
note  the  value  of  an  annuity  on  two,  thfee,  &c,  equa) 
joint  lives)  it  is  manifest  that  the  value  of  an  annuity 
on  the  longest  of  any  number  of  live6,  all  equal  \o  A^ 

will  be  nA-^'^^^^AA  +  5:^.!^^^^  ^&c; 

2  2  3 

Therefore,  if  the  number  of  lives  be  two,  this  ex« 
pression  will  become  ^A^^AAi  if  three,  it  will  be? 
come  sAsAA+AAAi  if  four,  it  >vill  become 
4A -^ 6AA + 4AAA  —  AAAA i  and  soon. 

For  examples  of  the  use  and  application  of  this  ^q? 
rollary,  see  Question  VIII  in  Chapter  ZII. 


GORCLLAFLT    ll.* 

§  S9j>    If  we  wish  to  determine  the  value  of  an  an- 
nuity on  the  longest  of  any  number  pf  livesf.  Deferred 

'  *  Dodson,  vol.  iii.  Ones.  13  and  15. 

f  The  investigations  in  the  present  corollary  are  confined  tq 
the  case  of  three  lives:  but  it  is  easy  to  app]y  the  same  method  of 
jeasoning^  u^haievnr  be  the  nuxnfaier  o^live$  involved* 
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for  a  given  term  (=  n),  it  will  be  evident  (from 
what  has  been  said  in  Prob.  I,  cor.  3)  that  the  several 
perpendicular  series  in  page  52  must  not  commence 
till  after  the  n^^  term ;  and  thence  be  continued  to  the 
utmost  extent  of  human  life.  Consequently,  the  re- 
quired value  of  such  deferred  annuity  v^ill  be  equal  to 

{ABC)  :  an  expression  which  I  shall,  for  the  sake  df 

a  more  convenient  reference^  denote  by  (Z)  .  Now, 
if  for  each  of  these  several  quantides  we  substitute  its 
corresponding  value^  agreeably  to  the  principles  laid 

down  in  page  44,  the  formula  denoted  by  (L)  will  be- 
come equal  to -^  X -J  (1 +f)"'"  +  5*  X  y(  i +e)  """+ 

:-?(i+er-5'C'x4j(i+er+^^^c-x-^^ 

(l  +  p)*"  :  which  is  an  expression  jnore  conveniei^t 
for  practice;  and  from  either  of  which  we  deduce  the 
following  rule« 


S  60,  SubsLitute  the  values  of  deferred  annuities 
on  the  single  and  joint  livesy  in  the  general  rule  in 
the  problem^  instead  of  the  values  of  annuities  on  the 
whole  continuance' of  those  lives 'y  and  proceed  with 
these  substituted  values  acuordiug  to  the  direct! o  is 
give4  in  such  rule :  the  result  ivill  be  the  answer  r^^ 
quired^  , 


Ftpr  wftmpl^  of  the  use  and  i^f^ieadoii  of  thk 
corollaiy^  see  Quo^tioii  ^I  in  Chapter  XIU 


CORQLLAHY    III. 

§  61,  If  an  annuity  on  the  longest  of  any  num» 
Wr  of  lives,  deferr^cl  for  any  given  teFtn,  depends  on 
the  joiTU  continuance  of  all  those  lives  to  the  end  of 

that  term;    the  value  of  it  will  be   equal  to  L*X 

gf  pt  f^  ^t  .       .\ 

"^"T^C^+f)     •  ^^^  ^t  ecjual  to  the  value  of  an  an^ 

ouity  on  the  longest  of  the  same  number  of  lives^  eack 
older  by  the  given  term  than  the  given  lives,*  multi7 
plied  by  the  expectadpii  that  the  joint  lives  shall  re^ 
ceive  £\  at  the  end  of  that  term :  and  this  case  must 
be  earefully  distinguished  from  ti}?  ope  fnemioi^ed  ia 
the  preceding  corollary, 

*  Upon  the  same  principle  that  I  have  taken  (JBC^c)   and 

(JBCVc) ,  in  Prob.  J,  cor.  3  and  4,  to  denote  the  vaiue  of  a  defer* 
rei  and  temporary  annuhy  ma  the  jmrU  1ms  ABC^c,  I  ihall  take 

(I^)  and  (L)  as  the  expressions  for  the  value  of  9  deferred  9ad 
temporary  annuity  on  the  longest  of  those  lives.  Having  also  taken 
JtVC^^c  to  denote  the  value  of  an  annuity  on  the  same  number 
of  joint  lives,  each  older  by  the  given  term  than  the  lives  ABC  &c, 
I  bhall  in  like  manner  take  L*  as  the  expression  for  tl^e  value  «f 
«  fliq^ilar  annuity  on  the  longest  of  such  lives.  This  method  qf 
notation  will  he  found  very  convenieDt  in  many  of  the  subsequent 
problems :  and^  being  very  simple  in  its  principle,  will  not  cause 
any  confusion  or  intricacy  from  its  novelty.  The  numher  of  lives 
denoted  by  L  will  be  always  mentioned  vrheneyer  the  character  is 
Qsed :  as  I  have  already  observed  in  page  $3* 
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For  examples  of  the  use  and  application  of  this  co« 
rollary^  see  the  S^bolium  to  Qiiesu^n  XI  in  Chapter 


COROLLARY   JV. 

%  62.  Having  found,  by  means  of  the  second  cd» 
roUary  here  given,  the  value  of  a  deferred  annuity  on 
tife  loi^esC  of  any  number  of  lives,  we  may  easily  de« 
termina  the  value  of  a  Temporary^  annuity  on  the 
ioiigest  c^  such  lives :  it  being  nothing  more  than  the 
4ifier<nc6  between  the  value  of  such  deferred  annuity 
and  the  value  of  $t  similar  aimuity  on  the  whole  con* 
tiBuaace  of  the  lives,  as  found  by  the  problem.     Tha( 

is,  the  formuh  Z-*(Z^)  will  in  all  cases  denote  the 
value  of  such  temporary  annuity :  similar  to  what  takes 
place  with  respect  to  joint. lives,  as  already  explained 
IB  page  ^6. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  XIl  in  Chapter  XII. 

*  That  18^  of  an  dnnuity  which  is  to  commence  immediately, 
lat  to  contiaae  only  daring  a  given  number  of  years  (  =  n)  which 
fs  less  than  tliat  to  which  it  Is  possible  either  of  the  given  lives  may 
filend.  Therefore  such  term  must  not  be  greater  than  the  difw 
ference  between  the  age  of  the  youngest  life  involved,  and  the  age 
cf  the.  eldest  life  in  the  table  of  ooservalions:  fov,  in  sucii  case, 

« 

(he  valuQ  ie  fi^und:  bjF  the  Problem.     See  what  has  been  said  re-> 
llMiiig  single  9sd  joWit  Kves  in  (he  note  in  page  45. 


SB  ON    LIFE    ANNUITIES.  Ck.  2« 


PROBLEM  III.*     ' 

$  63.  To  find  the  value  of  an  annuity  granted 
upon  any  number  of  lives,  but  to  continue  only  as 
long  as  any  number  (=^  »)  of  them  are  in  being  to* 
gettxer, 

SOLUTION, 

Let  the  lives  on  which  the  annuity  is  granted  be 
A,  B,  C,  &c :  and  the  probability  of  each  life  con- 
tinuing  1,  2, 3,  &c,  years  be  as  denoted  in  §  23.  Now 
if  we  confine  this  case  to  that  of  an  annuity  granted 
upon  three  lives,  and  to  continue  as  long  as  any  two 
of  them  (viz.  AB,  AC^  or  BC)  are  in  being  togetheif, 
it  is  evident  that  the  chance  of  the  annuity  being  re* 
ceived  in  any  one  ye^r  will  depend  upon  either  of 
these  four  different  events:  1^  that  all  the  lives  con- 
tinue in  being  together  to  the  end  of  that  year,  the 

'be 

probability  of  which  in  the  first  year  is — 7—:  2**  that 
A  and  B  are  then  alive  and  C  dead,  the  probability 

ab  ' 

of  which  in  the  same  year  is  -^X  (l— -^):  3^  that 
A  and  C  are  then  alive  and  B  dead,  the  probability 


1 1 


of  which  in  the  same  year  is  -  -  X  (l  — r-):    4^  that 


*  Simpson^  Prob. 3.  Morgan^  Prob.  7*  DodsoiijiroLii.  Ques.  87' 

•f  All  the  cases  of  two  liveii>  and  likewise  the  remaiiung  cases 

§f  three  lives,  may  be.solved  by  means  of  the  precediog  probloni$«. 
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B  and  C  are  then  alive  and  A  dead,  the  probability 
of  which  in  the  game  year  is  y-x  (l"-~)-      The 

sum  of  all  these  chances,  therefore,  or  %^+"-rX 

(i_i)+«x(i-4)+|-'x(i-A)=4+^+ 

\         c  '      af     ^         V  '  ^  be     ^         Q  J      Qb  *  a     * 
i  '         '  i  ' 

p S-J,  being  muldplied  by  (l  +  f)"*  will  give  tha 

present  value  of  the  first  year's  rent,  or  the  expecta^ 
tion  of  receiving  such  sum  on  the  contingency  that 
any  two  of  the  original  lives  will  outlive  the  first  year. 
By  a  similar  method  of  reasoning  it  will  be  found  that 

the  present  value  of  the  second  year's  rent,  or  the 
expectation  of  receiving  such  sum  on  the  contingency 
that  any  two  of  the  original  lives  will  outlive  the  se** 

mm     »M      Mui        uimm 

cond  year.    Also  that  ^+^+^-?^,  multiplied 

t>y  (1  +  {r^9  wiJl  gJve  the  present  vaiue  of  the  third 
year's  rent ;  and  so  on,  for  ^11  the  §ubseqi|enc  years  to 
the  utmost  eiLtremity  of  hi^nuin  life  ^  the  sqin  of  all 
\¥hich  expectations^  or  the  series 


r'uij     nil     fii       uu  /—I 


+ 


r"l./N         nun         MM  W/W/'."n 

will  be  the  total  present  value  of  the  annuity  required^ 
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§  64«  But,  if  ^e  take  tb^  vaki^  of  tacit  perpeit* 
dicular  series,  as  in  the  last  problem,  and  substitute 
the  characters  given  in  Prob.  I,  cor.  1 ,  the  above  ex- 
pression will  become  AB  +  AC  +  30-^2^361 
whence  the  following  rule  for  this  particular  case. 
From  the  sum  of  the  values  ef  an  annuity  dn  each  pair 
of  joint  lives,  take  twice  the  value  of  an  annuity  V>n 
the  three  joint  liv^s;  the  difference  will  be  the  re-^ 
quired  value  of  an  annuity  to  c(Xitinue  as  long  as  any 
two  of  the  lives  are  in  being  together. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Question  X  in  Chapter  XIL 

^  65.  By  at  ^milar  method  of  proceeding  we  might 
ascertain  the  value  of  an  annuity  granted  on  four  lives, 
but  to  continue  only  as  long  as  any  two  or  ihrs^  of 
them  are  in  beuig  together  (the  other  cases  of  sucfr 
lives  being  already  solved  by  the  two  preceding  pro- 
blems) ;  and,  in  general,  the  value  of  an  annuity  tn 
any  number  of  lives,  to  continue  only  as  long  as  any 
number  of  them  are  in  bemg  together.  As  it  farely 
happens,  however,  that  more  than  three  Kves  are  con- 
cemed  in  any  practical  cases,  I  -shall  not  trouble  the 
reader  with  the  steps  of  the  process,  but  shall  merely 
state  the  result  of  the  investigation  in  one  general 
formula,  which  will  comprehend  in  one  view  .all  the 
possible  cases  mentioned  in  the  three  problems  here 
given*.    Let  the  sum  of  the  values  of  an  annuity  on 

^  It  will  be  readily  seen  that  Problem  I  and  II  are  only  parti-« 
ipobr  cases  of  thil  third  probleno. 


L 
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cveiy  fi  jomt  &r68  be  denoted  by  S;  on  every  (n  +  l) 

joint  Kves,  by  8;  on  every  (n+2)  joint  lives,  by  S ; 

on  every  (n  +  3)  jcant  lives,  by  Sj  &c:*  then  will 
the  value  of  an  annuity  granted  upon  any  number  of 
lives,  to  continue  only  as  long  as  any  n  of  them  are  in 

being  together,  be  expressed  by  S— 72.S+  y*--5-'S 


COI.OLLA&Y    !• 

S  66,  If  the  annuity  is  not  to  continue  during  the 
Vhole  period  of  the  given  Uvec,  but  is  either  Deferred 
or  Temporary^  we  must  pursue  the  same  method  of 
reasoning  which  has  been  adopted  m  Prob.  II,  cor.  2 
and  4 :  whereby  it  will  appear  that  the  value  of  a  de- 
ferred annuity,  to  continue  as  long  as  any  two  out  of 
three  given  lives  are  in  being,  will  be  expressed  by 

UB)  ^+  (^C)^+  ( BC)^  -  2(^BO^.  Therefore 
if  we  'substitute  the  values  of  deferred  annuities  on 
the  given  lives  (in  the  formbla  in  §  64)  instead  of  the 
values  of  annuities  on  the  whole  continuance  of  those 
Eves,  we  shall  obtain  the  value  of  the  deferred  annuity 
depending  on  the  contingency  alluded  to  in  the  pro* 
blem. 

*  That  it,  OR  every  combination  which  can  be  made  of  the 
giren  lives,  by  combining  »,  (»  +  !)>  («-h2),  (n+3),  &c,  lives 
together  at  a  time. 


62 
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And  this  vsJue,  being  subtracted  from  thfe  value  of 
a  similar  annuity  on  the  ivhole  continuance  of  the 
lives,  will  give  the  value  of  a  similar  Temporary  an« 
nuity  on  any  two  out  of  three  lives* 


COROLLARY  lU 

§  67*  If  such  deferred  annuity  however  depends 
on  the  Jom^  continuance  of  all  the  given  lives  to  the 
end  of  the  given  term,  the  value  of  it  will  be  equal  ta 
the  value  of  a  simikr  annuity  on  the  same  number  of 
lives  each  older  by  the  given  term  than  such  lives, 
multiplied  by  the  expectation  that  the  joint  lives  shall 
receive  .£l  at  the  end  of  that  term:  and  this  case  must 
be  carefully  distinguished  from  that  mentioned  in  the 
first  part  of  the  preceding  corollary. 


-Pr,4i 
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CHAPTER  III. 


On  Reversions* 


$  68.  A  RRy£Rsidi7AitY  life  annuity  is  a  term  s(p« 
plied  to  such  periodical  sums  of  money,  depending  on 
any  given  lives,  as  are  not  payable  till  after  a  given 
term,  or  till  after  the  extinction  of  any  other  given 
Kves.  Of  the  former  kind  are  all  deferred  life  an- 
nuities^  mentioned  in  Prob.  I,  cor.  S;  but  it  is  my  in- 
tention now  to  treat  only  of  the  latter  kind:  and  I 
would  here  observe,  that  I  shall  continue  to  designate 
tbe  former  by  the  title  of  Deferred  life  annuities,  ap^ 
plying  the  term  Reversionary  life  annuities  to  such 
fife  annuities  only  as  are  not  to  be  enjoyed  till  after 
the  extinction  of  some  other  life.  The  several  cases 
relating  to  this  subject  may  be  comprised  in  the  four 
following  problems. 


PROBLEM  IV.* 

$  69.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  ABC  &c,  after  the  ex- 
tinction of  any  number  of  other  joint  lives  P  Q  R  &c.t 

♦  Simpson^  Prob.  5. 

f  Tbe  lives  P,  Q,  R,  are  said  to  te  in  possashn',  in  opposUioo 
to  A,  B,  C,  which  are  said  to  bt  in  rwersion^ 


Ki  en  HfiV^fefiiToiis.  Ch.S. 


SOLUTION. 


Let  the  probability  of  the  joint  lives  ABC*  con- 
tinuing 1,2,3,  &c,  years,  be  respectively  denoted  by 

/   I  ,         //  .'/  //       tn  m  at 

-  ,\  ~  A 9  —A^  &c,  as  in  §  24 ;  and  let  the  proba* 
bility  of  the  joint  lives  P  Q  R  continuing  1 , 3, 3,  %LCf 


111        II    II  tt        III  III  ITf 

pqr    par     p^r 


years  be  denoted  by  ~—^  ^ — ,  ^-^&c,  respectively. 

Now  the  chance,  which  the  joint  lives  ABC  have  of 
Teceiving  the  annuity  in  any  one  year,  will  depend 
upon  their  living  to  the  end  of  that  year  and  on  the 
joint  lives  P  Q  R  becoming  extinct  before  the  end  of 
that  period*     The  probability  of  this  event  happening 


t  I  I 


in  the  first  year  is  ~T~(l"~"r^);  which  being  mul- 
tiplied by  (l+f)"*  will  give  the  present  value  of  the 
first  year*s  rent,  or  the  expectation  of  receiving  such  sum 
at  the  end  of  the  first  year.    By  a  similar  method 

tl   J  II  M   II    N 

of  reasoning  it  will  be  found  that  -^^-  f  I  —  ^JLL\ 

o  aoc  y^         pq  ri^ 

multiplied  by  (1  +  f)"*  will  denote  the  present  value 

lufiia  III  mm 

of  the  second  yearns  rent;  and  that  ^-r^fl  — ^-^^, 

*  In  the  solution  of  this  and  the  following  problems,  I  shall 
coniine  the  case  to  three  lives  only^  in  order  to  avoid  confusion  bj 
the  constant  repetition  of  the  character  &c.  From  what  has  pre* 
ceded,  it  will  plainly  appear  that  the  conclusions  which  are  drawn 
from  this  assiiniption  will  be  true^  whatever  be  the  number  of 
lives  involved  iu  the  process.  / 


Pr.4.  ON    R£V£RSIOMS*  65 

multiplied  by  (l  +  f)"%  will  denote  the  present  value 
of  the  third  year's  rent ;  and  so  on  for  all  the  subse- 
quent years  to  the  utmost  extent  of  human  life :  the 
sum  of  all  which  terms,  or  the  series 

i      fa 


(1-ff)  L^ 


,   ao  c       ahcpq  T  |  , 
■    abc       tficpyrj   ' 


r"  till  II  n  J'  fi  If  ////"n 

1      \   abc  avcp  qr  I 

(l+f)*La^c  abcpqr^ 

f  in  ig  III  mill  lu  ui  III  m*^ 

1       I    ab  €  abcp  qr  \ 

(1  +  f )*L^  * f  abcpqr^ 


+ 

T        I 

&c  &c, 

vill  be  the  total  present  value  of  the  annuity  required* 
But  the  sum  of  these  two  perpendicular  series  is  evif 

deutly  equal  to  ABC—ABCPQR. 

■ 

%  70.  Whence  it  follows  that  if  we  subtract  the 
value  of  an  annuity  on  all  the  joint  lives,  from  the 
talue  of  an  annuity  on  the  joint  lives  in  reversion; 
fte  remainder  will  be  the  value  of  the  reversionary 
annuity  required. 


PROBLEM  v.* 

571.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  ABC  &c,  after  the  ex- 
tinction of  the  longest  of  any  number  of  other  lives 
P,  Q,  R,  &c. 

*  Simpson^  I^b.  6* 
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iSOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
3 , 2, 3,  &c,  years  be  denoted  by  the  same  characters 
as  in  the  last  problem.  Now  the  chance,  which  the 
joint  lives  ABC  have  of  receiving  the  annuity  at  the 
end  of  any  one  year,  vidli  depend  tipon  their  living  to 
the  end  of  that  year,  and  on  all  the  lives  P,  Q,  R,  be- 
coming extinct  before  the  end  of  that  period.  The 
probability  of  this  event  happening  in  the  first  year  is 

^(l-f)  X  (^-f)  X  {1-4)*'  ^^'^h  being 
multiplied  by  (l  +  p)"*  will  give  the  present  value  of 

n  V  II  n 

the  first  year's  rent.     In  like  manner,  ^-Ai  1  — -?■ )  X 

u  U 

(l-_.l)x(l-^)    multiplied   by   (l  +  e)"'    ^^ 

una  III  m  in  m 

^'(l-f)x(l-f)x(l-^).  multiplied  by 

(1  +  p)~',  will  give  the  present  value  of  the  second 
and  third  year's  rents  respectively:  and  so  on  for  all 
the  subsequent  years,  to  the  utmost  extent  of  human 
life ;  the  sum  of  all  which  terms  will  be  the  present 

•  value  of  the  annuity  required.     But  these  expressions, 
reduced  to  their  simplest  terms,  are  equal  to  the  series 


/  f  I     P"  /  I  I       I  I     I  I      It  II  »"~i 

«k(l-ff)L  P  9  r'^pq^pr'^qr  pqrj 

II  II  n      r"  //  n  II       II  II       II  It       tin  ti  n  H~n 

flZ^c(l-ff)«L  ft  ?  r'^pq'^pr'^qr  p  q  rj 

itnif/i       r^  m  III  III       III  til       III  III      in  in  m/»//i"i 

_5i.L-     i_ft— l_l+ft?4-ftl4.il-.'ft_l! 

«Ml+?)'L'  ft  9  r'^pq'^pr'^qr  p  q  rJ 


abc{ 

f  //'  ifi       r^  ni  in         ni        in  tu        in  iti       tn  in        iti  in  //i"l 

&c    '  &c  &c, 

•  See  Chapter  \,  S  9. 


+ 


+      - 
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die  sum  of  which  is  evidently  equal  to  ABC^ 
jiBCP-ABCQ-jiBCR+JBCPQ+ABCPR+ 
ABCQR-^ABCPqR. 

S  72.  Whence  it  follows  that  the  value  of  a  rever- 
^onary  annuity  on  any  number  of  joint  lives  ABC  &C5 
after  the  extinction  of  the  longest  of  any  number  of 
other  lives  P,  Q,  R,  &c,  is  equal  to  the  value  of  am 
annuity  on  all  the  joint  lives  in  reversion;  minus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  i^ 
reversion  with  each  on£  of  the  other  lives ;  plus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
,.  arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  two  of  the  other  lives ;  minus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  Gves, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  thrbi  of  the  other  lives;  and 
80  on. 


PROBLEM  VL» 


S  73.  To  find  the  value  of  an  annuity  'on  the 
longest  of  any  number  of  lives  A,  B,  C,  &c,  after  the 
eztindtion  of  any  number  of  joint  lives  P  Q  R  &c. 


SOLUTION. 


Let  the  probabilities  of  the  given  lives  continuing 
2,  3,  &c>  vears  be  denoted  by  the  same  chara$:tQrs 


*  SimpsoQ^  Fpob.  7. 
9% 


I 
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as  in  the  preceding  problems.  Now,  the  chance  which 
any  one  of  the  lives  A,  B,  C,  has  of  receiving  the  an- 
nuity at  the  end  of  any  one  year,  will  depend  upon 
either  of  them  living  to  the  end  of  that  year,  and  on 
the  extinction  of  the  joint  lives  P  Q  R  before  the  end  of 
that  period.     The  probability  of  this  happening  in  the 

fimyear  is  [i- (i_l)x  (l- j)  X  (l- j)]x 

f  1    1 

(l  — ~^],  which  being  multiplied  by  (l  +  f)"'  will 
give  the  present  value  of  the  first  year's  rent.     In  like 

manner  it  will  be  found  that     i— (i— .^]x(l  —  y) 

p  m  III  III    "n     • 

and  that  |_1-(1-J)X  (1-4)  X(l-^)jx 

HI  m  itt 

^l—t±l^  multiplied  by  (l+p)^'^  wiU  give  the  pre- 
sent value  of  the  second  and  third  year's  rents  re- 
spectively ;  and  so  on  for  all  the  subsequent  years,  to  * 
the  utmost  extent  of  human  life:  the  sum  of  all 
which  terms  will  be  the  total  present  value  of  the 
annuity  required.  But  these  annual  expectations  be- 
ing reduced  to  their  simplest  terms,  and  arranged^ 
under  each  other  as  in  the  preceding  problems,  will 
form  fourteen  collateral  series,  the  sum  of  all  which 
will  be  found  equal  to  ^•+B+C-^fi-^C-fiC+ 

PQRJC+PQRBC-^PQRJBC. 
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§  74.  Whence  it  follows  that  the  value  of  a  re<* 
versionary  annuity,  on  the  longest  of  any  number  of 
lives  after  any  number  of  joint  lives,  is  equal  to  the 
value  of  an  annuity  on  the  longest  of  all  the  lives  in 
reversion;  minus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
all  the  joint  lives  in  possession  with  each  one  of  the 
other  lives ;  pltis  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
all  the  joint  lives  in  possession  with  each  two  of  the 
other  lives ;  minus  the  sum  of  the  values  of  an  an- 
nuity on  all  the  joint  lives  arising  from  the  combina- 
tion of  all  the  joint  lives  in  possession  with  each 
THREE  of  the  other  lives;  and  so  on. 


PROBLEM  VII.* 

S  75.     To  find  the  value  of  an  annuity  on  the 
longest  of  any  number  of  lives  A,  B,  C,  &c,  after  the 
Aptmction  of  the  longest  of  any  number  of  other  lives 
P,  Q,  R,  &c. 

SOLUTION. 

^From  what  has  been  already  said  in  the  preceding 
problems,  it  will  be  evident  that  the  annuity,  here  al- 
luded to,  is  to  continue  during  the  longest  of  all  the 
given  lives  A,  B,  C,  P,  Q,  R ;  and  such  would  be  the 

*  Simpson,  Prob.  4. 
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valu^  of  It,  wfere  the  lives  A,  B,  C,  to  come  into  pos^ 
session  immediately.  But  as  they  are  to  receive  no- 
thing during  the  existence  of  any  one  of  the  lives 
P,  Q,  R ;  the  value  of  an  annuity  on  the  longest  of 
their  lives  must  consequently  be  subtracted. 

Whence  it  follows  that,  if  we  subtract  the  value  of 
an  annuity  on  the  longest  of  the  lives  in  possessioa 
from  the  value  of  an  annuity  on  the  longest  of  all  the 
lives  concerned,  the  remainder  will  be  the  value  of 
the  reversionary  annuity  required. 


SCHOLIUM.  -      ^- 

§  76.  By  the  help  of  these  four  problems  may  all 
the  various  cases  in  reversionary  annuities  be  solved. 
They  have  been  stated  at  length,  in  order  to  give  a 
general  view  of  the  subject:  but  it  will  readily  appear 
that  the  combinations  of  lives,  thence  arising,  are  much 
more  numerous  than  occur  in  any  practical  cases; 
and  a  ready  solution  may  therefore  not  immediately 
present  itself  amidst  the  multiplicity  of  symbols..  It 
rarely  happens  that  more  than  three  lives  are  involwd 
in  any  questions  of  this  kind :  and  in  order  to  fm^ 
vent  any  difficulty  or  confusion  in  referring  to  the  pro- 
blems  for  a  solution  of  such  questions,  I  have  selected 
all  the  possible  cases  in  which  not  more  than  three  lives 
are  concerned ;  to  which  I  have  added  the  algebraic 
solution  of  the  same:  where  -^,  £,  P,  Q,  denote  the 
same  as  in  the  preceding  problems.     These  Cases  are 


> 
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five  in  number:*  viz.  to  find  the  value  of  an  annuity 

l^  On  a  single  life  A  aftera  nother  single  life  P : 
in  which  case  the  value  of  the  reversionary  annuity  is 
equal  to  A-^AP. 

2^  On  a  single  life  A  after  the  longest  of  two 
lives  P,  Q,  in  which  case  the  value  of  the  reversionary 
annuity  is  equal  to  A—AP--AQ+  APQ. 

3®  On  the  longest  of  two  lives  A,  B,  after  a  singU 
life  P:  in  which  case  the  value  of  the  reversionary  an- 
nuity is  equal  to  A+B^AB-AP^BP+ABP. 

4^  On  a  single  life  A  after  two  joint  lives  PQ : 
in  which  case  the  value  of  the  reversionary  annuity  is 
-^ual  to  A—  APQ. 

5^  On  two  joint  lives  AB  after  a  single  life  P : 
in  which  case  the  value  of  the  reversionary  annuity  is 
equal  to  AB—ABP. 

For  examples  of  these  several  cases,  see  Questions 
XIII  to  XVII  in  Chapter  XII. 


COROX-LARY    I. 

§  77.    If  the  contingency  of  receiving  the  annuity 

«not  to  continue  during  the  whole  period  of  the  given 
es,  but  is  either  Deferred^  or  Temporary^  we  must 
revert  to  what  has  been  said  in  Prob.  I,  cor.  3  and  4, 
and  substitute  the  values  of  such  deferred  and  tern- 

*  Simpson,  Prob.  13  to  173  and  his  Sup.  Prob.  15  to  ip; 
Dodson,  voL  ii.  Ques.  Q4^  g5,  Q7,  99,  and  101  ^  and  vol.  iii. 
(iues.  20,  27.  28  and  29,  Also  D^  Moivre,  Prob,  7  aod  8^  for 
tbe  first  and  second  cases. 

t  Price,  Note  (D). 
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porary  annuities,  deduced  from  the  rules  there  given^ 
mstead  of  the  values  of  annuities  on  the  whole  con- 
tinuance of  those  lives :  whence  by  proceeding  with 
tr.ese  substituted  values  according  to  the  rules  above 
stated,  we  shall  obtain  the  required  value  of  the  re- 
versionary annuity  accordingly. 

But  this  rule  may  be  rendered  more  convenient  for 
practice  by  adopting  the  principles  laid  down  in  Prob.II, 
cor.  2  and  4»  Thus,  in  the  first  case  given  in  the 
Scholium,  if  the  contingency  is  ^ferred  for  n  years, 

the  value  of  the  reversionary  annuity  will  be  {^A)  — 

And  this  value  subtracted  from  A-^AP  will  give  the 
value  of  a  similar  temporary  reversionary  annuity. 
The  same  method  of  solution  will  apply  to  the  re- 
maining cases  given  in  the  Scholium. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Questions  XVIJI  and  XIX  in  Chapter  XII. 


COROLLARY   Il.f 

S  78.  If  a  reversionary  annuity,  the  contingency 
of  enjoying  which  is  deferred  for  any  number  of  years, 
depends  on  the  joint  continuance  of  all  the  lives  to 

♦  From  the  method  of  notation  adopted  throughout  the  present 
work  it  will  readily  appear  that  *ie  denotes  in  this  case  the  numbef 
of  persons  living  at  an  age  n  years  older  than  P. 

^  Price,  Note  JC). 
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the  end  of  that  term ;  the  value  of  it  will  be  equal  to 
the  value  of  a  reversionary  annuity  depending  on  the 
same  number  of  lives  each  older  by  the  given  term 
than  the  given  lives,  multiplied  by  the  probability 
that  all  the  joint  lives  shall  continue  so  long,  and 
also  by  the  present  value  of  «£  I  due  at  the  end  of  that 
term.  And  this  case  should  be  carefully  distinguished 
bom  the  deferred  reversionary  annuity  mentioned  in 
the  preceding  corollary. 

For  examples  of  the  lise  and  application  of  this  co- 
p)llary9  see  the  Scholium  to  Question  XIX  in  Chap 
terXH. 
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CHAPTER  IV, 


On  Survivorships. 

§  79.  In  the  f preceding  chapters  I  have  considered 
the  value  of  annuities  as  depending  on  the  continuance 
of  any  number  of  lives,  out  of  any  number  of  given 
lives ;  and  also  the  value  of  reversionary  annuities  on 
any  nuipber  of  lives,  after  the  extinction  of  any  num- 
ber of  other  lives.  I  come  now  to  questions  of  a 
mixed  nature,  where  the  value  of  the  annuity  not  only 
depends  pn  the  continuance  of  the  given  lives,  but 
also  on  any  survivorship  between  them.  In  cases  of 
this  kind  the  annuity  is  frequently  enjoyed  in  different 
proportions  by  the  persons  on  whose  lives  the  same  is 
granted ;  and  therefore  they  are  capable  of  great  va* 
riety.  The  nature  and  extent  of  such  questions  will 
best  appear  from  the  following  problems. 


PROBLEM   VIII.* 

« 
§  80.    A,  B  and  C  agree  amongst  themselves  to 

purchase  an  annuity  on  the  longest  of  their  lives, 

*  Simpson,  Prob.  20^  also  his  Sup,  Prob.  23.    De  Moivre, 
Prob.  g,     Dodson,  vol.  iii.  Clues.  73. 


■ 
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which  is  to  be  equally  divided  between  them  whilst 
they  are  all  living;  but  on  the  decease  of  either  of 
them  it  is  to  be  equally  divided  between  the  two  sur- 
vivors, during  their  joint  lives;  and  then  to  belong 
entirely  to  the  last  survivor  for  his  life :  To  find  the 
value  of  their  respective  shares,  or  the  proportion 
which  each  person  ought  to  contribute  towards  the 
purchase. 

SOLD  TION. 

Let  the  probabilities  of  the  given  lives  continuing 
1, 2, 3,  &c,  years  be  severally  denoted  by  the  same 
characters  as  in  §  23 :  and  let  us  first  determine  the 
share  of  A.  Now  the  expectation  of  A,  on  what  he 
may  happen  to  receive  at  the  end  of  any  one  year, 
may  be  considered  in  four  parts,  as  depending  on  so 
many  difierent  events:  1®  A,  B  and  C  may  be  all 
living,  the  probability  of  which  at  the  end  of  the  first 


t  1 1 


year  is  —r- ,  in  which  case  he  will  receive  \  of  the 


abc 


annuity,  or  ^  (1  +  f)-';  therefore  (1  +  p)  *  X  5^^ 

will  be  the  value  of  this  expectation:  2°  A  and  B 
may  be  living  and  C  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is  -7  X  ( 1 )  >  in  which 

case  he  will  receive  ^  the  annuity,  or  J  (I  +  f)'''j 


/  / 


ab        t .        c 


therefore  (l  +  f)"'X^x(l—^)  will  be  the  value 
pf  this  expectation :  S^  A  and  C  may  be  living  and 
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« 

B  dead,  the  probability  of  which  at  the  end  of  the 


first  year  is  —  X  ( 1  — r- ) ,   in  which   case  he  will 

likewise  receive  \  the  annuity,  or  ^(l+p)""*j  therefore 

ac  i 

(1+f)""  X  -^X  l^""  y)  ^^^  b^  ^^  value  of  this 

expectation :  4^  A  may  be  the  only  person  living,  the 
probability  of  which  at  the  end  of  the  first  year  is  —  X 

(l — 7-)  X  (l ),  in  which  case  he  comes  in  for  the 

whole  annuity,  therefore  (l  +  f)""'  X  ~x(l  — y)x 

(l )  will  be  the  value  of  this  expectation.     And 

the  sum  of  all  these  values,  or  (l+p)~'X  ( r-r- 

\  i       III 
1 r-)  will  be  the  total  value  of  the  expec- 

tation  of  A,  on  what  he  may  happen  to  receive  at  the 
end  of  the  first  year. 

By  pursuing  the  same  steps  it  will  be  found  that 

n  n  II        II  n  ii  it  u 

(l+p)"*  X  {- — o"-i-";r^+Ar")  will  denote  the  va- 

lue  of  his  expectation  on  what  he  may  happen 
to  receive  at  the  end  of  the  second  year:  and  that 

lit        It' ni        mm        itnit  iii 

0+p)'' X  (^--°r,--~^+~-r-)    will    denote    the 

value  of  his  expectation  on  what  he  may  happen  to 
receive  at  the  end  of  the  third  year:  and  so  on  to  the 
utmost  extent  of  human  life.  The  sum  of  all  which 
terms,  or  the  series 
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s      ,     v_,       la       ah        ac    .    abc    \   . 


a        a^        ac    .     abc     I 

r"  i//         w  ///         I//  ///  ;//  ni  m  ""1 

U  +  e-)      XL7~2at~2^+37i7j 


+ 


+ 

J.  U  fc       I 

will  be  the  total  value  of  his  interest  in  the  annuity,  or 
the  share  which  he  ought  to  contribute  towards  the 
purchase.  But  the  sum  of  these  several  perpendicular 
series  is  equal  to  A—^AB-^^AC+^ABC. 

§  81.  As  to  the  share  of  B,  or  C,  it  is  evident 
that  their  expectation  of  receiving  the  annuity  in  any 
one  year,  will  depend  on  the  same  events,  mutatis 
mutandis,  as  that  of  A:  whence  it  follows  that  by 
substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  B-^-^AB^ 
^BC+^ABC  for  the  value  of  B's  share;  and  C— 
lAC—iBC+iABC  for  the  value  of  C's  share  in 
the  given  annuity:  whence  the  following  rule  for 
either  case. 

§  82;  From  the  value  of  an  annuity  on  the  given 
life  subtract  half  the  sum  of  the  values  of  an  annuity 
on  both  the  joint  Hires  arising  from  the  combination 
of  the  given  life  with  each  one  of  ifte  other*,  <ind  to 
tlie  remainder  add  one  third  of  the  value  of  an  an- 
nuity on  the  three  joint  lives :  the  sum  ivill  be  the 
answer  required^ 
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§  83.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  to  be  4  per 
cent,  and  the  probabilities  of  living  as  at  Northampton^ 
Then  by  referring  to  the  Tables  at  the  end  of  this  work 
it  will  be  found  that  the  value  of  the  share  of  each 
person  in  this  annuity  will  be  as  under :  viz.  that  of 

A=:16-033— :^ri  1-873+ 10-924)+4-X  8-986  =  7-630 
B=s:  14'781  — i(l  1  -878+ 10'490)+4-  X  8-986  =  6-595 
C=13-197— 4(^^'^24+10-490)+4x8-98(l  =  5-485 


2^  •  ^  •  3 


and  the  sum  of  all  these  respective  shares,  or  19*7  lO 
is  the  value  of  the  annuity  on  the  longest  of  the  three 
lives }  or  the  total  value  of  the  purchase. 

COROLLARY   I.* 

§  84.  If  only  two  lives,  A  and  B,  are  concerned 
in  the  purchase,  (during  whose  joint  continuance  the 
annuity  is  to  be  enjoyed  equally  between  them,  but  on 
the  decease  of  either  of  them  it  is  to  belong  wholly 
to  the  survivor)  the  value  of  the  share  of  A  will  be 
ji-^i^B;  and  that  of  B  will  be  B—^AB:  whence 
the  following  rule  for  two  lives. 

§  85.  From  the  value  of  an  annuity  on  the  given 
life  J  subtract  half  the  value  of  an  annuity  on  the 
two  joint  lives :  the  remainder  will  be  the  share  of  the 
given  life  required* 

*  Simpson^  Prob.  18^  and  hie  Sup,  Prob.  21.  Dodson,  vol.tii. 
Qoes.  72. 
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For  examples  of  the  use  and  applicatbn  of  this  co* 
rollary,  see  Question  XX  in  Chapter  XII. 


COROLLARY     II. 


§  86.  On  the  other  hand,  let  the  number  of  lives 
concerned  in  the  purchase  be  ever  so  greats  the  share 
of  any  given  life  may  be  readily  determined,  provided 
die  annuity  be  always  equally  divided  among  the  sur- 
viving lives.  For,  let  G  denote  the  value  of  an  an- 
nuity on  the  given  life ;  G  the  sum  of  the  values  of  li 
an  annuity  on  all  the  joint  lives  arising  from  combining  .  J^ 

the  given  Kfe  with  each  one  of  the  others ;  G  the  sum 
of  the  values  of  an  annuity  on  all  the  joint  lives 
arising  from  combining  the  given  Ufe  with  each  two 

of  the  others ;  G  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  combining  the  given 
)ik  with  each  three  of  the  others ;  and  so  on.     Then 

will  G—^d+^d-^^G+icc  denote  the  share  of  the 
given  life,  or  the  value  which  he  ought  to  contribute 
towards  the  purchase. 


PROBLEM  IX.* 

§  87*.  A^  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  which  is  to  be  divided 
amongst  them  in  the  following  manner:  A  and  B  are 
to  enjoy  it  equally  during  their  joint  lives ;  but  on  the 

*  Dodson,  vol.  iii.  Ques.  J5, 


P: 
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decease  of  either  of  them  it  is  to  be  equally  divided 
between  A  and  C,  or  B  and  C,  the  two  remaming 
persons ;  and  lastly,  to  be  enjoyed  wholly  by  the  sur- 
vivor :  To  find  the  value  of  their  respective  shares. 


SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts,  as  depending  on  so  many  different 
events:  1®  A  and  B  may  be  both  alive,  the  proba- 

bility  of  which  at  the  end  of  the  first  year  is  -r,  in 

which  case  he  will  receive  ^  the  annuity:  2^  A  and 
J^f     C  may  be  living  and  B  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is-^x(l  — r-)  in  which 

case  he.  will  also  receive  \  the  annuity:  3®  A  may 

be  the  only  person  living,  the  probability  of  which  at 

ah  ' 

the  end  of  the  first  year  is— x(l  —  ^)x(l  —  — ), 

in  which  case  he  will  come  in  for  the  whole  annuity. 
Now,  the  sum  of  all  these  values,  being  multiplied  by 

(l  +  er  »mgi,e  die)-  X  (4-A|_i5+^) 

for  the  total  value  of  the  expectation  of  A  on  what 
he  may  happen  to  receive  at  the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year. 
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to  the  utmost  extent  of  boman  Hfe.    The  sum  of  all 
vhkh  termsy  or  the  series 


[ 


aoc    I 


2a  c     Uabc^ 


0+e)-x[|-£i-£r^^J+ 


r^ut       HI  Iff       turn       wwiw'H* 
f-gt     v^s      I    a       ah       ac.abc    \^^ 

will  delete  the  total  value  of  his  interest  in  the  an- 
nuity. But,  the  sum  of  these  several  perpendicular 
series  is  evidently  equal  to  A—^AB^^jiC+^ABC : 
whence  we  have  the  following  rule. 

5  88.  From  the  value  of  an  annuity  on  the  liji 
Ay  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AB,  and  AC ;  to  the  remainder 
add  half  the  value  of  an  annuity  on  the-  three  joint 
lives  ABC:  the  sum  will  be  the  share  which  A  ought 
IQ  contribiUe  towards  the  purchase. 

S  89.  With  respect  to  the  value. of  B's  interest,  it 
is  e?ident  that  his  expectation  of  receiving  the  annuity 
iQ  any  one  year  will  depend  on  the  same  events, 
mutatis  mutandis^  as  that  of  A :  wherefore  by  sub- 
stitudng  the  values,  thence  arising,  in  the  general  ex- 
pression above  given,  we  shall  have  B— ^-^jS— ^-BC+ 
^ABC  for  the  value  of  B's  interest:  whence  the 
Mowing  rule. 
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§  90.  From  the  value  of  an  armuity  on  the  life  B 
subtract  half  the  sum  of  the  values  of  an  annuity  (m 
the  joint  lives  AB,  and  BC ;  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC;  the  sum  will  be  the  share  which  B  ought  to 
contribute  towards  the  purchase. 

§  91.  But  with  respect  to  C*s  interest,  it  will  ap* 
pear  that  his  expectation  of  receiving  the  anhuity  in 
any  one  year  may  be  considered  in  the  three  following 
points,  as  depending  on  so  many  different  events:  1-^  A 
and  C  may  be  living  and  B  dead,  the  probal>ility  of 

i   which  at  the  end  of  the  first  year  is  —  X  (l — r),  in 

which  case  he  will  receive  \  the  annuity:  2®  B  and 
^  C  may  be  living  and  A  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is  pX  (l-^—)*  i^  which 

case  he  will  receive  Also  \  the  annuity:  3**  C  may  be  the 
only  person  living,  the  probability  of  which  at  the  end 

c  a  i  ** 

of  the  first  year  is  —  X  (l  — — )  X  (l  — -t)>  in  which 

case  he  will  receive  the  whole  annuity.     The  sum  of 
these  values  therefore,  being  multiplied  by  (l  H-f)"'^ 

'       ' '      i  ' 
will  give  (i  +  f)-'x  (~^-^)  for  the  total  va- 

lue  of  the  expectation  of  C  on  what  he  may  happen 
to  receive  at  the  end  of  the  first  year. 

By  pursuing  the  same  steps,  we  may  find  the  value. 


; 


\ 


/ 


»• 
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of  his  ezpectatioii  on  what  he  may  happen  to  recehre 
at  the  end  of  the  second,  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life.  The  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity;  and  will  be  evidently  equal  to  C-— 
^AC—^BCi  whence  the  following  rule. 

§  92.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  half  the  sum  of  tlie  values  of  an  annuity 
on  the  joint  lives  AC,  and  BC;  the  remainder  will  be 
the  share  which  C  ought  to  contribute  towards  the 
purchase. 

5  93.  Example.  Let  the  three  lives  be  aged  $Si^ 
80^  and  40;  the  rate  of  interest  4  per  cent,  and  the 
probabilides  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under:  viz.  that  of 

A=l6-OS3—^(ll-87S+10-924)+i-X  8-986=:  9-127 
B»14-781  —  ^(1 1-878+ 10*490)+-^  X  8-986  =  8-093 

C=13-197— -2(10-924+10-490)  •  .  ^  .  .  .   =2-490 

And  the  sum  of  all  these  values  is  the  value  of  an  an- 
nuity on  the  longest  of  the  three  lives. 


PROBLEM   X.» 
§  94.    A,  B  and  C  agree  to  purchase  an  annuity 

ft  SimpwDjTibb.  I9.    Dodion,  vol.  iii.  Quei.'74. 

g2 


k 
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on  the  longest  of  their  liyes,  to  be  divided  amongst 
them  in  the  following  manner :  A  and  B  are  to  enjoy 
it  equally  during  their  joint  lives ;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives,  and  the  survivor  of  them  is  to  have  the  whole; 
but  if  B  dies  firsts  then  A  is  to  enjoy  the  whple  du^- 
ring  his  life,  and  after  his  decease  it  is  to  devolve 
wholly  to  C ;  To  find  the  value  of  their  respective 
shares. 

SOLUTION, 

The  expectation  of  A,  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  two  points,  as  depending  on  so  many  different 
events:  1^  A  and  B  may  be  both  alive,  the  proba- 

bility  of  which  at  the  end  of  the  first  year  is  -r ,  in 

which  case  he  will  receive  ^  the  annuity :  2®  A  may 
be  living  and  B  dead,  the  probability  of  which  at 

a  i 

the  end  of  the  first  year  is  —X  (1"*"t)>  *^^  which 

case  he  will  enjoy  the  whole  annuity.    The  sum  of 
these  two  values  being  multiplied  by  (1  +?)"*  will  give 

(1  +  f)"'  X  {——^)  for  *^  ^o^l  value  of  the  ex- 

pectation  of  A  on  what  he  may  happen  to  receive  at 
the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  Jhis 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year. 


I 
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to  the  utmost  extent  of  human  life.  Tlie  sum  of  all 
which  terms  will  be  the  total  value  of  his  interest  in 
the  annuity;  and  will  be  evidently  efqiial  to  A'^\AE\ 
whence  we  have  the  following  rule. 

§  95.  Ft(m  the  valu^  df  an  annuity  on  the  lifb 
A,  subtract  half  the  value  of  an  annuity  on  the 
joint  lives  AB:  the  remainder  will  be  the  value  tuhich 
A.  ought  to  contribute  towards  the  purchase. 

§  96.  In  order  to  determine  the  share  of  B,  it 
should  be  observed  that  his  ezpectadon  on  what  he 
may  happen  to  receive  at  the  end  of  any  one  year 
titty  be  considered  in  three  points,  as  depending  on  so 
tiany  different  events :  1^  A  and  B  may  be  both 
Stlive,  the  probability  of  which  at  the  end  of  the  first 

year  is  -79  in  which  case  he  will  receive  |-  the  an« 

iLuity:  2^  B  and  C  may  be  alive  and  A  deid,  the  pro- 

ic 
bability  of  which  at  the  end  of  the  first  year  is  t-  X 

(l  — -t^),  in  which  case  also  he  will  receive  |-  the 
annuity:  3®  B  may  be  the  only  person  living,  the  pro- 

bability  of  which  at  the  end  of  the  first  year  is  j  X 


{1 )  X  (l^--)j  in  which  case  he  will  enjoy  the 

whole  annuity.   And  the  sum  of  all  these  values,  being 

multiplied  by  (1+^)"%  will  give  Cl+frHT~2i*'^ 
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--,-+^T-)  for  the  total  value  of  the  expectation  of 

B,  on  what  he  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  for  the  second,  third  and  every  subsequent 
year,  to  the  utmost  extent  of  human  life.  The  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity;  and  will  be  evidently  equal  to  B — 
^JB'-^BC+i^BC :  whence  the  following  rule. 

§  97«  From  the  value  of  an  annuity  on  the  life 
B,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AB,  and  BC  j  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC:  the  sum  will  be  the  value  which  B  ought  to 
contribute  towards  the  purchase.* 

§  98.  It  remains  now  to  determine  the  value  of 
the  share  of  C,  whose  expectation  of  receiving  the 
annuity  in  any  one  year  may  be  considered  in  two 
points:  1^  B  and  C  may  be  both  alive  and  A  dead, 
the  probability  of  which  at  the  end  of  the  first  year  is 

T-  X  ( 1 )$  in  which  case  he  will  receive  ^  the 

annuity:  2^  C  only  may  be  living,  the  probability  of 

which  at  the  end  of  the  first  year  is  -X  (l — -)  X 


« 

*  The  value  of  B's  interest  in  this  annuity  is  the  same  as  that 
in  tbs  precedii\g  Problem. 


^ 
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( 1  —  T') '  ^  which  case  he  will  enjoy  the  whole  annuity. 
And  the  sum  of  these  two  values,  bdng  multiplied 

by  (1 + e)- ',  will  give  (1  +er  •  X  (4  -  ^f  -  if  + 

■  ■)  for  the  total  value  of  the  expectation  of  C,  on 

what  he  may  happen  to  receive  at  the  end  of  the  first 
year. 

By  a  similar  method  of  pi^oceeding  we  may  find  the 
value  of  his  expectation  for  the  sedond^  thirds  and 
every  subsequent  year  to  the  utmost  extent  of  human 
life.  The  sum  of  all  which  terms  will  express  the 
total  value  of  his  interest  in  the  annuity;  and  will  be 
evidently  equal  to  C^AC-^^BC+^ABC :  whence 
the  following  rule. 

S  99. .  From  the  Value  of  izn  annuity  on  the  lifk 
Cy  subtract  the  value  of  an  annuity  on  the  joint  lives 
AC,  and  also  half  the  value  of  an  annuity  on  the 
joint  lives  BC ;  to  the  remainder  add  half  the  value 
of  an  annuity  on  the  joint  lives  ABC :  the  sum  will 
be  the  share  which  C  ought  to  contribute  towards  the 
purchase* 

§  100^  Example.  Suppose  the  three  lives  to  be 
aged  20,  3Q,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton. 
The  value  of  the  share  of  each  person  in  this  annuity 
will  be  as  under :  viz«  that  of 
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A=16-0SS— |X11'87S =410-096 

B=14-781—i(ll-873+10-490)+^X 8*986=3  8-098 

C=3lS-l97— 10-924— ^X  10-490+^  X  8-986=5   1-521 

and  the  sum  of  these  three  values  is  the  value  of  an 
annuity  on  the  longest  of  the  three  lives. 


PROBLEM  XI.* 

§  101.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  divided  amongst 
them  in  the  following  manner :  A  is  to  enjoy  the  whole 
annuity  during  his  life ;  but  after  his  decease  it  is  to 
be  divided  equally  between  B  and  C  during  their  joint 
lives  i  and  the  survivor  of  them  is  to  have  the  whole : 
To  find  the  value  of  their  respective  shares. 

SOLUTION. 

The  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity  on 
his  life :  that  is,  equal  to  ^. 

§  102.  As  to  the  -share  of  B,  the  expectation  on 
what  he  may  happen  to  receive  at  the  end  of  any  one 
year  may  be  considered  in  two  points,  as  depending 
on  so  many  different  events :  1°  B  and  C  may  be 
alive  and  A  dead^  the  probability  of  which  at  the  end 

*  SimpsonU  Sup.  Prob.  22.    DodiOn,  vol.  iiL  Qoes.  76. 
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of  the  first  year  is -T—X  (l ),  in  which  case  he 

will  receive  ^  the  annuity.:   2^  B  may  be. the  only 
person  living,  the  probability  of  which  at  the  end  of 

the  first  year  is  jX  (l  —  ^)  X  (l  —  — ),  in  which  case 

he  will  enjoy  the  whole  annuity.     And  the  sum  of 
these  two  values,  being  multiplied  by(l4-f)-',  will 

value  of  the  expectation  of  B  on  what  he  may  happen 
to  receive^t  the  end  of  the  first  year. 

By  a  similar  method  of  proceeding  we  may  find  the 
value  of  his  expectation  for  the  second,  third  and 
every  subsequent  jear,  to  the  utmost  extent  of  human 
life.  The  sum  of  all  which  terms  will  be  the  total 
value  of  his  interest  in  the  annuity ;  and  will  be  found 
equal  to  B-^-^B-'^BC+^JBC:  whence  the  foU 
lowing  rule. 

S  103.  From  the  value  of  an  arnmity  on  the  life 
B,  subtrhct  the  value  of*  an  annuity  on  the  joint  lives 
AB,  and  also  half  the  value  of  an  annuity  on  the 
joint  lives  BC ;  to  the  remainder  add  half  the  value 
of  an  annuity  on  the  joint  lives  ABC:  the  sum  will 
he  the  value  which  B  ought  to  contribute  towards  thfi 
purchase. 

%  104.     With  respect  to  the  share  of  C,  it  is  evi- 
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dent  that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
events,  mutatis  mutandis^  as  that  of  B.  Therefore, 
by  pursuing  the  same  steps,  we  shall  find  that  the 
value  of  his  interest  in  the  annuity  will  be  equal  to 
C—JC-^^BC+^JBC :  whence  we  have  the  fol- 
lowing rule. 

§  105.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  the  value  of  an  annuity  on  the  joint  lives 
AC,  and  also  half  (he  value  of  an  annuity  on  the 
joint  lives  BC ;  to  the  remainder  add  half  the  value 
of  an  annuity  on  the  joint  lives  ABC :  the  sum  will 
be  the  value  which  C  ought  to  contribute  towards  the 
purchase.^ 

§  106.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40 ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under :  viz.  that  of 

A=l6-033 =I6;033 

B=14-781  — 11  873— ^X10-490+JX8'986=  2-156 
C=13-197— 10-924— iX10-490H-^X8-986=   1*521 

and  the  sum  of  these  three  values  is  the  value  of  an 

annuity  on  the  longest  of  the  three  lives. 

*  Tl)e  value  of  C's  interest  in  this  annuity  is  the  same  as  that  in 
the  preceding  problem. 


"\ 
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PROBLEM  XII. 

§  107.  A^  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  enjoyed  wholly  by 
each  of  them  in  succession:  that  is,  A  is  to  enjoy  it 
first,  for  his  life ;  at  his  decease,  B  is  to  enter  upon  it 
next;  and  C,  last:  To  find  the  value  of  their  respec- 
tive shares. 

SOLUTION. 

The  value  of  A*s  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity 
on  his  life:  that  is,  equal  to  A. 

5  108.  The  value  of  B's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase,  is 
equal  to  the  value  of  a  reversionary  annuity  on  his 
life  after  the  decease  of  A :  that  is,  (by  the  Scholium 
in  page  70)  equal  to  B-^AB. 

S  109.  The  value  of  C's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase,  is 
equal  to  the  value  of  a  reversionary  annuity  on  his 
life  after  the  extinction  of  the  longest  of  the  two  lives 
A  and  B :  that  is,  (by  the  same  Scholium)  equal  to 
C^AC--BC+ABa 

%  1 10.     Example.    Suppose  the  three  lives  to  be 
aged  20,  SO,  and  40 ;  the  rate  of  interest  4  per  cent. 


9^  *  OV   SURVIVORSHIPS^  Ch.4t* 

and  the  probabilities  of  living  as  at  Northampton. 

The  value  of  the  share  of  eacih  person  in  this  annuity 

will  be  as  under :  viz.  that  of 

Arsie-OSS =16-033 

B=14-781  — 11-373 =2   2-908 

C=  13-197  — (10-924+ 10-490)  +  8-9g6=:     -769 

and  the  sum  of  these  three  values  will  be  the  value 

of  an  atmuity  on  the  longest  of  the  three  lives. 

COROLLARY. 

§111.  If  only  two  lives^  A  and  B,  are  concerned 
in  the  purchase,  the  value  of  their  respective  shares 
will  be  the  same  as  above  given* 


PROBLEM  Xm. 

§112.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being ;  and  which  is  to  be  equally  divided  between 
them  whilst  they  are  all  living;  but  on  the  decease 
of  either  of  them  it  is  to  be  equally  divided  between 
the  two  survivors  during  their  joint  lives :  To  find  the 
value  of  their  respective  shares. 

SOLUTION. 

The  expectation  of  A,  on  what  he .  may  happen  td 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts^  as  depending  on  so  many  different 
events :  1^  A,  B  and  C  may  be  all  living,  in  which 
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case  he  will  receive  ^  of  the  annuity :  2^  A  and  B  may 
be  living  and  C  dead,  in  which  case  he  will  receive 
1^  the  annuity:  3^  A  and  C  may  be  living  and  B 
dead,  in  which  case  he  will  receive  also  ^  the  an- 
nuity. Therefore  the  sum  of  these  expectations  for 
the  first,  second,  third,  &c,  years,  contmued  to  the 
utmost  extent  of  human  life»  will  be  the  total  value  of 
A's  share  in  the  annuity.  But  the  value  of  these 
several  expectations  has  been  already  found  iu  the. 
3olution  to  Prob.  VIII ;  they  being  precisely  the  same 
as  the  first  three  which  are  there  mentioned :  and  the 
sum  of  which,  for  every  year  of  human  life,  will  be 

found  equal  to  ^AB+\AC—\4BC. 

§113.  With  respect  to  the  share  of  B  or  C,  their 
expectation  of  receiving  the  annuity  in  any  one  year 
will  depend  on  the  same  events,  mutatis  mutandis,  as 
that  of  A :  whence  it  follows  that  by  substituting  the 
values,  thence  arising,  in  the  general  expression  above 

given,  we  shall  have  ^AB+^BC—^ABCy  for  the 

value  of  B's  interest;  and  ^AC+^BC—\ABC^  for 

the  value  of  C*s  interest  in  the  given  annuity:  whence 
the  following  rule  for  determining  the  value  of  the 
share  of  any  given  life  in  the  annuity. 

§  114.  Subtract  two  thirds  of  the  value  of  an 
annuity  on  the  three  joint  lives^  from  half  the  sum 
of  the  values  of  an  annuity  on  both  the  joint  lives 
arising  from  the  combination  of  the  given  life  with 
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each  one  of  the  others :  the  remainder  mil  be  the 
value  of  the  share  of  such  given  life* 

§  115.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40  j  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under:  viz* 
that  of 

A=Kll'873  +  10-924)— ■|x8'986=5-408 
B=Kll*S'^S+10*490)— ~X8-986=5191 

C=|(10-924-f  10-490)— |^X8-986=4-716 

and  the  sum  of  these  three  values,  or  15*315,  is 
the  value  of  an  annuity  on  the  three  lives,  to  continue 
as  long  as  any  two  of  thein  are  in  being  together. 


PROBLEM  XIV. 

§  1 1 6.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being;  and  which  is  to  be  divided  amongst  them  in 
the  following  manner :  A  and  B  are  to  enjoy  it  equally 
during  their  joint  lives ;  but  on  the  death  of  either  of 
them,  it  is  to  be  equally  divided  between  the  two  sur- 
vivors, for  their  joint  lives :  To  find  their  respective 
shares. 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
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recdve  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,  as  depending  on  so  many  different 
events:  1^  A  and  B  may  be  both  alive,  in  which  case 
he  will  receive  \  the  annuity :  2°  A  and  C  may  be 
living  and  B  dead,  in  which  case  he  will  also  receive 
\  the  annuity.  Therefore  the  sum  of  these  expecta- 
tions for  the  first,  second,  third,  &c,  years,  to  the 
utmost  extent  of  human  life  will  be  the  total  value  of 
A's  share  in  the  annuity.  But  the  value  of  these 
several  expectations  has  been  already  found  in  the 
soiudop  to  Prob.  IX  \  they  being  precisely  the  same 
as  the  first  two  there  mentioned:  and  the  sum  of 
which,  for  every  ye^r  of  human  life,  will  be  found 
equal  to  \AB'\'^AC^\ABC :  whence  the  following 
rule. 

§   117.     Subtract  the  value  of  an  annuity  on  the 

Joint  lives  ABC,  from  the  sutn  of  the  values  of  an 

annuity  on  each  of  the  joint  lives  AB  and  AC :   half 

the  remainder  will  be  the  value  which  A  ought  to 

contribute  towards  the  purchase. 

S  118.  With  respect  to  the  share  of  B,  it  is  evi- 
dent that  his  expectation  of  receiving  the  annuity  at 
th«  end  of  any  one  year  will  depend  oh  the  same 
events,  mutatis  mutandis^  as  that  of  A :  wherefore 
by  substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  i^AB-^^BC— 
j^ABC  for  the  value  of  B*s  interest  in  the  annuity: 
whence  the  following  rule.  / 
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§  11 9.  Subtract  the  value  of  an  annuity  on  the  joint 
lives  ABC,  from  the  mm  of  the  values  of  an  annuity 
on  each  of  the  joint  lives  AB  and  BC :  half  the  re- 
mainder  will  be  the  value  which  B  ought  to  contribute 
towards  the  purchase, 

§  1 20,  But  with  respect  to  the  share  of  C,  it  will 
appear  that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  may  be  considered  under  the 
two  following  points,  as  depending  on  so  many  dif- 
ferent events :  1°  A  and  C  may  be  living  and  B  dead, 
in  which  case  he  will  receive  ^  the  annuity:  2°  B  and 
C  may  be  living  and  A  dead^  in  which  case  also  he 
will  receive  ^  the  annuity.  Therefore  the  sum  of 
these  two  expectations,  for  the  first,  second,  third,  &c, 
years  to  the  utmost  extent  of  human  life,  will  be  the 
total  value  of  C*s  interest  in  the  annuity.  But,  the 
value  of  these  expectations  has  been  already  found 
in  the  solution  to  Prob.  IX ;  they  being  precisely  the 
same  as  the  first  two  which  are  mentioned  in  the  in- 
vestigation of  C's  share  in  that  annuity:  and  the  sum 
of  which,  for  every  year  of  human  life,  will  be  found 
equal  to  ^AC'\-i^BC—ABC :  whence  the  following 
rule* 

§   121.     Subtract  the  value  of  an  annuity  on  the 
joint  lives  ABC,  from  half  the  sum  of  the  values  of 
an  annuity  on  each  of  the  joint  lives  AC  and  BC : 
the  difference  will  be  the  share  which  C  ought  to  con^ 
tribute  towards  the  purchase. 
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§  122.  Example.  Suppose  the  three  lives  to  be 
aged  20,  SO,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton.  The 
value  of  the  share  of  each  person  in  this  annuity  will 
be  as  under :  viz.  that  of 

A  =  ^(11-873  +  10-924  —  8986)  =  6'905 

B  =  J(l  1-873  +  10-490  —  8-986)  =  6-689 

C  =  ^(10-924  +  10-490)—  8-986    =  1721 

and  the  sum  of  these  three  values  is  the  total  value  of 

the  annuity  on  the  three  lives^  to  continue  as  long  as 

any  two  of  them  are  in  being  together. 


PROBLEM  XV. 

$  123.  A,  B  and  C  agree  to  purchase  an  annuity 
to  continue  as  long  as  any  two  of  them  are  in  being 
together;  and  which  is  to  be  divided  between  them 
In  the  following  manner:  A  and  B  are  to  enjoy  it 
equally  during  their  joint  lives ;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives ;  but  if  B  dies  first,  then  A  is  to  enjoy  the  whole 
during  the  joint  lives  of  A,  and  C  :  To  find  the  value 
of  their  respective  shares. 

SOLUTION. 

• 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,  as  depending  on  so  many  different  events: 
1^  A  and  B  may  be  both  alive,  the  probability  of 

H 
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which  at  the  end  of  the  first  year  is  -7 ,  in  which  case 

he  will  receive  ^  the  annuity :  2?  A  and  C  may  be 
living  and  B  dead,  the  probability  of  which  at  the 

end  of  the  first  year  is  —  X  (l  — r)j  i^  which  case  he 

will  come  in  for  the  whole  annuity.  The  sum  of  these 
two  values,  multiplied  by  (l  +  f)~'i  will  give  ( 1+f  )"* 

(--^H r-)  for  the  total  value  of  the* expectation 

of  A  on  what  he  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his  ex- 
pectation for  the  second,  third,  and  every  subsequent 
year  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity ;  and  will  be  found  equal  to  ^^B-i- 
AC'^ABC:  whence  the  following  rule. 

§  124.  Add  half  the  value  of  an  annuity  on  the 
Joint  lives  AB,  to  the  value  of  an  annuity  on  the 
joint  lives  AC  ;  from  the  sum^  subtract  the  value  of 
an  armuily  on  the  joint  litfes  ABC:  the  remainder 
will  be  the  value  of  the  -share  of  A* 

§  125.  The  expectation  of  B  on  what  he  may 
happen  to  receive  at  the  end  of  any  one  year  may  also 
be  considered  in  two  parts  as  depending  on  so  many 
different  events:  1^  A  and  B  may  be  both  alive,  the 
probability  of  which  at  the  end  of  the  first  year  is 
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^ ,  in  which  case  he  will  receive  i  the  annuity :  2* 
B  and  C  may  be  alive  and  A  dead,  the  probability  of 

which  at  the  end  of  the  first  year  is  t-X  (l  — — ) j  ia 

which  case  likewise  he  will  receive  ^  the  annuity.   The 
sum  of  these  two  values  therefore  being  multiplied  by 

(i+er  will  give  (1+erx  (^+^;-^J  for 

the  expectation  of  B  on  what  he  may  happen  to  re* 
cdve  at  the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  bis 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year, 
to  the  utmost  extent  of  human  life :  the  sum  of  all 
which  terms  will  be  the  total  value  of  his  interest  in  the 
annuity;  and  will  be  found  equal  to  ^(-^J5+-BC— 
ABC):  whence  the  following  rule. 

5  126.  Subtract  the  value  of  an  annuity  on  the 
three  joint  lives  ARC,  from  the  sum  of  the  values  of  an 
annuity  on  each  of  the  joint  lives  AB  and  BC :  half 
the  remainder  will  be  the  value  of  the  sharf  of  B.* 

S  127.  With  respect  to  the  share  of  C,  it  is  solely 
equal  to  half  the  value  of  a  reversionary  annuity  on 
the  joint  lives  BC,  after  the  life  of  A ;  which  rever- 
sionary annuity  is  by  the  Scholium  in  page  70,  ex- 

*  Thevalue  of  B's  interest  In  this  annuity  is  the  ianie  as  that 
in^ie  preceding  problem, 

h2 
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pressed  by  ^(^BC^ABC):  whence  the  foUowiflg 
rule, 

§  128.  Subtract  the  value  of  an  annuity  071  the  joint 
lives  ABC,  Jrom  the  value  of  an  annuity  on  the  joint 
Hues  BC :  fialf  the  remainder  will  be  the  value  of  the 
share  ofC. 

§  129.  Example.  Suppose  the  three  lives  to  be 
aged  20,  SO,  and  40;  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under:  viz. 
that  of 

A  =  f  X  1 1  •873+10-924  —  8-986  =  7-874 
B  =  ^(l  1-873  +  10-490  — 8*986)=  6-689 
0=^(10-490  —8-986)    .  .  .  .   =    '752 
and  the  sum  of  all  these  three  values  will  be  the  total 
value  giv^  for  the  purchase. 

PROBLEM  XVL» 

§  1 30.  D  and  his  heirs,  as  soon  as  any  two  of 
three  given  lives  A,B,C,  become  extinct,  are  to  enter 
upon  an  annuity  in  order  to  enjoy  the  same  during  the 
life  of  the  survivcM" :  To  find  the  value  of  his  interest 
therein. 

SOLUTION. 

This  annuity  is  evidently  to  continue  during  the 
longest  of  the  three  given  lives ;  and  the  value  of  the 

*  Simpson's  Sup.  Prob.  20.    PodsoD,  vol.  iii.  Quet.  79.     * 
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same  without  any  restriction  would  be  (by  Prob.  II) 
equal  to  v^+B+C-^B— ^C— BC+^jBC:  but 
since  D  (or  his  heirs )  is  not  to  receive  any  thing  du* 
ring  the  continuance  of  any  two  of  these  lives,  the 
value  of  an  annuity  depending  on  this  contingency 
must  be  subtracted  from  the  preceding  expression; 
and  which  value  is  (by  Prob.  Ill)  denoted  by  -^B+ 
JC+BC-2jiBC.  Therefore  ^+B+C-2^B- 
2j4C—2BC+3jiBC  will, be  the  value  requffed: 
whence  the  following  rule« 

§  ISl.  From  the  sum  of  the  values  of  an  annuity 
on  each  of  the  single  lives^  subtract  twice  the  sum 
of  the  values  of  an  annuity  on  each  pair  of  joint 
lives;  to  the  remainder  add  thrice  the  value  of  on 
annuity  on  the  three  joint  lives  :  the  sum  will  be  the 
interest  ofD  in  this  annuity y  or  the  value  of  the  re- 
version required. 

§  132.  Example.  An  estate  is  held  on  three 
lives  whose  ages  are  20,  30,  and  40,  the  income 
of  which,  as  soon  as  any  two  of  these  lives  become 
extinct,  is  to  belong  to  D  and  Tiis  heirs  during  the 
continuance  of  the  third  life :  what  is  the  interest  of 
D  in  this  lease,  reckoning  the  probabilities  of  living  as 
at  Northampton^  and  the  rate  of  interest  4  per  cent? 

The  sum  of  the  values  of  a:n'  annuity  on  each  of  the 

•   single  lives  is  16-033 -f  14-781 -f  1S*1 97  =  44-011  ; 

the  sum  of  the  values  of  an  annuity  6n  each  pair  of 

j^t  lives  is  11'873+ 10-924 +10-490  =:  33-287  J 
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and  the  value  of  an  annuity  on  the  three  joint  lives 
is  8-986.  Therefore  44-011  —  2  X  33-287  +  S  X 
8-986=4-395  will  be  the  value  required. 


PROBLEM  XVIL* 

^133.  D  and  his  h^,  as  soon  as  any  one  of 
three  given  lives,  A,  B,  C,  becomes  extinct,  are  to 
enter  upon  an  annuity^  in  order  to  enjoy  the  same 
during  the  continuance  of  the  longest  of  the  remain* 
ing  lives :  To  find  the  value  of  his  interest  therein. 

SOLUTION. 

It  is  evident  in  this  case  also  that  the  annuity  is  to 
continue  during  the  longest  of  the  three  given  lives  ; 
and  such  would  be  the  value  of  it  to  D  (or  his  heirs) 
were  he  to  enter  upon  it  immediately:  but  since  he  is 
not  to  receive  any  thing  during  the  continuance  of  all 
the  joint  lives,  the  value  of  an  annuity  on  those  joint  , 
lives  must  be  subtracted  from  the  value  of  an  annuity 
on  the  longest  of  the  three  lives,  in  order  to  obtain 
the  required  value.     Wherefore, -^+-8+ C—-rfjB— 

AC  —  BC+ABC—ABC=A+B  +  C—AB-r 
AC-^BC  will  be  the  value  of  his  interest  in  the  an* 

nuity :  whence  the  following  rule. 

§  134.  From  the  sum  of  the  values  of  an  annuity 
on^tach  of  the  single  livesy  subtract  the  sum  of  the 

*  Dodson,  voL  iii.  Qiies.  78.  ^ 
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values  of  an  annuity  on  each  pair  of  joint  lives:  the 
remainder  will  be  the  interest  of  D  in  this  annuity^ 
or  the  value  of  the  reversion  required. 

9  135*  Example.  Suppose  the  lives  to  be  aged 
20,  SO  and  40 ;  the  rate  of  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton,  In 
which  case  the  value  required  would  be  16'03S+ 
14-781  -f  13197  ~  (11-873+ 10-924+  10-490)= 
10724. 

COROLLARY, 

§  1 36.  Had  two  lives  only,  A  and  B,  been  con* 
cemed  in  this  question,  the  value  of  the  interest  of  D 
in  the  annuity  would  (by  the  same  method  of  rea- 
soning) become  equal  to  -^+-5— 2-rfJ?;  whence  the 
following  rule. 

§  1 37*  From  the  sum  of  the  values  of  an  annuity 
on  each  single  life^  subtract  twice  the  value  of  an 
annuity  on  the  two  joint  lives :  the  remainder  will  be 
the  value  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Quesdon  XXI  in  Chapter  XIL 


PROBLEM  XVIIL* 


§  138.    I)  and  his  heirs,  as  seon  as  any  one  of 
thre^  given  lives  A,  B,  C,  becomes  extinct,  are  to 


*  Dodson,  vol.  iii.  Qaec.  80. 
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enter  upon  an  annuity  in  order  to  enjoy  the  same  during 
the  joint  continuance  of  the  survivors:  To  find  the 
value  of  his  interest  therein. 


SOLUTION. 

In  this  case,  the  annuity  is  to  continue  only  as  long 
as  any  two  of  the  given  lives  are  in  being ;  and  such 
would  be  the  value  of  it  to  D,  were  he  to  enter  on 
it  immediately:  but  since  he  is  to  receive  nothing 
during  the  joint  continuance  of  all  the  lives,  the  value 
of  an  annuity  on  those  joint  liyes  must  be  subtracted 
from  the  value  of  an  annuity  to  continue  as  long  as 
any  two  of  them  are  in  being  together.  Therefore 
jiB+JC+BC^2yiBC--j4BC=^B+j4C+BC 
-^SABCy  will  be  the  value  required:  whence  the 
following  rule. 

§  1 39.  From  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  livesy  subtract  thrice  the  value 
of  an  annuity  on  the  three  joint  lives:  the  remainder 
will  be  the  value  required, 

§  140.  Example.  Suppose  the  lives  to  be  aged 
20,  SO  and  40 ;  the  rate  of  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  required  value  would  be  ll*8t3+ 
10-924+ 10-490— 3X8-986  =  6-329. 
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SCHOLIUM. 

§  141.  The  preceding  problems  contain  some  of 
the  most  general  cases  of  survivorship,  where  not  more 
than  three  lives  are  concerned ;  they  are  by  no  means 
offered  as  the  whole  which  may  arise,  since  the  con* 
ditions  of  the  problems  are  capable  of  infinite  variety : 
but,  by  an  attention  to  the  method  of  deducing  the 
values  in  the  cases  here  given,  it  is  presumed  that  no 
difficuky  will  be  found  in  investigating  any  other  case 
which  may  present  itself. 

§  142.  I  would  here  observe,  however,  that  the 
values,  in  all  these  problems^  are  deduced  from  the 
whole  continuance  of  the  lives  on  which  the  annuities 
depend :  but  if,  from  the  conditions  of  the  problem, 
the  contingencies  are  Deferred  or  Temporary^  then 
the  annuities  which  result  therefrom  will  be  affected 
in  a  similar  manner.  In  such  cases,  therefore,  we 
must  substitute  the  value  of  such  deferred  or  tem^ 
porary  annuities^  instead  of  annuities  on  the  whole 
continuance  of  the  lives,  and  proceed  with  such  sub- 
stituted values  in  the  same  manner  as  with  the  whole 
values  of  the  annuities :  agreeably  to  what  I  have  al« 
ready  mentioned  in  Prob.  II,  cor.  2  end  4 :  and  cor.  1 
to  the  Scholium  in  page  70. 
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CHAPTER    V, 

On   Reversionary  Annuities  depending  upon 
a  particular  Order  of  Survivorship. 

5  143.  Among  the  cases  of  reverdonary  annuities, 
involving  not  more  than  three  lives,  and  which  are 
given  in  the  Scholium  at  the  ^nd  of  the  third  Chapter,* 
there  are  two  which  oftentimes  involve  a  contingency 
for  which  it  is  extremely  difficult  to  find  a  correct 
algebraical  solution  fit  for  general  use.  These  are  the 
second  and  fourth  cases  there  mentioned;  and  the 
contingency,  alluded  to,  is  that  one  of  the  two  lives 
in  particular^  P  or  Q,  shall  die  before  or  after  the 
other. 

As  the  investigations  necessary  to  the  solution  of 
these  cases  will  be  of  considerable  importance  in  the 
further  progress  of  this  work,  I  shall  devote  a  separate 
chapter  to  the  examination  of  the  subject.  The  so- 
lution of  the  cases  themselves  will  lead  to  that  of 
some  other  questions  in  Survivorships  which,  for 
want  thereof,  could  not  be  inserted  m  the  preceding 
chapter. 

§  144.    Instead  of  the  lives  A,  P,  Q,  as  given  in 
the  scholium  above  mentioned,  let  the  lives  be  A,  B, 
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C ;  of  which,  the  lives  B  and  C  are  supposed  to  be 
in  possession^  and  the  life  A  m  reversion*  The  value 
of  a  reversionary  annuity  on  the  life  A  after  the  joint 
lives  B  C,  is  equal  to  A-^ABC:  but  if  A  is  not  to 
enjoy  the  annuity  unless  B  be  the  Jirst  that  dies,  of 
the  two  joint  lives  B  C,  it  is  evident  that  the  value  of 
the  annuity  will  be  considerably  affected  by  this  re- 
striction. 

In  like  manner,  the  value  of  a  reversionary  annuity 
on  the  life  A  after  the  longest  of  two  lives  B  and  C, 
is  equal  to  A-^AB^jtiC  +  ABC :  but  if  A  is  not 
to  enjoy  the  annuity  unless  B  be  the  last  that  dies,  of 
the  two  lives  BC,  it  is  evident  the  value  of  the  an^ 
nuity  will  in  this  case  also  be  considerably  affected  by 
this  restriction. 

When  the  two  lives  in  possession  are  of  the  same 
age,  or  nearly  so,  it  will  be  an  equal  chance  which  of 
them  dies  before  or  after  the  other :  but,  as  this  is  not 
always  the  case,  it  would  be  extremely  desirable  to 
obtain  an  expression,  fit  for  general  use^  which  should 
express  this  probability  ybr  every  year  of  human  life  ; 
because  the  expectation  of  receiving  each  year's  rent 
will  depend  oil  such  contingency.  Unfortunately, 
however,  this  probability  cannot  be  denoted  by  a  coti- 
ttanl  quantity  till  after  the  extinction  of  the  oldest 
of  the  two  lives ;  because  the  chance  of  survivorship 
varies  in  every  succeeding  year  till  that  period :  and 
even  then  we  can  only  approximate  to  the  true  value. 
When  the  difference  between  the  ages  of  the  lives  in 
is  not  very  great,  the  error  will  be  but  tri« 
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fling  (as  I  have  just  observed )  by  supposing  it  to  be  an 
equal  chance  which  of  those  lives  dies  before  or  after 
the  other,  during  the  probable  time  of  their  joint  con^ 
tiouance ;  but  when  there  is  any  considerable  difference 
between  the  ages  of  the  two  lives,  this  cannot  be  an 
accurate  method  of  proceeding,  jifter  that  period^ 
however,  the  contingency  may  in  all  cases  be  expressed 
with  a  tolerable  degree  of  correctness.  But,  previous 
to  the  investigation  of  any  of  the  problems  connected 
with  this  subject,  it  will  be  necessary  to  premise  the 
following  lemmata. 


LEMMA  !•• 


§  145.  To  determine  the  probability  that,  out  of 
two  given  lives  A  and  B^  one  of  them  in  particular, 
A)  shall  fail  before  the  other. 


SOLUTION. 


It  is  evident  that  this  circumstance  may  take  place 
in  any  one  year,  1°  by  A  dying  in  that  year  and  B 
surviving  it ;  2^  by  the  extinction  of  both  the  lives  in 
the  year,  A  having  died  first.  The  probability  of  the 
first  event  happening  in  the  first  year  is,  by  §  24  and  25, 

■  "^    X  J ;  and  the  probability  of  the  second  event 

*  Fhil.  Trans.  1788,  part  II,  page  332.      Dodson,  vol.  iii. 
Qnes.  21.    Simpson,  page  100.     De  Moivre,  Prob.  18. 
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happening  in  the  same  period  is     ^    X    T    X  4  :• 

the  sum  of  these  two,  therefore,  or  i  ,  ,  will 

denote  the  whole  probability  that  A  dies  the  first  of 
the  two  lives  in  the^r^ ^  year. 
In  like  manner,  the  probability  of  the  first  event 

happening  in  the  second  year  is     "^     ;  and  the  pro- 
bability of  the  second  event  happening  in  the  same 

period  is  ^^^^  ^     }  therefore  the  sum  of  these 

*  In  all  these  annual  contingencies  I  have  supposed  it  to  be  an 
vpud  chance  that  A  dies  before  B,  whatever  may  be  the  difference 
between  the  two  ages :  and  though  this  is  not  strictly  correct, 
except  in  those  cases  where  the  two  lives  are  equal  5  yet  as  such 
chance  is  in  the  present  investigation  confined  to  each  pwrtkular 
year  J  and,  when  applied  practically,  is  involved  with  other  ^uan* 
tities  which  very  much  diminish  the  error  that  would  otherwise 
arise  from  this  hypothesis,*  it  would  be  needless  to  render  the  so* 
hition  more  complicated  and  intricate  by  aiming  at  greater  exact- 
ness. It  will  however  appear  from  this  remark  that  the  result, 
here  obtained,  is  only  an  approximation  to  the  trae  value  :  which 
it  more  and  more  correct,  the  further  we  continue  the  series. 

When  A  is  the  youngest  of  the  two  lives,  the  fraction  |  wiU 
exceed  the  chance  that  A  dies  before  B3  and  consequently  th© 
value  of  4^,  as  found  by  the  lemma,  will  exceed  the  true  value  of 
the  probability  that  A  dies  before  B  in  any  part  of  their  co- 
existence. On  the  other  hand,  when  A  is  the  oldest  of  the  two 
lives*,  the  chance  that  A  dies  before  B  will  be  more  tlian  ^ ;  an4 
consequently  ^  will  in  this  case  fall  short  of  the  true  value  of  the 
probability  that  A  dies  before  B  in  such  period.  Proper  al* 
lowances  may  be  made  in  such  cases,  when  there  is  any  material 
difference  in  the  ages  of  the  two  lives. 
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two,  or  '  ^i^A  ^  »  will  denote  the  whole  proba- 
bility that  A  dies  the  first  of  the  two  lives  in  the  je» 
cond  year.    And,  if  this  value  be  added  to  the  one  just 

found  for  the  first  year,  it  will  give  i^i \r 

I    II      I    ii 
^"^"^^Z         f^^  *^  probability  that  A  dies  the  first 

of  the  two  lives  in  two  years. 

By  a  similar  method  of  proceeding  it  will  be  found 

that  ^— — ^r will  denote  the  whole  probability 

that  A  dies  the  first  of  the  two  lives  in  the  third 
year:  which,  being  added  to  the  value  just  found  for 

two  years,  will  give  ^ ^r^^  +  ^ 2ir~"^  + 

""^2  b ^^^  ^^  probability  that  this  event  will 

happen  in  three  years. 

And  so  on  with  respect  to  the  values  for  all  the 
subsequent  years  to  the  utmost  extent  of  human  life: 
and,  if  we  make  n  equal  to  the  difference  between  the 
age  of  the  oldest  of  the  given  lives  and  that  age  in 
the  table  of  observations  at  which  human  life  becomes 

extinct,  we  shall  find  that  the  series  ^— -^  -^+ 

■(<;-.«')  X  (M) ,  (a-aV(M ,         (f-«)x(p+^) 

2ab  "•"  2ab  "*" 2ab 

will  express  the  whole  chance  of  A  dymg  before  B, 
during  that  period.    But  this  series,  reduced  to  more 


(?+/3)] 
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ample  terms^  is  equal  to  -^^X I  («— «)  X  {b+b)  -{- 

(a-a)X(i+A)+(a-a)x(*+i) <^-ft)X 

9  the  sum  of  which  I  shall  denote  by  ^; 

therefore  ip  will  express  the  probability  that  A  will  die 
before  B  during  the  probable  term  of  their  joint  con* 
tinuance :  and  its  application  will  be  showp  in  the  so« 
lution  of  the  subsequent  problems. 

« 

§  146.  In  finding  the  numerical  value  of  this 
series  for  lives  of  different  ages,  but  whose  common 
difference  of  age  is  the  same,  it  will  be  most  con* 
venient  to  begin  with  the  last  term  of  it,  or  {a—oc)X 
(jS+iS) ;  and  to  proceed  upwards  till  we  come  to  the 
ages  of  the  given  lives,  as  in  finding  the  numerical 
value  of  Annuities  :  see  Prob.  I,  cor.  2.  By  this  me- 
thod, the  process  for  finding  the  probability  of  sur- 
vivorship between  two  other  lives,  whose  ages  have 
die  same  common  difference  as  the  given  lives,  will  be 
considerably  abridged ;  since  the  latter  terms  of  the 
series  will  be  common  to  both  casies. 


§  147.  Example.  Let  it  be  required  to  find  the 
probability  that  A  the  youngest  of  two  lives,  whose 
difference  of  age  is  10  years,  shall  die  before  B  the 
eldest ;  according  to  the  probabilities  of  living  as  ob* 
served  in  Sweden^  amongst  males  and  females  collec* 
lively.  The  process  for  finding  such  values,  for  every 
f  year  of  human  life^  will  best  appear  from  the  following 
specimen. 


lift 
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By  these  examples  it  will  be  seen  that  the  proba« 
bility,  that  a  life  aged  80  will  die  before  another  lift 
aged  90,  is  expressed  by  the  fraction  *2999 ;  where 
certainty  is  denoted  by  unity :  and  that,  if  the  two 
fives  were  82  and  92,  the  probability  would  be  ex- 
pressed by  '2477*  It  will  be  seen  also^  on  inspection^ 
that  each  year's  series  is  for  the  most  part  composed 
of  the  terms  which  form  the  preceding  series  t  and 
consequently  that  the  finding  the  probability  of  sur« 
▼lYorship  between  lives  of  several  ages,  whose  com- 
mon difference  is  the  same,  is  not  much  more  labo* 
rious  than  finding  it  for  the  youngest  of  those  lives* 


§.  148.  The  abote  example  relates  to  the  proba^ 
bilides  of  survivorship  between  the  two  lives  as  ob*- 
served  in  Sweden  amongst  mankind  at  large :  but  if 
one  of  those  lives  be  a  male  and  the  other  a  female 
the  results  will  be  materially  different,  as  may  be  seen 
by  the  two  following  tables^  where  the  answer  will  vary 
according  as  the  male  or  the  female  is  the  oldest  of 
the  two  lives. 


Age  of 

Age  of 

Probability 

Age  of 

Age  of 

Probability 

A 

B 

that  A 

A 

B 

that  A 

MaU. 

Female* 

die*  first. 

Female. 

Male. 

r 

dies  first. 

87 

97 

•1209 

87 

^ 

•0000 

86 

96 

'I956 

86 

96 

•0000 

B5       gs 

'2405 

8^ 

9S 

•1228 

84 

9* 

'2811 

«4 

9* 

•1798 

83 

93 

•3147 

83 

93 

•2045 

82 

9» 

•3342 

82 

ga 

•2437 

81 

91 

•3478 

81 

91 

•2678 

80 

90 

'B534 

80 

1 

90 

•2797 
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Two  Other  tables  likewise  might' be  formed  for  the 
tame  ages;  viz.  for  those  cases  ti^here  both  the  lives 
are  males^  and  for  those  cases  where  both  the  lives  are 
females :  and  the  results  would  in  these  cases  also  be 
different  from  those  above  adduced.  But  enough  has 
been  said  to  enable  the  reader  to  calculate  the  true 
probability  of  survivorship  according  to  any  case  that 
may  come  before  him.* 

*  Mr.  Morgan  lias  given  a  "  Table  shevi'tiig  the  probabilities  of 
*'  survivorship  between  two  persons  of  all  ages^  whose  coinmoa 
"  difference  of  age  is  not  less  than  10  years^  computed  from  the 
''  NorthamptoTi  table  of  observations.'*  See  Phil,  Trans,  vol .  Ixxvlii. 
p.  337  :  or  Dr.  Price's  Obs.  on  Rev.  Pag,  vol.  i.  p.  406.  He  says 
that  the  probabUities  are  very  nearly  the  same  from  whatever  table 
of  observations  they  are  computed:  the  accuracy  of  which  remark 
may  be  best  seen  by  a  comparison  with  the  examples  above  given. 

/The  table,  here  alluded  to,  is  the  only  one  hitherto  calculated 
for  showing  the  probabilities  of  survivorship  between  any  two 
lives.  As  that  table  however  is  applicable  only  to  the  vahiation  of 
annuities  as  deduced  firom  the  Northampton  observations,  and  is 
moreover  adapted  to  every  decade  only  of  human  life,  I  shall  point 
out  an  easjr  method  whereby  we  may  obtain  a  near  value  of  such 
probability ;  which,  though  not  strictly  true,  will  be  sufficientlj 
correct  if  the  two  lives  are  between  10  and  70  years  of  age:  at 
least,  till  we  are  possessed  of  more  enlarged  tables  6n  this  subject. 
Let  the  expectation  of  A's  life,  as  found  by  Prob.  I,  cor.  7,  be  de- 
noted by  e;  and  let  the  expectation  of  B*s  life  as  found  in  the 

same  manner  be  denoted  by  e :  then  will  <&=:-—• 

This  formula  is  deduced  from  the  assumption  that  tlie  decre- 
ments of  life  are  equal  and  uniform  at  every  age,  agreeably  to  the 
principles  of  M«  De  Moivre  which  will  be  more  fuUy  explained  in 
Chapter  IX :  and  is  one  of  the  many  instances  of  the  utility  and 
convenience  of  that  celebrated  hypqthesis*    llie  foUowii)g  ei^-^ 


V 
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COROLLARY   I. 

§  149.  If  the  sum  of  any  number  of  terms  of  that 
series  be  subtracted  from  the  probability  of  the  failing 
of  the  joint  lives  in  that  term,  the  difference  will  de« 
note  the  probability  that  B  will  dift  before  A  in  that 
time.  Consequently  (since  it  is  certain  diat  one  or 
other  of  them  will  die  before  the  end  of  n  years)  if 
the  sum  of  the  whole  series  be  subtracted  from  unity^ 
the  difference,  or  1  — 1|/,  will  express  the  whole  chance 
of  B  dying  before  A  during  the  probable  term  of  their 
joint  continuance. 

COROLLARY   II. 

5  150.  When  the  two  lives  are  equal,  the  sum  of 
the  general  series  given  in  the  problem  is  equal  to  ^ ; 
that  is,  xp  =  ^. 


amples^  deduced  from  the  Norihampton  observations  and  com- 
pared with  the  valoes  found  bj  the  Leoima,  will  show  how  fan  It 
may  be  relied  on* 


'   m 


Age  of 

Am  of 

Value 

Value 

A. 

^ 

by  Hypothesis. 

by  Lemma. 

30 

30 

*4338 

•4231 

30 

40 

*3453 

-3429 

30 

50 

•2692 

•2650 

30 

GQ 

'i976 

•1931 

30 

40 

•4062 

•4094 

30 

50 

'3182 

•3170 

30 

60 

•2336 

'2302 

40 

50 

•3897        1 

•3933 

40 

60 

•280*2 

•3S82 

50 

60  ' 

•3071 

•3756 

1 

4 

• 
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SCHOLIUM.     . 

§  151.  Since  A  and  B  may  denote  lives  of  any 
ages,  and  therefore  the  series  given  in  the  problem 
extends  to  all  cases ;  whereby  tp  becomes  a  general 
Expression  for  the  probability  of  survivorship  between 
any  two  lives :  yet,  as  different  probabilities  may  here- 
after arise  in  the  same  problem,  and  as  much  confu* 
tion  may  be  created  by  the  use  of  the  same  character 
to  express  different  quantities,  t  here  take  the  oppor- 
tunity of  observing  that  I  shall  denote  the  several  pro- 
babilities of  survivorship  that  may  take  place  between 
any  two  of  the  three,  lives  A,  B,  C,  by  the  following 
symbols :  viz. 

A  dying  before  B  s  xp 

A  •     •     •     •     vj  ss  'qt 

B   •    •    •    •    G  =  (p 
whence  it  follows,  by  Con  1 ,  that  the  probability  of 
B  dying  before  A  =  1  —  ij; 
C  •     •     •     •     A  =:  1  -"•  w 

C  .    .    .    .    B= 1  — ^ 


LEMMA  II.* 

§  152.  To  determine  the  probability  that,  out  of 
two  given  lives  A  and  B,  one  of  them  in  particular.  A, 
shall  die  after  the  other. 

*  Phil.  Trans.  1794^  part  U,  page  224.  Dodson,  vol  I'll 
Ques.  ig. 
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SOLUTION. 


It  is  manifest  that  this  circumstance  can  take  place  io 
the  first  year  only  by  the  extinction  of  both  the  lives, 

A  having  died  last ;  the  probability  of  which  is  ^- —  x 

■  ^    X  ^j*  an  expression  which,  for  reasons  that 

will  hereafter  appear,  I  shall  m^I^^  ^ual  to  ^^  -»* 

But  in  the  second  and  following  years,  the  event 
may  taH:e  place,  l^  by  the  extinction  of  both  the  lives 
in  the  year,  A  having  died  last  j  2*  by  the  dt^cease 
of  A  in  the  year,  B  having  died  in  either  of  the  pre« 
ceding  years.    The  probability  of  Che  first  of  these 

events  happemng  in  the  siecond  year  is  i^IlfL^ijzJ. ^ 
and  the  probability  of  the  second  event  happening  JQ 

the  same  period  is     '^    ^  (^  ""t)'  ^^^  ^^^  ^^  ^hese 

two,  therefore,  or  ^^  —  ^^  ^  \  will  denote  th^ 
whole  piK>bability  that  A  die$  after  B  in  the  ^eam4 
year ;  and  which  expression,  being  added  to  the  value 

jusilt    found  for   the    first    year,   will  give  5^  — 

(fl-fl)x(^+i)  ,  a-i-a       (a— a)x(»+»)     ^       t  t^  t  • 

'    2ab   .f  ■' +^V  ^  ^ k? ^>  '^  *^  V^^^^'^ 

Uty  that  A  dies  after  B  in  two  years. 

*  See  ^  note  in  page  iO{|. 


/• 
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In  like  manner,  the  probability  of  the  first  erent 

happening  in  the  third  year  is  ^——^ ^  saul  the 

probability  of  the  second  event  happening  in  the  same 

period  is  -^^  X  (^"•t)  J  ^^  ^^"^  ^^  which,  or 

»       W  //       tU  It       (11 

c--fl__(fl— a)  X  (  4-  ) ^  ^1  denote  the  whole  probabi- 
lity of  A  dying  after  B  in  the  third  year:  and  which 
expression,  being  added  to  the  value  just  found  for 

two  years,  will  give  — '-^ +  "^  - 

lity  that  A  dies  after  B  in  three  years. 

Ajud  so  on  with  respect  to  the  values  for  every  sub- 
sequent  year:  and  if  we  make  n  equal  to  the  dif.- 
ference  between  the  age  of  the  oldest  of  the  given 
lives  and  that  age  in  the  table  of  observations  at  which 
human  life  becomes  extinct*^  we  shall  find  that  the 


^  Mr.  Morgan  has  taken  this  term  equal  only  to  the  difierence 
between  the  age  of  the  oldest  of  the  given  lives  and  the  age  of  the 
oldest  iife  in  the  table  of  ofaservations :  whereby  he  has  omitted 
the  chance  of  one  life  dying  after  the  other  in  the  loit  year  of  tbeir 
joint  existence.  The  reader  must  bear  this  in  mind  when  com* 
paring  the  values,  deduced  by  this  rule,  with  the  values  deduced 
from  the  rule  given  by  Mr.  Morgan.  I  would  here  observe,  that 
the  formula  above  given  is  not  only  the  most  correct  of  the  two» 
but  also  renders  the  several  expressions,  in  which  it  is  afterwards 
used,  much  more  simple  than  those  which  are  deduced  according 
to  Mr.  Morgan's  assumption.    And«  agreeably  to  these  principles. 


i 
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'         If        /I    m  ft— >« 

senes 1 1 + 


a  a      '      a  a 

(fl-fl)x(*+a)  ,  (a-a)x(H^)  ,  (a-a)x(Ht)  , 

-  I  will  express  the  whole  chance 


2ab 

of  A  dying  after  B  during  that  period ;  that  is,  during 
the  probable  term  of  their  joint  continuance. 


ff 

a-^a  ,  II— a 


But  the  first  part  of  this  series,  or 1 + 

?--^+ "^""j  is  evidently  equal  to = 

(l  — — )}  that  is^  equal  to  the  probability  diat  the  life 
A  shall  fail  in  that  period :  and  the  latter  part  of  the. 
series,  which  is  to  be  subtracted,  is  (by  the  preceding 
Lemma)  equal  to  ip :  consequently  the  total  required 

value  for  n  years  will  be  denoted  by  (l )  —J/. 


k  will  be  found  that  the  table  which  Mr.  Morgan  has  glven^  of  the 
probabilities  of  one  life  dying  after^the  other,  b  totally  useless: 
since  its  application  may  always  be  avoided  in  practice ;  as  will  be 
evident  from  the  method  punued  in  the  investigation  of  the  pio^ 
Uems  in  this^  and  in  the  eighth  Chapter  of  the  present  work. 

Should  the  reader  be  desirous  of  knowing  the  probability  that  A 
will  die  after  B  during  the  period  of  their  joint  continuance^  oc* 
cording  to  Mr,  Morgan* s  assumption,  he  will  find  that  it  is  denoted 

by  f  1  "*~^]  **4^  •  ^^  '^9  ^7  substituting  ft  for  a  in  the  formula 

which  I  have  given  in  the  text.     In  like  manner  the  probability 
'  of  B  dying  after  A  in  that  period  will,  upon  the  same  assumption, 

be  denoted  by  by  ^ — j- ;  that  is,  by  substitutibg  )3  for  j3  in  the 
formula  given  in  the  scholium.  And  so  of  the  other  quantities 
there  adduced.  # 
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COROLLARY   I, 

§  153.  If  the  sum  of  any  number  of  tenns  in  the 
above  series  be  subtracted  from  the  probability  of  both 
the  lives  failing  in  that  time,  the  difference  will  de«f 
note  the  probability  that  B  will  die  after  A  during  that 
period.     Consequently  if  the  sum  of  the  whole  series 

jfcbove  given  be  subtracted  from  (l  —  —)  >f  (l  — "f")  = 
^  — •^— y,*  (or  the  probability  that  both  the  lives 
fell  in  that  period)  the  difference,  or  (l  — — — f")~ 
(l — ^— >(/)  =  ij/  — -y,  will  e:q)re^  the  chance  of  & 
dying  after  A  in  that  period. 


COROLLARY   IL 


S  1 54.  Wheq  the  two  lives  are  both  of  the  same 
age,  i{;  becomes  equal  to  |^ ;  as  already  mentioned  i^ 
the  second  corollary  to  the  preceding  Lemma :  conse* 
quently  the  sum  of  the  series  in  the  present  I^emma 
becomes  also  equal  to  ^. 


SCHOLIUM. 

S  1 55.  In  order  to  prevent  the  confusion  of  quan* 
titles  alluded  to  in  the  Scholium  given  in  page  1 169 1 
shall  here  denote  the  several  probabilides  of  sumvqr-^ 

*  Since  It  is  ceriam  that  one  or  other  of  the  lives  will  be  extinct 
at  the  end  of  n  years^  it  follows  that  the  quantity  —- ,  whic)^ 
fpses  from  this  product,  will  vanish  altogether. 
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« 

riup,  which  have  been  the  subject  of  this  Lemma,  and 
wbich  may  arise  between  any  two  of  three  Jives  A»  Qt 
C>  by  the  following  symbols :  viz, 

A  dying  after  B=l  — ip 


a 
a 
a 


a 

whence  it  follows  by  Cor.  1^  that  the  probability  cf 
B  dying  after  A  ==ip— j- 

C<  •      •      •      •     A  =ij  ' 

C  .    .    •    •    B  =  ^— 21 

5  1 56.    It  should  here  be  remarked  that  the  above 

expressions  denote  the  respective  probabilities  of  sur-r 

vivorship  for  n  years  only,  or  during  the  probable  time- 

of  the  joint  continuance  of  the  two  lives;  and  that  • 

the  values  are  deduced  without  any  regard  to  seniority. 

Therefore,  when  A  is  the  oldest  of  the  two  lives  the 

general  expression  in  the  Lemma  will  become  l—\^\ 

because  a  becomes  equal  to  0,  and  consequently  the 

fraction  —  vanishes  altogether.     But,  when  A  is  the 

youngest  of  the  two  lives,  that  expression  will  not  d&f 

note  the  whole  probability  pf  A  dying  after  B,  since 

there  is  a  further  chance  of  A  dying,  after  having 

survived  B.    In  order  to  determine  this  probability 

*   for  the  subsequent  years,  the  series  in  the  Lemma  must 

b^  continued  till  the  e:[(tinctiop  of  A*s  life ;  whence  It 
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xnJi  be  found  that  the  probability  of  A  dying  after  B 
in  (n+l),  («4-2),  (n+3),  &c,  years  will  be  respec- 

tively  denoted  by  1  — ip ,  1— vj; ,1— vp  — 

^,  &c ;  ^o  the  utmost  extent  of  A's  life,  at  which 

period  the  expression  becomes  l-^i{^ 

In  like  manner,  when  B  is  the  oldest  of  the  two  lives, 
the  probability  that  B  will  die  after  A  becomes  equal  to 
4/:  but,  if  B  be  younger  than  A,  the  general  expression 

above  given,  ip-^y »  denotes  the  probability  of  that 
event  taking  place  during  n  years  only,  or  during  the 
probable  time  of  their  joint  continuance.  And  the 
probability  of  the  same  event  talking  plaice  in  (n+l), 

(n+2)>  (^+3),  &c,  years  will  be  respectively  denoted 

S  &  H 

by  ij' — ?■>  ^""y*  ^""T»  ^^5  *^  ^^^  utmost  extent 

of  B's  life,  when  the  expression  at  length  becomes 

^ual  to  i|;.    The  same  observations  wiU  apply  to  the 

Other  quantities  above  given. 


PROBLEM  XIX.* 

V 

5  157.  To  find  the  value  of  a  reversionary  an- 
nuity on  the  life  A^  after  the  longest  of  two  lives  B 
and  C,  on  condition  that  B  dies  after  C. 

*  Simpson's  Sup,  Prpb.  34.    Dodson^  voE  iii.  Ques.  30.  Mor« 
gan,  Prob.  27,  cor.  aud  in  Phil.  Trans,  for  1794,  page  240. 
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SOLUTION. 

The  chance  which  A  has  of  recdving  this  annuitjr 
at  the  end  of  any  one  year  will  depend  on  the  con* 
tinuancle  of  his  life  to  the  end  of  such  term,  and  on 
the  extinction  of  both  the  lives  B  and  C  previous 
thereto ;  restnuned  however  to  the  contingency  that 
B  dies  last.  It  is  this  contingency  which  it  is  so  dif* 
ficult  to  represent  in  such  a  manner  as  to  be  generally 
useful.  In  the  short  space  of  one  year^  as  I  h^ve  ber 
fore  observed  (page  109)^  the  error  is  not  material  by  * 
taking  one  half  the  product  of  the  probabilities  that 
the  two  lives  shall  £ul  m  that  period.  ^^  But,  when 
**  the  number  of  years  and  the  difference  between  the 
^  ages  of  the  two  lives  are  considerable^  those  chances 
^^  must  vary  in  proportion ;  and  therefore  unless  the 
^'  condngency  is  blended  with  another  which  -shall 
<'  very  much  diminish  the  probability  of  the  ev^t, 
^^  the  soludon,  by  thus  indiscriminately  supposing  the 
^^  chances  to  be  equal,  must  be  rendered  extremely 
**  inaccurate**'^ 

$  158.    If  the  probability  of  B  dying  after  C  in 
pne^  twOf  threcy  &c,  years  (as  found  by  the  second 

Lemma)  be  severally  denoted  by  y,  y^  y^  &c,  the  ex- 


*  These  are  Mr.  Morgan's  own  words  when  speaking  of  Mr. 
Simpson's  method  of  solution ;  see  PhU.  Trcms.  \79^»  ?^%^  27^. 
We  shall  find^  in  the  sequel^  that  he  has  fallen  into  the  same  error 
himself. 
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• 

pectation  which  A  has  of  enjoymg  the  annuity  at  the 
end  of  those  years  Will  be  represented,  with  a  suffix 

#    / .  It   n  mm 

dent  degree  of  accuracy,*  by  ^^,  j^„  ^^., 

Ucy  respectively.  But,  in  this  case  the  true  value  of 
the  reversionary  annuity  could  not  be  e9:pre$sed  by 
less  than  n  different  series;  and  therefore  would  be 
wholly  unfit  for  general  use. 

• 
§  159.  It  appears,  from  what  has  been  here  said, 
that  the  chance  of  one  life  dying  before  or  after  an- 
other differs  in  every  year  of  their  joint  esdstence ;  am}^ 
that  it  is  not  capable  of  being  represented  by  a  con* 
slant  quantity  till  the  extinction  of  the  oldest  of  such 
lives.  After  that  period,  however,  the  expectation 
which  A  has  of  enjoying  ti>e  annuity  at  the  end  of  any 
subsequent  year  may  be  determined  suificieatly  near 
for  any  useful  purpose  by  the  help  of  the  preceding 
lemmata.    Consequently,  all  that  appears  further  ne- 

«  Mr.  Morgan  says  {PhiL  Trans,  for  I7g4,  p.  239)  that  tbeie 
quantities  would  give  the  exaci  value  of  the  reversionary  annuity: 
but  he  asserts  this  on  the  presumption  that  the  values  deduced 
£rom  the  Lemma  give  the  irue  probabilities  of  survivorship  for  tvery 
year  of  human  life.  Whereas  those  values  approximate  only  in 
proportion  to  the  length  of  the  series ;  and  are  incorrect  in  the  first 
terms  of  such  series,  when  there  is  any  considerable  inequality 
between  the  ag^s  of  the  two  Uves.  Nevertheless,  if  they  could 
be  at  all  rendered  fit  for  practical  purposes,  jtbey  would  enaUe  ^a 
|(>  approximate  more  nearly  to  the  trie  value  of  the  leversiooaqr 
(innuity  than  tl^e  inaccurate  n^etbod  hitherto  adopte4* 


1 
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cessary  for  the  proper  soludon  of  the  problem  is  such 
an  expresdon  as  vnlX  approximate  to  the  value  of  the 
chance  that  B  will  die  after  C  during  the  several  years 
of  their  joint  continuance*  Let  such  expression  be 
denoted  by  x  >  Q^^  value  of  which  will  be  the  subject 
of  a  future  inquiry,  see  §  1 73) :  then  will  the  value 
of  the  reversionary  annuity,  depending  on  the  con- 
tingency mentioned  in  the  problem,  be  determined  in 
the  following  manner. 


§  1 60.  It  is  manifest  that  the  payment  of  the  an- 
nuity in  any  one  year  depends  on  the  continuance  of 
the  life  A  to  the  end  of  that  year,  and  on  the  extino< 
tba  of  both  the  lives  B  and  C  previous  thereto^  B 
having  died  last:  the  probabilities  of  which  events 
for  the  first,  second,  third,  &c,  years  are  respectively 

denoted   by  ^(i-t)  ^  O'tK'  T^-t)  ^ 


tt  tn  m  in 

c  \       a  f  ^       ft\../-        c 


the  sum  of  the  expectations  of  receiving  the  annuity 
at  the  end  of  those  periods  respectively  will,  for  the 
first  n  years,*  be  denoted  by  the  following  series, 

*  I  would  here  observe,  once  for  all,  that  in  this  and  the  two 
subsequent  problems  I  take  n  to  denote  the  number  of  years  be- 
tween  the  age  of  the  oldest  life  involved  in  the  question,  and  that 
fge  in  the  table  of  observations  when  human  life  becomes  extinct : 
consequently  the  value  of  n  will  vary  according  to  the  three  cases 
given  in  these  problems. 


• 
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r*  n        nil        u  II        ¥11  u  "n 
r*  iw        III  Iff        w  HI         w  m  m  "^ 

§  161.  G»tf  I.  Let  A  be  the  oldest  of  the  three 
lives.  It  is  evident  that  in  this  case  the  series  above 
pven  will  denote  the  whole  value  of  the  reversionary 
annuity  required:  because  in  the  rfi^  year  the  life  A 
becomes  extinct,  and  all  the  subsequent  terms  of 
the  series  vanish.  But  the  above  series  is  equal  to 
yX^A—AB-^AC-^-ABCy.  that  is,  equal  to  the 
value  of  a  reversionary  annuity  on  the  life  A  after  the 
longest  of  two  lives  B  and  C,  multiplied  by  the  chance 
that  B  dies  after  C* 

*  According  to  the  method  of  solution  adopted  by  Mr.'  Simpson 
and  Mr.  Moxgan^  the  values  (in  all  those  cases  where  A  is  the 
oldest  life)  will  be  precisely  the  same^  whatever  be  the  difieience 
of  age  between  B  and  O,  whether  the  contingency  depends  on  B 
dying  after  C,  or  C  dying  after  B.  Thus,  the  value  of  A  annuity  6a 
a  life  aged  78  to  be  entered  upon  at  the  extinction  of  two  lives  aged 
15  and  75  (which  is  one  of  the  cases  given  by  Mr.  Morgan)  is  the 
same  whether  the  contingency  depends  on  the  younger  life  dying 
after  the  elder^  or  on  the  elder  dying  after  the  younger.  But  it 
must  be  evident  that  an  annuity  depending  on  the  former  contin« 
gency  is  worth  more  than  a  simibr  annuity  depending  on  the  latter 
oontiog^cy.    Vtx,  the  time  of  A*s  commg  into  possession  is  tfa* 

2 
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§  162.     Ctue2«    Let  B  be  the  oldest  of  the  diree 
fives.    In  this  case,  the  above  series  will  denote  the 

same  in  both  cases;  viz.  on  the  extinction  of  loth  the  lives:  there- 
fore the  value  of  the  annuity  will  be  affected  only  by  the  oontin* 
gency  of  one  life  dying  after  the  other. 

Mr.  Morgan,  in  attempting  to  give  a  more  correct  solution  for 
the  value  of  such  annuities  after  the  extinction  of  the  oldest  life, 
has  overlooked  the  most  material  part  of  the  process,  which  is  to 
obtain  a  more  accurate  expression  for  the  value  of  such  annuities 
durirtg  the  joint  continuance  of  all  the  lives.  I  am  aware  that  Mr« 
Morgan  asserts  that,  by  taking  it  as  an  equal  chance  whether  B 
dies  before  or  after  C  in  any  given  period,  the  value  of  the  an* 
nuity  which  results  from  this  assumption  will  be  sufficiently  near 
the  true  value  for  any  useful  purpose :  and  he  has  given  some  ex- 
amples with  a  view  to  prove  the  accuracy  of  his  remark.  I  shall 
here,  however,  take  the  opportunity  of  observing  that  what  he 
calls  the  true  value  is  only  an  approximation,  which  difiers  most 
from  the  true  value  in  those  very  cases  where  ii  is  most  wanted  as 
a  test.  He  has  deduced  certain  values  from  a  false  hypothesis ; 
and  afterwards,  assuming  these  values  as  if  correct,  endeavours  to 
prove  that  another  method  of  approximation  used  by  him  is  ac* 
corate  became  it  agrees  with  these  assumed  values.  Now,  from 
what  has  been  said  in  the  preceding  pages,  I  think  .it  must  be 
evident  that,  when  there  is  any  considerable  difference  between  the 
ages  of  the  two  lives,  the  value  of  the  probability  deduced  by  the 
lemmata,  will  not  be  the  correct  value  for  every  year  of  human  life: 
neither  will  the  method  of  proceeding,  alluded  to  in  §  158,  enable 
us  in  such  cases  to  obtain  the  true  value  of  the  reversionary  annuity. 

1  hesc  observations  apply  to  the  table  inserted  by  Mr.  Morgan  in 
the  Phil.  Trans,  for  1794,  page  234,  and  to  the  examples  given, 
by  him  in  page  239  ^^  ^®  wxqq  volume.  Mr.  Morgan  says  *'  that 
**  the  approximations  and  exact  values  do  not  differ  much  from 
'*  each  other  till  the  last  years  of  the  oldest  life  :**  but  the  fact  is 
that  they  differ  nearly  in  the  same  ratio  throughout  the  whole  thue 
of  the  joint  continuance  of  the  two  lives.  His  own  remarks 
'prove  the  inaccuracy  of  his  method  of  reasoning. 
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talue  of  the  reversidliafy  annuity  for  the  first  n  years 
(n  now  denoting  the  number  of  years  between  the 
age  of  B  and  that  age  in  the  table  of  observations  when 
human  life  becomes  extinct) :  and  the  sum  of  it  will 

be  found  equal  to  x[(^)^— ^5-(^C)^+^BC]* 

For,  the  first  and  third  of  these  perpendicular  series 
being  continued  to  n  terms  only,  the  sum  df  those 
terms  will,  by  Prob.  I,  cor.  4,  be  accurately  represented 
by  the  characters  here  given:  and  the  second  and 
fourth  perpendicular  series  evidently  denote  the  whole 
value  of  the  annuities  on  those  lives  respectively  j 
Muce  in  the  n*  year  the  life  B  becomes  extinct  and 
all  the  subsequent  terms  of  those  series  vanish. 

Now,  in  order  to  determine  the  expectation  of  re« 
ceiving  the  several  rents  in  the  remaining  years  of  A's 
life,  it  should  be  observed  that  the  payment  of  the  an- 
nuity in  any  one  year  depends  on  the  continuance  of 
the  life  A  to  the  end  of  that  year,  and  on  the  proba- 
bility  that  B  dies  after  C  previous  thereto :  but  the 
probability,  that  B  will  die  after  C  in  the  (n+l)"  and 
all  the  subsequent  years,  is  (by  the  scholium  to  the 
second  Lemma)  denoted  by  the  constant  quantity 
(1—0).*  Consequently  the  sum  of  the  expectations 
of  receiving  the  (n+iy\  (n+S)"**,   (»+S)"*,  &c, 

yearns  rents  will  be  expressed  by  the  series  ~  *"  V^  1  + 


*  Because^  in  the  general  expression  tfaere  given^  j3  becomei 
equal  to  0  when  B  is  the  oldest  life  |  and  the  firattion  ^y  03a« 
seqoently  vanishes. 
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^Q^ — "-^      o+  &c :  which,  being  continued 

for  all  the  subsequent  years  of  A's  life,  will  show  the 
true  value  of  all  the  rents  to  be  received  after  n  years,' 
But  the  sum  of  this  series  is,  by  Prob.  I,  cor.  S,  equal 

to(l-^^)X(^  ;  and  which,  being  added  to  the 
first  n  terms  of  the  several  collateral  series  above  found, 
will  make  the  total  value  of  the  annuity  in  this  case 

equal  to  x[(^)^-^fi-(-^Cy  +  ^BC]  +  (l-(p) 

X{A)\   But,  since  (/f)^=^-(^)^,  and  (ACf= 

AC—  {AC)  ,  as  appears  from  Prob.  I,  con  4,  it  fol- 
lows that  this  value  may  be  more  conveniently  ex- 
pressed by  xlA-AB-AC+ABC^+{l—(p-  %)  x 

{A^+XiAC)"^.* 

S  1 63.  Case  S.  Let  C  be  the  oldest  of  the  three 
lives.  The  value  of  all  the  rents  for  the  first  n  years 
(n  now  denoting  the  number  of  years  between  the 
age  of  C  and  that  age  in  the  table  of  observations 
when  human  life  becomes  extinct)  may  in  this  case, 

*  I  would  here  observe  that  the  rule  given  by  Mr.  Simpson  for 

the  solution  of  this  case  is  expressed  bjr  {A^2jiB+jiBB)'--t 

where  b  denotes  the  expectation  of  the  life  6  as  deduced  from 
the  rule  in  page  49,  and  where  ij  denotes  the  expectation  of  the 
life  C  as  deduced  from  the  same  rule. 

When  C  is  the  oldest  life,  this  value  must  be  deducted  from  tho 
whole  value  of  an  annuity  on  the  life  A  afler  the  longest  of  the 
two  lives  B  and  C5  agreeably  to  the  method  which  will  be  ex« 
plainbi  in  the  nots  in  page  14O11 

K 
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to  in  the  last,  be  denoted  by  the  first  n  terms  of  the 
series  given  in  the  Problem ;  and  the  sum  of  which  will 

now  be  eq^al  to  x[(^^-(^fi)^— ^C  +  ^^C]* 
^  For,  the  first  and  second  of  those  perpendicnlaar  series 
being  continued  to  n  terms  only,  the  sum  of  those 
terms  will  be  truly  denoted'  by  the  characters  here 
fpiwx :  but  the  last  two  perpendicular  series  evidently 
denote  the  value  of  annuities  on  the  tohole  coniumance 
of  those  lives  re^ectively;  because  in  the  n^^  year  the 
life  C  Is  extinct. 

Now  in  order  to  determme  the  expectation  of  re- 
ceiving the  several  rents  in  the  remaining  years  of  A's 
Efe,  it  should  be  observed  that  the  probabtfity  of  B 
dying  after  C  in  (n-f*0>  (»+2),  (n+3),  &c,  years  is^ 
by  the  scholium  to  the  second  Lemma,  respectively 

denoted  by  (1-^-4),  (i-^-l),  (i-0-l), 

&c :  consequently,  since  the  payment  of  the  annuity 
in  any  one  year  depends  on  the  continuance  of  A's 
life  to  the  end  of  that  year  and  on  B  having  died  after 
C  previous  thereto^  it  follows  that  if  these  values  be 

I        K      fir 

severally  multiplied  by  — ,  -,— ,  &c,  (or  the  proba* 

biKty  that  A  will  live  (n+l),  (n  +  2),  (n  +  S),  &c, 
years  respectively)  the  products  thence  arising  wifl  ex- 
press the  whole  chance  of  receiving  each  year*s  rent 
respectively.  And  these  products,  being  again  multi- 
plied by  the  present  value  of  <£l  due  at  the  end  of 
Aose  req)cctive  periods,  will  give  the  expectations  of 
receiVing^  such  sum  at  the  end  of  those  years :  and 
which  will  be  expressed  by  the  following  series,' 


I 


c 

Bttt  the  sum  of  these  two  perpendicular  series,  eon« 
tinued  to  tht  utmost  extent  of  A's  life^  is  by  Prob.  I, 

cor.  S,  equal  to  (1— ^)x(^)^— (-^5)^;  and  \«^hich/ 
being  added  to  the  first  n  terms  of  the  several  colla- 
teral series  above  found,  MriH  make  the  total  value  of 

she  annuity  in  this  case  equal  to  xV(A)^^{j4B)^'^ 

(^j4B)  :   an  expression  which,  from  what  has  been 
said  in  the  last  case,  may  be  more  conveniently  de* 

noted  by  x[^-^^-^(^+^BCJ+(l—(p-x}X 


COROLLARY. 

i 

%  I64f.    If  the  two  lives  in  possession  are  both  of 
the  same  age,  B,  tjien  (p  and  %  each  become  equal  t6 

^,  and  the  quaiittties  {AB)  and  {AC)  vanish  alto- 
gether :  consequently  the  expression  in  each  case  be- 
comes ^[A'^2AB+ABE^y  that  is,  equal  to  half 
the  value  of  a  reversionary  annuity  on  the^life  A  afier 
the  longest  of  two  e^uad  lives  B  and  B. 

k8 
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'  But,  if  the  two  lives  in  possession  are  of  the  same 
age  with '  the  life  A  in  reversion,  this  expression  will 
become  ^[^—  2  A  A + AAA']. 


PROBLEM  XX.* 

§  165.  To  find  the  value  of  a  reversionary  annuity 
on  the  life  A,  after  two  joint  lives  BC,  on  condition 
that  B  dies  before  C. 

SOLUTION. 

The  payment  of  this  annuity  at  the  end  of  any  oije 
year  depends  on  the  continuance  of  the  life  A  to  the 
end  of  that  year,  and  on  the  extinction  of  the  life  B. 
before  C  previous  thereto.  As  this  latter  contingency 
cannot  be  conveniently  represented  with  accuracy  for 
every  year  of  human  life,  it  becomes  necessary,  as  in 
the  last  problem,  to  have  recourse  to  an  approximation 
during  the  number  of  years  that  the  lives  have  a 
chance  of  continuing  together.  Therefore  let  the 
same  symbols  be  used  as  in  that  problem :  and  let  us 
consider  the  payment  of  the  annuity,  during  the  first 
n  years,  as  depending  in  each  year  on  one  or  other 
of  two  events :  1°  that  A  lives  to  the  end  of  the  year, 
and.  that  B  and  C  both  fail  previous  thereto  B  bar-* 
ing  died  first :  2°  that  only  B  dies  previous  thereto, 

^  Simpson's  5ttp.  Prob.  35.     Dodson,  vol.  iii.  Ques.4g.    Mor« 
gan^  Prob.  27 :  and  in  Phil.  Trans,  for  1 794,  page  235* 


i 
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and  that  A  and  C  both  live.  The  probabiHty  of  the 
happening   of  the  first  event  in  the  first  year  is 

-^{l-|)  X  (l-  -^-)  X(l-%);*  and  the  probability* 
of  the  happening  of  the  second  event  in  the  same 

period  is  ( 1  —  -r )  X  — '  therefore  the  sum  of  these 
two,  reduced  to  simple  terms  and  muhiplied  by  ( 1  +  p)~ ', 

will  give  (l  +  e)'xL---j-(--^-^^-  + 

I     I  f  -1 

— T~)%  I  for  the  total  value  of  the  expectation  of  re- 
ceiving the  first  year's  rent.  By  a  similar  method  of 
reasoning  we  may  find  the  expectation  of  receiving  the 
second,  third,  &c,  year's  rents :  and  the  sum  of  all 
these  expectations  for  the  first  n  years,  will  be  de- 
noted by  the  following  series, 

/*f\-ivl.^       ^^       t  ^       0  0       ac    .    avc  X  , 

0+e)  xLa-«r-(«-:^-^+-«TF)^J+ 

p"  w         //  ft  n         II  n         II  u  u  V  it         "n 

/^i     \-«,.>l^       ^^       /«       0,0       ac    .    abc  \        I, 

r*  /H  ///  •«  in         III  lit         ill  in  III  ni  HI      ^r^ 

/I   I     \-5^.       **        Off       .a       ab       ac    .    abc\        \     ' 

5  166.  Case.  1.  Let  A  be  the  oldest  of  the  three 
lives.     It  is  evident  that  in  this  case  the  series  above 

*  Since  p^  denotes  the  chance  that  B  will  die  after  C  in  every 
year*  of  their  joint  eitistence,  it  follows  that  1  — ;c  will  denote  the 
chance  that  B  will  die  before  C  in  the  same  periods. 


nven  will  express  the  whole  value  of  the  reversionauy 
annuity  required :  because  in  the  n^^  year  the  life  A 
1>eooines  extinct,  and  all  the  subsequent  terms  of  the 
series  vanish.  But  the  above  series  is  in  such  case 
evidently  equal  to  ji '-j4B^xl^—^B—jiC  + 

§  (6?.     Case  2.    Let  B  be  the  oldest  of  the  three 

4 

lives.  In  this  case,  the  above  series  will  denote  the 
value  of  the  reversionary  annuity  for  the  first  n  years, 

land  the  sum  of  it  will  be  found  to  be  (^)^  —  jiB  — 

^  ^{ji)^-jiB  -  (jiCf + ^BCy  In  the  subsequent 

years,  the  chance  of  receiving  the  annuity  will  depend 
on  the  continuance  pf  the  life  A,  and  on  the  proba* 
bility  of  B  dying  before  C :  therefore  the  value  of 
the  annuity  for  the  remaining  years  will  be  denoted 

by  the  sum  of  the  series  — ^^  , .  -4 ^'^'   ^  + 

—  ■  *^  3  +  &c=^(^)  .  Consequently  the  total 
value  of  the  required  annuity  vnXL  he  ^  —  ^B  -^ 

X{ACy\ 

§  I6&  Ciise  S.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  th^e  above  series  will  also  denote 
the  value  of  the  reveraonary  annuity  for  the  first  n 
jears;  the  sum  of  which  will  now  become  equal  to 
(^)t^  {jiBf-X^i^Af^  (^JBf^uiC^  ABCy 
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and  the  nhse  of  the  atuuutjr  &r  the  remwaiog  yam 
Hiil  be  truly  esprefised,  as  in  the  last  case,  by  (p{A). 
CSooaequeiitly  the  total  vahxe  of  the  annuity  required 
^1  be  ^•-^JB-xC^-^B-^C+-rfBC3-^ 

(i-^-x)x(^)^+(i-x)x{^B)^. 


COHOIiLART. 


§  169.  If  the  two  lives  in  possession  are  both  of 
the  same  age  B,  then  (^  and  x  wUl  each  (as  in  the 
corollary  to  the  last  problem)  become  equal  to  ^,  and 

the  quantities  {ABy  and  {ACy  vanish  altogether : 
consequently  the  value  of  the  revertionary  annuity  in 
each  case  is  expressed  by  i^A-^ABE^. 

But  when  the  two  Kves  in  possession  are  of  the 
same  age  as  the  life  A  in  reversion,  this  eicprsssioti 
will  become  equal  to  iC^-*-  AAAi}. 


SCHOLIUM. 


%  no.  If  the  value  found  according  to  dther  of 
the  three  cases  in  this  problem  be  added  to  the  value 
found  according  to  the  corresponding  case  in  the  pre- 
ceding problem,  their  sum  will  be  equal  to  A—AE. 
Consequently,  if  the  value  of  the  annuity  in  either 
case  of  the  preceding  problem  be  once  determined, 
the  value  of  the  same  annuity  according  to  the  cor- 
responding case  in  the  present  problem  may  be  easily 
found  (iHovided  the  ages  of  the  three  liVes  A,  B,  C, 
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are  the  same  in  both  instances)  by  subtracting  the  for* 
.mer  value  from  A-^AB:  and  vice  versd. 

This  is  almost  ^elf-evident:  for,  taking  the  contin* 
gencies  of  both  problems,  it  is  manifest  that  the  an* 
nuity  is  certain  to  be  enjoyed  by  A  after  the  decease 
of  B,  provided  he  lives  so  long.  Consequently  the 
sum  of  the  values  found  by  both  problems  must  ia 
each  case  be  equal  to  the  value  of  a  reversionary  an<» 
nuity  on  the  life  A  after  the  decease  of  B.  The 
truth  of  this  scholium  is  indeed  evident  on  inspection. 


PROBLEM  XXL* 

§171.    B  and  C  possess  ap  annuity  between  them ; 
.which,  if  B  survives  C,  is  afterwards  to  be  equally  di- 
vided between  A  and  B  during  their  joint  existence, 
and  then  is  to  go  entirely  to  the  survivor  for  his  life ; 
To  find  the  value  of  the  share  of  A  in  this  annuity. 


SOLUTION. 

Singe  A  is  not  to  receive  any  thing  if  C  survives  B, 
it  is  evident  that  he  is  entitled  to  half  the  value  of  a 
reversionary  annuity  o^  the  joint  lives  AB  after  thp 
extinction  of  the  li^e  C  j  and  also  to  the  whole  value 
of  a  reversionary  annuity  on  his  own  life  after  the  ex- 
tinction of  the  life.  B,  provided  B  dies  after  C.    The 

*  Simpson,  Prob.  29,  and  Sup,  Prob.  36. 
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former  value  is^  by  the  scholium  in  page  70,  equal  to 
^AB-^ABC)\  and  the  latter  value  may  be  found 
-by  Problem  XIX,  according  as  A,  B,  or  C,  is  the  oldest 
of  the  three  lives :  whence,  the  following  values  may 
be  readily  deduced,  for  the  three  cases  there  men« 
doned. 

That  is,  when  A  is  the  oldest  of  the  three  lives,  the 
required  value  will  be  equal  tox{^—^C)'\'(J^—x) 
X  (AB  —  ABCy      When  B  is  the  oldest  of  the 

*  If  we  take  %  to  deoote  \  (that  is,  if  we  suppose  with  Mr. 
Morgan  indiscriminately  that  it  is  an  even  chance  whether  B  dies 
befoie  or  after  C  in  any  period  of  their  joint  e&istence,  whatever 

^  the  difference  of  age  between  the  two  lives)  then  will  this  for- 
mula become  ecjuai  to  \{A-^AC)  :  and  this  is  the  method  of  so- 
lution adopted  also  by  Mr.  Simpson.  Mr.  Morgan,  however,  in 
his  hurry  to  attack  M.  De  Moivre's  hypothesis,  has  inadvertently 
called  this  formula  an  ahntrd  onej  and  says  that  the  error  arises 
fiora  ^'r.  Simpson's  having  been  misled  by  that  hypotkvsis  in 
determining  the  probability  of  one  life  dying  after  the  other  s  see 
Phil.  Trans,  vol.  Ixxxi,  page  2/6.  The  present  investigation,/roftt 
the  real  probabilities  of  life,  \  ill  show  that  accusation  to  be  un- 
founded. Mr.  Morgan  has  wholly  mistated  the  case,  as  he  will 
readily  perceive  on  re- perusing  what  he  has  there  written :  he  has 
confounded  Mr.  Simpson's  34»»»  and  36^  problems  together,-  and 
thereby  brought  an  unmerited  censure  upon  that  author.  The 
^extor  does  notarise  from  the  use  of  De  Moivre's  hypothesis,  (as  he 
would  wish  us  to  believe)  but  from  the  inaccurate  method  which 
he,  in  common  mth  Mr.  Morgan^  has  adopted  in  order  to  express  the 
chance  of  one  lite  dying  before  or  aftpr  the  other  during  the  pro- 
bable time  of  tlieir  joint  continuance :  and  the  same  absurd  for- 

.mula  (if  I  may  retort  the  self  confuting  charge)  will  equally  arise, 
as  I  have  above  observed,  even  according  to  Mr.  Morgan's  own 
method  of  solution. 
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three  fives,  it  wiH  be  equal  tt>  %(^A  —  AC)  +  (i'*-%) 
X  {AB  -^JBC)  +  (J  -ip-%)  X  {A)"^  +  X{AC)^. 
When  C  is  the  oldest  of  the  three  lives,  it  will  be 
equal  to  x{A'^AC)  X  (J-x)  X  (>fB-^fiC)  + 

{\-(l>-X)X{A)^-{l-x)y.{ABf.  When  the 
two  lives  in  possession  are  of  the  same  age  B,  it  will 
be  equal  to  ^{A—AB).^  And  when  all  the  lives  arc 
of  the  same  age  A,  it  will  be  equal  to  ^{A—AA).f 


GENERAL    SCHOLIUM. 

5  172.  It  now  remains  only  to  determine  the  Taloe 
of  X  in  order  to  obtain  the  proper  solution  of  theW 
three  problems;  and,  if  the  chance  of  one  life  dying 
before  or  after  another  in  every  year  of  their  joint 
existence  were  in  a  constant  ratio,  we  should  find  no 
difficulty  therein.  But  since  (in  computing  from  the 
real  probabilities  of  life)  this  chance  is  continually 
varying,  we  must  have  recourse  to  an  ^proximatioH 
tows^rds  the  mean  value  of  such  ratio* 

§  1 YS.    Now  I  have  found,  from  a  number  of  re- 

*  This  formula  will  not  differ  much  from  the  trae  vakiej  whin 
the  two  lives  in  possession  are  nearly  of  the  same  age. 

f  ^'any  other  cases  of  sanrivorship  might  be  prodoctd^  whkh 
involve  the  contingencies  mentioned  in  Problems  XIX  and  XX; 
and  which  are  solved  by  the  help  of  those  problems  in  the  man- 
tier  here  slated.  But,  after  this  investigation^  I  precame  the  rea«^ 
der  will  not  find  any  difficulty  in  the  solution  of  any  other  quel* 
Uons  of  tbb  kind  that  may  occur  in  practice. 


pcated  txkhy  ihat  the  valiie  of Xm^J)  whea  |f  B  is  tlm 
youngest  of  tbe  two  Uve^  B  wd  C,  be  »fely  expr^cged 

by  '^^_P^9  ^^  ^^^^  ^^^  C  >^  ^^^  younji:e6C  of 
the  two  lives  B  and  C  it  may  be  safely  expressed  by 
L-Z^lli  which,  though  not  in  all  cases  strictly  cor- 
rect,* will  come  nearer  to  express  the  true  value  of 
the  reversionary  annuity  than  by  making  x  indiscri- 
minately equal  to  ^,  whatever  be  the  ages  of  B  m^ 
C ;  and  may  be  used  till  its  true  value  be  more  cor- 
rectly determined.  But,  should  a  more  accurate  ex- 
pression for  the  value  of  %  be  hereafter  found,  the 
general  solution  of  the  three  problems  will  not  be  at 
^U  affected  thereby,  since  we  may  give  to  X  all  possi- 
ble values. 

I  shall  now  insert  a  few  example^,  in  order  to  show 
the  use  and  application  of  these  several  formulae. 

§  174.  Example  I.  What  is  the  value  of  an 
anncdty  on  the  life  of  A  aged  60  after  B  aged  40,  pro- 
vided B  dies  after  another  life  C  ag^d  20:  interest 
being  reclined  at  4  per  cent^  and  the  probabilities  of 
Jiviag  as  at  Northampton  f 

Here  we  shall  have  A^Q^OSB,  ^Ss7*490,  ACm 
7*995,  ABC^  6*722,  and  x  =  '395 :  consequently 
the  value  of  the  reversionary  annuity  required  will  in 
this  case  be  equal  to  276  x  •395  =  a09.    But,  if  B 

*  It  OHHiot  be  strictly  eoirect>  becauie  the  true  valile  of  p  can- 
«0t be  dedooed  hj  tbe  metbed  pursued  io  tbje  lemmatej  as  I  bevf 
dieedtf  efaierved  19  tbe  note  in  p^Ce  JOp. 
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had  been '20  and  C  40  years  of  age,  we  should  have 
X  =s  -605 1  consequently  the  value  of  the  reversionary 
annuity  would  in  this  case  be  equal  to  *276  X  '605= 

In  like  manner,  if  A  had  been  20,  B  60,  and  C  40 
years  of  age,  we  should  have-/^=16'033,  -^B= 7*995, 
^C=  10-924, -^^i?C= 6-722,  71  =  37,  %  =-354,  and 
ip=:*7118:  consequently  the  value  of  the  reversbnary 
annuity  would  in  this  case  be  equal  to  3*836  X  •354— 
•067  +  -026  =  1-317.  But,  if  B  had  been  40  and  C 
60  years  of  age,  the  value  would  in  such  case  come 
out  equal  to  2*519.* 

S  175.  Example  2.  What  is  the  value  of  an 
annuity  on  the  life  of  A  aged  60  after  B  aged  40, 
provided  B  dies  before  another  life  C  aged  20:  in- 
terest at  4  per  cent,  and  the  probabilities  of  living  as 
jtt  Northampton  ?      .        . 

•  It  may  here  be  useful  t6  remark  that,  if  the  value  of  the  an-  . 
nuity  on  the  life  A  after  the  longest  of  the  two  lives  B  and  C  (pro- 
vided B  dies  after  C)  be  once  found,  we  may  readily  determine 
the  value  of  the  same  annuity,  on  the  contingency  that  C  dies 
Bfler  B,  by  subtracting  the  valae^  thus  found,  from  the  whole 
Value  of  the  reversionary  annuity  on  the  life  A  afler  the  longest 
c^  the  two  lives  B  and  C.  Thus^  the  value  found  by  the  example 
given  in  the  text  b^ing  equal  to  1'317,  and  the  latter  value  here  v 

alluded  to  being  equal  to  3*836,  it  follows  that  3*836— 1 '3 1 7=    . 
2*519  will  be  the  value  required. 

In  order  that  the  reader  may  see  the  difference  in  the  results, 

^recording  to  Mr.  Morgan's  formulae  and  those  which  are  here 

given,  I  shall  insert  the  following  comparative  values  of  annuities 
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Here  we  shall  have  ^— -^B=90S9  — 7'490= 
1*549:  consequently  1'549— •109=  r440  will  (agree- 
ably to  what  has  been  said  in  the  scholium  in  page 
135)  be  the  value  of  the  reversionary  annuity  in  this 
case  required.  But  if  A  had  been  20  and  C  60  years 
of  age  the  value  of  the  reversionary  would  in  such 
case  be  equal  to  5*  109  —  2-519  =  2590. 


on  the  life  A  after  B^  provided  B  dies  after  C,  deduced  from  the 
Northampton  tables,  and  reckoning  interest  at  4  per  cent:  which 
difference  arises  fr«m  the  inaccurate  method,  adopted  by  Mr. 
Morgan,  of  taking  it  as  an  equcd  chance  in  all  cases  that  B  wiU 
die  after  C,  whatever  be  their  difierence  of  age. 


Age  of 

Age  of 

Age  of 

Value  by 

Value  by 

A. 

B. 

C. 

Baily. 

Morgan. 

60 

40 

20 

•109 

-138 

60 

20 

40 

•167 

•138 

20 

60 

40 

1-317 

1717 

20 

40 

60 

2-5  J  9 

2120 

40 

60 

20 

•519 

716 

40 

20 

60 

•986 

789 
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CHAPTER  VI. 


On  Asmrances. 

§  176.  In  the  preceding  chapters  I  have  considered 
the  present  value  of  sums  of  money  as  depending  on 
the  eJcistence  of  any  givea  Uves^  or  oa  aay  particalar 
Aumvofdbip  between  fbem>  and,  hi  tbe  soiation  of 
the  diflferent  problems  relative  thereto,  have  had  re- 
gard only  to  the  probability  of  the  living  of  those  per- 
sons on  inhom  the  annuity  was  Considered  as  depend- 
ing. I  come  now,  however,  to  treat  of  those  cases 
where  it  is  required  to  find  the  value  of  annnides,  or 
of  sums  of  money,  depending  oit  the  extinction  of 
any  lives ;  or^  in  otber  words^  to  treat  of  the  value  of 
Assuranees  en  tive&:^  al^r»  s^Ued  to  that  com- 

*  The  term  jissurance  is  usually  applied  only  to  tbe  value  of 
annuities  or  sums  of  money  to  be  paid  after  the  extinction  of  any 
given  lives:  but,  it  may,  with  equal  propriety,  be  applied  to  the 
value  of  those  annuities  which  are  paid  during  the  eanstence  of  any 
given  lives  3  and  which  have  been  the  subject  of  the  preceding 
chapters.  For,  if  I  give  a  sum  of  money  for  the  grant  of  an  an- 
tiuity  during  the  continuance  of  any  given  lives,  I  give  such  sum 
in  order  to  have  the  annuity  assured  to  mej  which,  without  this 
warnmtiy  would  be  precarious  and  uncertain.  As  I  am  ignorant 
of  any  other  word,  but  such  as  would  be  equally  ambiguous  and 
indefinite,  I  have  used  the  term  assurance,  in  its  most  common  ac- 
ceptation, to  express  the  values  treated  of  in  the  present  chapter. 


I 
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pact  whereby  security  is  granted  for  the  payaieBt  oi 
an  annuity  or  sum  of  money  on  the  expiration  of  tk« 
lives  on  which  the  grant  is  made,  in  consideration  of 
such  a  previous  payment  made  to  the  assurer,  as  is 
accounted  a  sufficient  compensation  for  the  chance  of 
loss  to  which  he  exposes  hln)self.  The  value  of  this 
payment  (commoxdy  called  the  Premium) ^  in  all  the 
principal  cases  which  arise  out  of  this  subject,  it  is  my 
object  in  the  present  chapter  to  determine. 

S  177.  It  may  here,  however,  be  necessary  pre- 
viously  to  observe  that  the  method  to  be  pursued,  for 
determining  the  value  of  any  sum  depending  on  the 
extinction  of  any  given  lives,  will  be  materially  different 
fix>m  that  which, is  pursued  for  determining  the  value 
of  any  annuity  under  the  same  circumstances.  In  the 
latter  case,  the  expectant  is  to  receive  several  yearly 
rents,  the  expectation  of  receiving  each  of  which  is 
independent  of  his  expectation  of  receiving  any  other 
ef  them.  But,  ki  reversionary  s^umts  the  case  is  very 
itiSerent:  for,  here,  only  ^ne  gross  sum  is  to  be  re- 
ceived at  the  extinction  of  the  given  lives ;  and  there- 
fore  the  expectation  of  receiving  it  at  the  end  of  any 
one  year  wiU  depend  on  its  noi  having  been  received 
is  any  preceding  year&  or^  which  is  the  same  thing, 
the  chance  of  receiving  the  sum  at  the  end  of  any 
year  will  be  compouxided  of  the  probability  of  the 
given  lives  failing  in  that  year,  and  of  their  having 
continued  through  all  the  preceding  years.     This, 
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however^  Mfill  more  fully  appear  in  the  following  iiu 
vestigarions. 

PROBLEM  XXIL* 

§  178.  To  determine  tRe  present  value  of  a  given 
sum  payable  at  the  end  of  the  year  in  which  any 
number  of  lives  become  extinct. 

SOLUTION. 

Let  us  in  the  present  investigation  confine  the  case 
to  three  joint  lives  ABC,  whose  probabilities  of  con- 
tinuing 1 ,  2>  3,  &c,  years  are  as  expressed  in  §  24 : 
and  let  the  given  sum  be  denoted  by  s.  Now,  the 
present  value  of  such  sum,  certain  to  be  received  at 
the  end  of  one  year,  is  equal  to  ^(1  +f)~' :  but,  as  the 
chance  of  receiving  this  sum,  at  the  end  of  the  first 
year,  depends  on  the  joint  lives  failing  in  that  year,  the 

probability  of  which  is  —  , ,  we  must  multiply  the 

present  value  of  the  sum  above  mentioned  by  this  pro- 

b  —  '  ^  ' 
bability;  which  will  give  ^(1+f)*"'  X  — T for 

*  Simpson,  Prob.  2! ,  and  Sup.  Prob.  26.  De  Moivre,  Prob.  16. 
Dodson,  vol.  u.  Qaes.  89.  Morgan,  Prob.  6.  Price,  Note  (£). 
On  referring^  however^  to  the  first  three  authors,  here  alluded  to^ 
U  will  be  foui^d  that  their  investigations  are  erroneous ;  in  as  much 
as  they  consider  a  given  sum  as  equivalent  to  the  perpettilty  of  an 
annuity  (comnaenchig  immediately)  equal  to  the  interest  of  suck 
turn.    S^  the  Scholium  in  $  197.  .       .• 


f 


the  trae  value  of  the  first  year's  expectation^  or  of  the 
chance  of  fecdvitig  such  sum  at  the  end  of  the  first 
year. 

In  like  mailner,  the  present  value  of  the  given  sum^ 
certain  to  be  received  at  the  end  of  two  years,  is  equal 
to  ^(l  +  p)~'t  but,  as  the  chance  of  receiving  such 
sum  at  the  end  of  the  second  year  depends  on  the 
joint  fiv^  failing  in  that  year^    tbe  probability   of 

I   I   I        tl  f  u 

which  (by  §  27)  is  — ^ — ,  we  must  multiply  the 
present  value  of  the  sum  above  mentioned  by  this  pro- 

/  /  /      a  an 

bability;  which  will  give  *(l+f)**X ^^^—^  for  the 

bue  value  ^f  the  expectation  of  receiving  such  sum 
at  die  end  of  the  second  yean 

And  by  a  similar  method  of  proceeding  it  will  be 
{bund  that,  since  the  chance  of  receiving  the  given 
sum  at  the  end  of  the  third  year  depends  on  the  joint 
fives  failing  in  that  year,  the  probability  of  which  is 

If  IT  if       I/I  WW  tifirt      niMim 

*  ^ab^  %  we  shall  have<l+er'X  ^^^  for 
the  true  value  of  the  expectation  of  receiving  such 
sum  at  the  end  of  the  third  year.  And  so  on  for 
every  subsequent  year  of  human  life :  the  sum  of  all 
which  values  will  be  the  required  present  value  of  tht 
given  spm* 

§  179.  But  the  sum  of  these  quantities,  reduced 
to  their  simplest  terms,  is  equal  to  the  two  following 

r"  /  '  '  II  u  II  mill  III  "1 

Is 
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which   is  equal  to    .        X\'\'ABC)\  and  the  latter, 

which  is  to  be  subtracted,  is  equal  to  ^  X  ABC.  Con- 
sequently the  total  present  value  required  becomes 

case  is  confined  to  three  lives,  yet  it  is  easy  to  see  that 
the  method  of  solution  is  general,  and  will  apply  to 
any  other  number  of  lives;  whence  the  following 
rule. 


§  1 80.  Multiply  the  value  of  an  annuity  on  the 
given  lives  by  the  rate  of  interest,  and  subtract  the 
product  from  unity;  divide  the  remainder  by  the 
amount  of£lin  one  year^  and  the  quotient  multiplied 
by  the  given  sum  will  be  the  lvalue  required. 

For  examples  of  the  use  and  application  of  this  pro- 
blem, see  Question  XXVII  in  Chapter  XII. 


COROLLARY    !• 

5  1 8 1'r  In  this  problem  I  have  considered  the  pre** 
sent  value  of  the  reversionary  sum  as  depending  on 
the  extinction  of  the  given  lives  in  whatever  year  that 
may  happen  during  the  probability  of  thdr  joint  con- 
tinuance :  but,  if  this  contingency  is  Deferred  for  any 
number  of  years  (=n);  that  is,,  if  we  wish  to  ascer* 
tain  the  present  value  of  a  given  sum  payable  on  the 
failure  of  such  lives,  provided  that  shall  happen  after 


\ 


r- 
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the  given  period;  thd  forihula  will  be  materially  altered. 
For,  by  pursuing  the  same  stepd  as  in  the  problem,  it 
wHt  be  fouAd  that  the  expectation  of  receiving  the 
given  sura,  at  the  end  of  the  (n  +  l)^V  (^+2)"^^ 
(«  -|-  sy\  &c,  years/  to  the  utmost  extent  of  human 

life,  will  be  denoted  by  the  series  sx\    i  /,  .r  v^»+ 1  "* 

—^—^ rh H — ^ '— i + ^c    :  which  may  be  more 

conveniently  divided  into  the  two  following  series. 

The  latter  of  the^  isl,  by  Prob.  I,  cor.  S,  equal 
to  -^  s(y4BC)^;    and   the  former  is  equal  to  ^x 

■ .'      V :  consequently  the  required  pre* 

sent  value  of  the  deferred  assurance  will"  be  equal  tcf 

s  X  — = — 7i"X7) *  ^*  whence  the  fdliowhig' 

rule.* 

*  Since  (jiBC)    a,  by  Prob.  I,  cof;  3,  equal  to  A'B'C  x 
fCSy  — n 

^  /    (^  +  f)       i  if  is  obvious  that  the  present  value,  in  the  case 

mm  V  C 

of  single  or  joint  lives,  raiglit  be  more  conveniently  expressed  by 

l-^ojfB^C      afiy  ^^n 

s  X      .        .      X  "  .  -(1  +  ?)       •  and  it  is  from  this  formula' 

thai  I  have  deduced  the  rule  in  Question  XXVIII,  Chapter  XIL 
But  that  rule  will  not  extaud  to  all  cases. 

L  2 
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§  182.  Multiply  tlie  value  of  a  Deferred  annuity 
on  the  given  lives,  by  the  rate  of  interest ;  subtract 
the  product  from  the  expectation  that  the  given  Itves- 
shall  receive  £l  at  the  end  of  the  given  term;  and 
divide  the  difference  by  the  amount  of£l  in  a  year  : 
the  quotient  thence  arising^  being  multiplied  by  the 
given  sum,  will  produce  the  value  required. 

For  examples  of  the  use  and  application  of  this  €0* 
roUary,  see  Question  XXVIII  in  Chapter  XIT. 


eOROI^LARY   li. 


5  183.  But,  if  the  contingency  is  Temporary  \ 
that  is,  if  we  ^'ish  to  ascertain  the  value  of  a  given 
sum  payable  on  the  failure  of  such  lives,  provided  that 
shall  happen  within  a  given  term  (=  n),  it  will  be 
found  by  taking  the  first  n  terms  of  the  series  given 
in  the  problem.    Whence^  such  present  value  will  in 

ftis  case  be  denoted  by  the  series  s  X  I      !^T.^  f  + 

III         iiVM         II  nu      wtnift  aflv— aflvT 

ahc^  abc   .avc^ahc    .  77  f        J^ ^  I 

which  may  be  more  conveniently  divided  into  the  two 

r"  I J  t  uiiH 

foUo^n?  ones ;    ,■    *     .  I   ahc  +  ~—r:  +  •;*  ^.  + 


'  «  W  U  Iff  w  /// 


abc     ,     abc      ,  afivT        ^^  « 


(i  +  f)*^0  +  fy 
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first  of  these  is  equal  to  ^  X  ),  ,  { —  >*  and  the 
second,  which  is  to  be  subtracted,  is  evidently  equal 

to  s{^ABC)^i  consequently  the  required  value  of  the 
assurance  yor  the  given  term  might  be  denoted  by  the 

fonnula  s\}±^f^-^^-iABCf'\. 

But,  ance   {ABC)^~^  +     '^^  „   is  equal  to 

abc{l  +  f ) 

(yf5C)*,t  whereby  (^5C)*""'  becomes  equal  to 
^^fiC/-- ^XClH-e)"^  and  since,  by  Prob.  I, 

cor.  4,  (^ABCf  is  equal  to  ABC—(JBC)^;  we 
may  render  the  above  fonnula  more  convenient  for 
general  use  by  substituting  such  value  therein  instead 

of  (^ABC)^:  whereby  it  will  become  equal  to  5  X 

(i  +  f) 

following  rule. 


*'. 


and  whence  the 


§   184.    From  the  present  value  of  the  assurance 
of  the  given  sum  payable  on  the  extinction  of  the 

.  •  The  new  character  {ABC)  ""  denotes  the  value  of  a  tem- 
porary annuity  on  the  joint  lives  AEC  for  «~  1  years  only,  and  is 
introduced  here  merely  to  show  the  steps  of  the  process  ^  and  be- 
cause the  rules,  given  by  Mr.  Morgan,  for  the  solution  of  this  and 
ether  similar  questions,  are  founded  on  one  of  these  incomplete 
iteps.  See  Price's  Ohs,  on  Rev,  Pay,  vol.  i.  p,  53, 'note  X3  and 
|>.  6lj  note  €. 

f  As  is  evident  by  continuing  the  series  which  this  quantity  ex- 
presses^ 
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given  lives,  subtract  the  present  value  of  the  same  as^ 

¥  ,  ■  *  *  •   •  • 

surance  Deferred  for  the  given  term :  the  difference 
will  be  the  value  required.* 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXIX  in  Chapter  XII. 

*  We  may  oftentimes  obtain  a  near  value  of  an  assurance  for  a  . 
give  term  (particularly  when  only  one  life.  A,  is  concerned)  bj 
the  following  simple  method.   The  series  expressing  such  value  is^ 

-      .            ,,            '    ,        *       r   CL^a         a— a         a— a 
by  the  corollary,  equal  to  —  x     -; r  +  7 n  +  •; rs  + 


- —  = 
.(Iff)"  J 


now,  if  we  suppose  the  decrements 


of  life  to  be  equal  and  uniform  throughout  the  given  term  (which 
is  usually  the  case  in  the  middle  ages  of  life,  particularly  if  the 
{Northampton  tables  are  made  use  of),  and  if  such  decrements 

'■''•'■  s  r    $ 

be  denoted  by  i:  then  will  this  se«ios  b^^come  —I + 

a  L(l  +f>  ^ 

(l+f)*'*"(i+f)''^ (i  +  6)d"     ^     ^ 

l^^  "^^^       .    But,  since  $  should  in  all  those  cases  where  the 

e 

a— ft 
decrememts  are  not  exactly  uniform  be  taken  equal  to  ,  this 

formula  may  be  more  conveniently  expressed  by  *x x 

y     •  -— :  whence  the  following  ruje. 

Divide  the  probability  that  the  life  shall  fail  in  the  given  term  hy 
the  number  of  years;  multiply  the  quotient  by  the  present  value  of 
an  annuity  for  the  given  term,  and  also  by  the  given  sum:  tke  prO" 
.    duct  will  be  the  value  required. 

It  will  readily  appear  that,  if  the  given  term  is  wholly  within 

*  the  limits  of  equal  decrements,  the  above  formula  will  give  the 

•  exact  value  of  the  assurance  for  such  term :  and  that  if  the  decie* 
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COROLLARY  III.* 

S  1 85.  Though  in  this  problem  the  investigation. 
13  confined  to  the  case  of  three  joint  lives,  yet  it  is 
easy  to  apply  the  same  method  of  reasoning  to  the 
case  of  any  single  life,  or  to  any  number  of  joint  lives, 
or  to  the  longest  of  any  number  of  lives,  or  to  any 
number  of  lives  out  of  any  other  number  of  Kves,  &c. 
And  it  will  be  found  that  by  substituting  the  value  of 
an  annuity  on  such  single  life,  on  such  joint  lives,  on 
such  longest  lives,  &c,  &c,  instead  of  the  quantity  de- 
noted by  j4BC  in  the  given  formula  in  §  179,  we 
shall  obtain  the  true  values  in  such  cases  accordingly. ' 

§  186.  The  same  remark  will  also  apply  to  the 
two  preceding  corollaries,  if  (in  addition  to  the  sub- 
stitution above  alluded  to)  we  also  substitute  the  value 
of  similar  annuities  Deferred  for  t^e  given  term,  in- 
stead of  the  quantity  (^ABC)     in  either  formula  in 

ments  are  not  exactly  unifbrm,  but  nearly  so,  it  will  not  materially 
differ  from  the  true  value  of  such  assurance.  The  formula,  how- 
ever^  must  always  be  used  with  proper  caution,  and  with  reference 
to  the  table  of  observations  employed;  as  it  is  not  suited  to  evety 
case. 

.  The  same  observations  will  apply  to  the  case  of  joint  lives,  if  i 

abc-^aBy    ,  ...    ,     . 

he  taken  equal  to  :  but  we  are  not  so  lucely,  m  practice^ 

lo  meet  with  cases  of  assurances  on  joint  lives  for  terms,  where 
such  terms  fail  within  the  limits  of  equal  decrements. 

*  Simpson,  Prob.  22>  and  Sup.  Prob.  27.    Morgan,  Prbb.  8^ 
cor.  and  Prob.  g,  cor, 
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§  181  or  183.  But  here  it  should  be  particularly  ob* 
served  that^  when  a  Deferred  or  Temporary  assurance 
depends  on  the  longest  of  any  number  of  lives^  the 

quantity —^^(1  +  f)"""!!!  the  given  formula  will  denote 

the  expectation  that  the  longest  of  such  lives  will  re- 
ceive <£l  at  the  end  of  the  given  term :  and  that^ 
when  such  assurance  depends  on  the  extinction  of  a^y 
two  out  of  three  lives,  the  same  quantity  will  denote 
the  expectation  that  any  two  out  of  thr^e  lives  will  re-? 
ceive  £l  at  the  end  of  the  given  term :  &c.  &c. 

For  examples  of  the  use  and  application  of  this  co-; 
roUary,  see  Questions  XXVII,  X^VIU  and  ZXIH  in 
Chapter  XIl/ 

PROBLEM  XXm.* 

5  1 87-  To  find  the  value  of  an  annuity  to  com* 
mence  at  the  eiid  of  the  yearf  in  which  any  number 
of  lives  become  extinct. 

SOLUTION^ 

Let  us,  as  in  the  preceding  problem,  confine  the 
case  to  three  joint  lives  ABC,  whose  probabilities  of 
continuing  1, 2,  S,  &c,  years  are  as  denoted  in  §  24; 
and  let  the  annuity  be  a  perpetuity,  or  estate  in  fee. 
Now,  the  chance  which  the  heir  of  this  estate  has  of 
receiving  the  rent  at  the  end  of  any  one  year  will  de* 

*  Be  Moivre^  Prpb.  $  and  29.    Dodson,  vol.  ii.  Qaet.  88. 

f  That  is,  ibt  first  pajment  of  the  annuitj  b  to  b«  then  made*  ^ 
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pend  sdtogetfaer  od  the  joint  lives  becoming  extincjC 
before  the  end  of  that  year.  The  probability  of  this 
event  haj^ening  before  the  end  of  the  first  year  is 

(l  — iiij^  which  being  multiplied  by  (1  +  f)"'  will 

give  the  value  of  his  expectation  of  receiving  the  first 
year's  rent.  In  like  manner,  the  probability  of  the 
joint  lives  £d|ing  before  the  end  of  the  second  year  i3 

(l— -^),  which  bang  muldplied  by  (l+f)~*  wilj 
^ve  the  value  of  his  ei^pectation  of  receiving  the  se-    ** 
irond  yearns  rent.    By  4  similar  method  of  reasoning  it 

w  null    > 

wiU  be  found  that  (l-r-^y^)  multiplied  by  (l+^y\ 
will  give  the  value  of  his  expectation  of  receiving  the 
third  year's  rent.  And  so  on,  ad  i7]finhum :  for,  since 
the  estate  must  eventually  revert  to  the  heir,  his  ex- 
pectation will  never  cease.  Consequently  the  sum  of 
^1  those  values  continued  to  infinity  will  be  the  total 
present  value  of  the  estate  to  be  enjoyed  after  the  ex- 
tincdon  of  the  joint  lives  ABC :  or,  in  other  words,  it 
will  be  that  sum  which  a  person  ought  to  give  to  have 
|t  assured  to  him  after  the  extinction  of  those  lives, 

S  188;    But  the  sum  of  the  above  terms  is  equal 
to  the  two  following  seriesj  .^+^^^+^^+ 

-r^— -,  +&C  .  The  former  of  these  is  equal  to  —^ 
or  the  present  value  of  the  perpetuity  of  an  annuity  of 
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£l  per  annum :  but  the  latter,  which  is  to  be  sub- 
tracted, will  cease  on  the  extinction  of  the  oldest  life, 
and  is  therefore  equal  to  the  value  of  an  annuity  on 
the  joint  lives  ABC.    Consequently  the  total  value  of 

the  reversionary  annuity  becomes  equal  to ABC: 

and  though  this  case  is  confined  to  that  of  three  joint 
lives,  yet  it  is  easy  to  see  that  the  method  of  solution 
will  equally  apply  to  that  of  any  other  number  of  lives; 
whence  the  following  rule. 

§  189.  Subtract  the  value  of  an  annuity  on  the 
given  lives  from  the  present  value  of  the  estate  or 
given  annuity ;  the  difference  will  be  the  value  of  the 
reversionary  estate  or  annuity  required. 

For  examples  of  the  use  and  application  of  this  pro« 
blem,  see  Question  XXVI  in  Chapter  XII. 

COROLLARY    I. 

§  1 90.  If  the  annuity,  instead  of  being  a  perpetuity, 
is  only  for  a  number  of  years  ( =  n)  greater  however 
than  that  to  which  it  is  probable  the  given  lives  may- 
extend,*  we  must  substitute  the  value  of  such  termi- 

*  The  term  to  which  it  is  probable  that  any  given  life  or  lives 
may  extend  is — fpr  a  single  life,  equal  to  the  difference  between 
the  age  of  such  life  and  the  age  of  the  oldest  life  in  the  table  of 
observations :— for  join/  lives^  equal  to  the  difference  between  th& 
oldest  of  such  lives  and  the  age  of  the  oldest  life  in  the  table: — 
for  the  longfst  of  any  lives^  equal  to  the  difference  between  the 
age  of  the  youngest  of  such  lives  and  the  age  of  the  oldest  life  in 
i)ae  t^ble. 
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nable  annuity  instead  of  the  value  of  the  perpetuity 
;ibove    mentioned;    whereby  th^   formula  becomes 

.  ^^      ^  ,rr  —  ABC\    and   consequently  the    rule 
fhoye  given  is  also  applicable  to  the  present  case. 

For  examples  of  the  use  and  application  of  this  co* 
rollary,  see  Question  XXVI  in  Chapter  \lh 

C09.0LJ«ARY  ii.t 

§  191*  But^  if  the  annuity  (instead  of  being  a 
perpetuity,  or  for  any  long  period)  is  for  a  term  of 
years  (=  ri)  which  is  less  than  that  to  ivhich  it  is  pro- 
bable the  given  lives  may  extend ;  the  series^  express- 
ing  the  required  value  in  the  problem,  will  terminate 
at  the  end  of  that  period ;  and  will  consequently  be* 

comee<jualt0  5^  +  ^.+  ^,  +  .  .  .  .  , 

*  /  ;  II  uu  m  m  tti 

1  1    j      abc     j^     ah  c       ,       ^  ^  !^       t 

*^^  n.    But,  the  first  part  is  eqpal  to  '~^'  +  f\  ..:♦ 

0+f)"J  ^ 

and  the  latter  part  is,  by  Prob.  I,  cor.  4,  equal  to 

—  {ABC)^ :  vhence  the  following  rule. 

■ 

§  192.  From  the  value  of  an  annuity  certain  for 
the  given  term^  subtract  the  value  of  a  Temporary 
annuity  on  the  given  lives  for  the  given  term :  tha 
difference  will  be  the  value  required. 

*  Simpson's  Sup.  Prob.  14.    Da  Moivre»  Prob.  28.     Morgan, 
Prob.  4,  cor.  %    Do^on^'  vol.  ii.  Ques.  92. 
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COROI.LARY    IIU 

5  19S.  If  the  contingency  (on  which  the  payment 
of  the  annuity  mentioned  in  the  problem  depends)  is 
Deferred  for  a  given  number  of  years  (=n);  the 
series  expressing  the  general  value  of  the  reversion  of 
the  perpetuity  must  commence  at  the  end  of  that 
period,  and  be  continued  on  to  infinity;  that  is,  the 

^  III  u»t  n  m  1*1  m 

penes  TTT+: 7nTi+: T7i+-»-«^««- 

Jinituin,  will  denote  the  value  of  the  required  rever. 
sionary  annuity,  to  be  entered  on  provided  either 
of  the  given  lives  become  extinct  after  the  rfi^  year. 
Now  this  series  may  be  resolved  into  two  others, 

pameIy,(l+f)-"x[^  +  ^.  +  ^,  +  .. 

mm  m  "1 

Jj^+SccJ:  the  ftret  of  which  is  equal  to(l+^ 

J- ;  and  the  latter  is,  by  Prob*  !»  cor.  S^  equal  to 

^(1+f)      X  ABC     Consequently,  the  value  of 
the  reversionary  annuity  would  be  equal  to  (l+f)^** 

X  f—  —  ^iyc*l  were  it  certain  that    the  given 

lives  would   continue  in  being  to   the  end  of  n 

years:  but,  as  the  probability  of  this  event  is  ^^ , 

we  must  multiply  the  above  expresdon  by  this  quan- 
tity,  in  order  to  obtaun  the  total  present  value  of 


die  same.    Whence  thei  trae  value  will  be  equal  td 

^(i+er"xi--^-5'Cx^(i+f)^^  But 

A'ffCx^l  +e)""  is,  by  Pirob,  I,  cor.  S,  equal 

to  (^BC)  i  therefore  the  above  value  becomes 
^(l+p)-"«X  —  --{ABCfi  and  whence  the  fol. 
lowing  rule.* 

S  1 94.  Multiply  the  expectation  of  the  given  lives 
receiving  £\  at  the  end  of  the  given  term-  by  the  per^ 
petuity  J  from  the  product  subtract  the  value  of  an 
annuity  on  the  given  lives  Deferred  for  the  given 
term  :  the  difference  will  be  the  value  required. 

COROLLARY   IV.f 

S  195.  Or,  if  the  contingency  is  Temporary  % 
that  is,  if  it  be  required  to  ascertain  the  value  of  such 
annuities  depending  on  the  extinction  of  any  given 
lives,  provided  that  shall  happen  within  a  given  period 
^=  n)  ;  the  value  of  the  assurance  -  will  be  expressed 


/  /  /  //  nil  m  mm 

ab  e  a  b  c  ab  e 

abc     .  abc     .  abe 


»$y  mfiy  mfiy 

abe      ,  abc       ,  abc        -        J  •    y?    --^  -r* 

: :^+z 7Ti+ —f+adtn/imtum.    For, 

the  n^^  year's  rent  and  all  the  subsequent  ones  being 

.  *  See  the  note  in  page  147. 

f  Simpeon,  Prob.  23;  and  Si^.  Prob.  31.    Price,  Note  (G)^ 
Dodflon,  vol.  iL  Ques,  gs. 
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dependent  on  the  given  lives  becoming  extinct  in  n 
years,  it  is  obvious  that  all  such  subsequent  ones  mast 

be  multiplied  by  the  common  factor  (l  —  ^|^)-    ^ut, 

the  first  n  terms  of  this  series  are  equal  to    ""  ■  ■    -  — 

—  (-^BC)^;  as  found  by  the  second  corollary:  and 
the  remaining  terms  are  equal  to    ( 1  —  •-^'^  )  x 

(i  +  er"x[(i  +  er+0  +  er  +  (i  +  f)"  + 

.  ......  ad  infinituTnA  =  (l j^\  X(l+f)""* 

X  — .     Consequently  the  total  value  of  the  series^ 

becomes  iLllli^!  -  (^BC)*  +  ii±in!  -  ^ 
(1  +  e)"""  X  — :  which,  smce  {JBC)^  ^ABC  — 
(jiBC)y  may  be  further  reduced  to  -^ ABC — 

[ WC»  +?)■"  X  7  -  C^m^]  '  and  whence 
the  following  rule.* 

*  If  the  annuity  is  to  be  entered  upon  al  the  end  of  the  gwen 
tine  (in  case  of  the  ^lure  of  the  given  lives)  ^  and  not  at  the 
end  of  the  year  in  which  such  failure  may  happen,  its  present 

value  will  be  equal  to  (l  —  -^—^  )  X  (1  +f)"*"  X  (l  +— )  =e 

^1 ~j ~ :  for,  such  revetsionaiy  perpetuity  ir 

evidently  to  be  entered  on  and  enjoyed  at  the  end  of  the  n^  yea^, 
provided  the  given  lives  fail  prior  thereto.  And  care  should  be 
taken  not  to  confound  thi&  case  with  the  one  mentioned  in  thft 
teit. 
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S  196.    From  the  whole  value  of  the  reversion  of 
the  perpetuity  after  the  given  lives,  subtract  the  value 
of  the  same  Deferred  for  the  given  term :  the  dif-- 
ference  will  .ie  the  value  required. 


COROLLARY  V. 

$  197.  It  will  be  obvious,  from  what  has  been 
said  in  the  first  corollary,  that  if  the  annuity,  instead 
of  bang  a  perpetuity,  is  for  a  given  term  only,  the 
rules  given  in  the  two  preceding  corollaries  will  still 
be  correct ;  provided  we  substitute,  for  the  perpetuity^ 
the  value  of  an  annuity  for  the  given  term.  Such 
terminable  annuity  however  must  always  be  for  a  term 
of  years  greater  than  that,  for  which  the  assurance  is 
made. 

COROLLARY  VI* 

§  198.  Though  the  above  problem  and  its  corol- 
laries are  confined,  in  the  investigation,  to  the  case  of 
three  joint  lives,  yet  it  is  easy  to  apply  the  same  me- 
thod of  reasoning  to  the  case  of  any  single  life,  or  to 
any  number  of  joint  lives,  or  to  the  longest  of  any 
number  of  lives,*  or  to  any  number  of  lives  out  of 
any  other  number  of  lives,  &c,  &c,  either  for  the 
whole  lives  or  for  a  given  term.\  And  it  will  be 
found  that  by  substituting  the  value  of  an  annuity  on 

*  Dodaon,  vol.  ti.  Clues,  go^  91. 
f  Simpson,  Prob.  24. 


/ 
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AifcH  single  life,  on  such  joint  lives,  on  the  longest  of 
any  number  of  lives,  &c,  (either  for  the  whole  life  ot 
Defended  foi*  the  given  term)  mstead  of  the  value  ^£C 

or  (^ABC)  in  the  given  formulas,  we  shall  obtain  the 
true  values  in  such  cases  accordingly* 

§  199.    it  should  be  particularly  observed  however 
that^  when  the  longest  of  any  number  of  lives  are 

concerned,  the  quantity  -4^(1  +  f)  will  represent 
the  expectation  that  the  longest  of  such  lives  will  re^ 
ceive  «£l  at  the  end  of  the  given  term.  And  a  similar 
lemark  will  apply  when  the  assurance  depends  on  the 
extinction  of  any  (wo  out  of  three  lives :  &c.  &c.     See 

Problem  XXII,  con  3» 

» 

SCHOLIUM. 

S  200.  From  these  two  problems  and  their  co- 
rollaries may  be  determined  all  questions  relative  to 
the  value  of  assurances  of  any  given  sum^  or  of  any 
given  annuity,  depending  on  the  contingencies  therein 
stated :  and  as  any  given  sum  may  be  converted  into 
a  corresponding  perpetuity  (or  into  a  perpetual  annuity 
of  a  corresponding  value)  by  multiplying  it  by  the 
interest  of  jCl  for  a  year,  it  would  seem  at  first  to 
be  the  same  thing  to  determine  the  present  value  of  a 
given  sum  depending  on  the  extinction  of  any  lives^ 
as  to  determine  the  value  of  a  corresponding  annuity 
for  ever,  depending  on  the  same  lives:  that  is,  it  would 
appear  to  be  the  same  thing  to  determine  the  present 
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value  of  «£lOO  payable  at  the  end  of  the  year  ixr  which 
any  given  lives  became  extinct,  as  to  determine  the 
value  of  an  estate  yielding  £,S  per  annum,  and  to  be 
entered  upon  at  the  same  period;  interest  being 
reckoned  at  5  per  cent.  But,  it  should  be  observed 
that  the  first  yearly  payment  of  a  reversionary  annuity 
becon^  due  and  is  payable  at  the  end  of  the  year 
in  which  the  lives  fail ;  however  much  or  little  of  that 
year  may  then  happen  to  be  unexpired :  and  this  like- 
wise is  the  time  when  a  reversionary  sum  becomes  due. 
The  expectant  therefore  in  the  former  case  will  have 
entered  on  his  annuity,  or  received  the  first  year's  rent 
of  it  j  at  the  very  time  that  the  expectant  of  the  sum  is 
supposed  to  have  laid  out  such  sum  in  the  purchase  of 
a  perpetuity  of  a  corresponding  value ;  the  first  year's 
rent  of  which  he  will  not  receive  till  thj  end  of  the 
following  year.  Consequently,  a  reversionary  estate 
is  worth  one  year's  purchase  more  than  a  correspond* 
ing  -  reversionary  sum:  whence  the  former  is  to  the 
latter  in  the  ratio  of  ^1,  increased  by  its  interest  for 
one  year,  to  £,\ ;  that  is,  as  (1  +f)  to  I. 

§  201.  Therefore,  if  the  present  value  of  a  re- 
versionary sum  be  multiplied  by  (1+f)  it  will  give 
the  value  of  a  corresponding  reversionary  estate  or 
annuity.  Thus,  the  present  value  of  a  reversionary 
annuity  of  oGl  per  annum  for  ever  after  the  ex- 
tinction of  the  joint  lives  ABC  is,  by  Prob.  XXIII, 

equat  to  *"^ — ;  and  the  present  value  of  a  corre* 

M 
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sponding  rever^onary  sum  ( = — )  siter  the  same  lives, 
is,  by  Prob.  XXin,  equal  to  i-  X  i^^=  (Y^X 

-^ :  but,  it  is  evident  on  inspection  that  the  for- 
mer value  is  to  the  latter  in  the  ratio  of  (1  -|-f)  to  1. 

§  202.  Hence  it  Is  evident  also  that  the  value  of 
any  reversionary  annuity  after  any  given  lives^  being 
divided  by  the  amount  of  <£l  in  a  year,  will  give  the 
present  value  of  a  corresponding  reversionary  sum  after 
the  same  lives.* 

These  remarks  may  be  more  fully  confirmed  by  any 
of  the  similar  examples  in  the  two  problems,  or  their 
corollaries :  as  may  be  seen  in  the  Scholium  to  Ques- 
tion XXVII  in  Chapter  XII. 

*  Mr.  Sin^son  not  having  attended  to  this  circomstance^  it 
!^  becomes  necessary  to  comsct  the  rales  gii'en  by  him  for  the  sola* 

tion  of  Frob.  21  and  22  in  his  Docirine  ofAnraaius,  fSfe;  and 
of  Prob.  26, 27,  32,  33,  and  others  of  a  similar  kind,  in  his  Sup- 
plemeni.  The  same  observation  will  apply  to  the  problems  of 
M.  De  Moivre  and  Mr.  Dodson,  allttded  to  in  the  note  ia  page 
144. 
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CHAPTER  VII. 


On  SuccAsive  Life  jinnuities  and  Copyhold  EstattSk 

$  203.  In  all  the  preceding  problems,  involving  the 
question  of  reversionary  life  annuities,  the  lives  of  the 
expectants  have  been  supposed  to  be  such  as  are  noio 
fixed  on  and  determined ;  and  the  value  of  an  annuity 
on  their  lives  consequently  becomes  less  and  less,  ac- 
cording as  their  period  of  coming  into  possession 
might  be  prolonged.  Jn  such  questions,  however,  as 
relate  to  the  present  division  of  the  subject,  the  life 
which  is  to  succeed  to  the  annuity,  after  the  extinctioa 
of  the  life  in  possession,  is  supposed  to  be  one  which  is 
then  to  be  fixed  on  at  pleasure ;  and  which  will  pro- 
bably be  one  of  the  best  lives  that /an  then  be  found* 
This  life,  therefore,  may  be  considered  as  having  a 
fixed  and 'determinate  value,  since  such  a  life  may 
gen^lly  be  chosen  as  will  best  answer  the  views  of 
persons  concerned  in  questions  of  this  kind ;  and  it  is 
usual  to  conceive  a  mean  age  at  which  they  are  all  ad- 
mitted. But,  the  nature  of  the  cases,  which  involve 
the  consideration  of  this  subject,  will  best  appear  froixk 
the  following  problems. 

M  2 
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PROBLEM  XX1V.» 

§  204.  Supposing  A  to  enjoy  an  annuity  for  his 
life ;  and,  at  his  decease,  to  have  the  nomination  of  a 
successor,  B,  who  is  also  to  enjoy  the  annuity  for  his 
life :  To  find  the  present  value  of  the  annuity  on  the 
succeeding  life;  and  also  the  value  of  the^two  sue* 
cessive  lives, 

SOLUTION. 

Let  the  succeeding  life  B,  to  be  put  in  nomination 
at  the  decease  of  A,  be  such  that  an  annuity  on  his 
life  Ql  that  time  may  be  equal  to  B,  Now,  since  the 
pi'obability  that  the  first  life  fails,  or  that  the  second 

comes  into  possession,  in  the  first  year  is  -^ ;  and  as 

the  total  value  of  what  the  second  life  will  be  entitled 
to,  on  the  happening  of  this  event,  is  jB,  it  follows  that 
his  expectation  of  coming  into  possession  the  first  year 
(or  of  receiving  an  equivalent  sum,  equal  to  B)  will, 

as  in  Prob.  XXII,  be  denoted  by  jB  X  ■  ?r\*  ^^ 
like  manner,  it  will  be  found  that  his  expectation  of 
coming  into  possession  in  the  second  year  (or  of  re- 
ceiving an  equivalent  sum  B)  will  be  denoted  by 


B  X  —fz — \i  •  2i^^  ^^^  ^^®  expectation  of  coming  into 

«  Simpson,  Prob.  25,  and  Sup.  Prob.  24.     De  Molvre^  PtoIk 
13«    Morgan,  Prob.  14. 
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possession  in  the  third  year  (or  of  receiving  the  equi- 


1/     m 


valent  sum  JB)  will  be  denoted  by  jB  X  .,  ,  v»:  and 
so  on  for  every  succeeding  year  to  the  utmost  extent 
of  A's  life. 

But  the  sum  of  all  these  values  is  equal  to  -77-— r  X 

equal  to  J3  x  t— ^;  and  which  would  be  the  value 
required,  were  B  in  reality  the  value  of  a  reversionary 
sum  to  be  received  on  the  decease  of  A :  but  since  it 
denotes  the  value  of  an  annuity^  the  first  payment  of 
which  commences  at  the  end  of  the  year  in  which  the 
life  A  fails,  we  must  multiply  the  above  expression  by 
(1+f),  agreeably  to  what  has  been  said  in  the  scho- 
lium in  page  1 60 ;  whence,  the  true  present  value  of 
the  successive  life  will  be  jB(1— j-^);  and  whence  the 

following  rule. 

> 

§  205.  Multiply  the  value  of  an  annuity  on  the 
life  in  possession  by  the  rate  ofinteresty  and  subtract 
the  product  from  unity ;  multiply  the  remainder  by 
the  assumed  value  of  an  annuity  on  the  succeeding 
life :  the  product  ivill  be  tlie  present  value  of  an  an* 
nuity  on  such  succeeding  life. 

§  206.  If  this  present  value  be  added  to  the  value 
of  an  annuity  on  the  life  in  po^ession,  it  will  give 
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ji^B(l^(A)  for  the  value  of  the  two  euccessive 
lives. 

For  examples  of  the  use  and  application  of  this 
problem  see  Qutedon  XXIII  in  Chapter  XIL 


COROLLA ar  I. 

%  207.  Hence  may  b^  determined  the  present 
value  of  an  annuity  on  any  number  of  joint  lives,  or 
on  the  longest  of  any  number  of  lives,  &c,  nomfaiated 
to  succeed  after  any  other  number  of  joint  lives,  X)r 
after  the  longest  of  any  other  number  of  lives,  &c ; 
for,  by  making  ^and  £,  respectively,  equal  to  the 
talue  of  an  annuity  on  such  joint  lives,  or  the  longest 
of  such  lives,  &c,  the  above  formula  will  express  the 
true  pres^it  values  of  such  successive  lives. 

* 

COROLLARY   II.* 

§  208.  If  ihe  succeeding  life,  instead  of  receiving 
an  annuity  during  his  life^  were  to  receive  an  annuity 
eer tain  for  a  given  term  of  years  after  the  failure  of 
the  life  in  possession ;  then,  by  making  B  equal  to 
the  value  of  such  annuity  certain  for  the  given  term, 
the  above  formula  would  truly  express  the  present 
value  of  such  annuity  to  be  entered  on  at  tbe  failure 
of  the  life  in  possession. 

And  if  this  annuity  were  a  perpetuity  (that  is,  if 
the  succeeding  life  and  his  heirs  were  to  receive  ai^ 
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annuity  for  ever  sifter  the  failure  of  the  life  in  pos- 
session) B  would  become  equal  to  — ^  and  the  for* 

Inula  would  in  this  case  become  equal  to  —  ^  Ai 
which  is  the  very  same  as  tliat  deduced  from  Prob. 

xxni. 

For  examples  of  the  use  and  application  of  this 
corollary  see  Question  XXIV  in  Chapter  XIL 


PROBLEM  XXV.» 

S  209.  Three  lives  A^B.C^  being  given  in  succe6« 
fion :  To  find  the  present  value  of  an  annuity  on  the 
third  succeeding  life :  and  also  the  value  of  the  three 
successive  lives. 

80L)7TIOir« 

Let  the  values  of  an  annuity  on  each  of  the  three 
lives,  at  the  time  that  they  severally  come  into  po$« 
session,  be  respectively  denoted  by  ji^B^C.  There- 
fore, since  the  value  of  an  annuity  on  the  second  life  in 
succession  (to  commence  at  the  decease  of  A)  is  to 
the  value  of  a  perpetuity  (to  commence  at  the  same 
time)  in  the  ratio  of  JB  to  — ;  it  follows  that  the  present 
value  of  the  former  will  be  to  the  present  value  of  the 
latter  in  the  same  ratio.    But,  the  present  value  of  the 

*  Simpson^  Prob.  7S,  and  Sup.  Prob.  25. 
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latter  is,  by  Prob.  XXIII,  equal  to A:=z  ■  '^^-  ; 

therefore  — :  B : :    "^^     :  jS(1  —  f-^)  =  the  present 

value  of  the  former;  and  which  is  the  same  value  as 
•that  found  by  the  last  problem :  whence  the  two  me- 
thods of  solution  confirm  the  truth  of  each  other. 

The  present  value  of  the  first  two  successive  lives 
being  thus  found  equal  to  -^  +  jB(  1  —^A)\  it  follows 
that  the  present  value  of  the  reversion  of  a  perpetuity 
after  these  lives  will  (by  a  deduction  from  Prob.  XXIII) 

J)e  equal  to  —  —  \{A+B{l—^A)l^  =  —{\—^A) 

X(l  — p5).  Consequently,  since  the  value  of  an 
annuity  on  the  third  life  in  succession  (to  commence 
at  the  decease  of  P)  is  to  the  value  of  a  perpetuity 
(to  commence  at  the  same  period)  in  the  ratio  of  C 

to  — ;  it  follows  that  the  present  value  of  the  former 
will  be  to  the  present  value  of  the  latter,  in  the  same 
ratio:  thatis,  — :  C::  ~(1— f^^)x(l  — jB):  Cx 
{\  —  ^A)  X  (I—  f-B)  =  the  present  value  of  an  an- 
nuity on  the  third  successive  life ;  whence  the  follow- 
ing rule. 

§  210,  Multiply  the  value  of  an  annuity  on  the 
life  in  possession  by  the  rate  of  interest^  and  subtract 
the  product  from  unity;  multiply  also  the  assumed 
.value  of  an  annuity  on  the  second  life  in  succession 
by  the  rate  of  interest j  and  subtract  this  product  lihe^ 
wise  from  unity:  multiply  together  these  two  remain* 
ders^  and  their  product  again  by  the  assumed  value 


1 
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q/*an  annuity  on  the  third  life  in  succession:  this  last 
product  tbill  be  the  value  of  the  third  successive  life* 

• 

§  21 1.  If  the  present  value  of  each  successive  life, 
as  above  found,  be  added  together,  their  sum,  or  ji-j^ 
JB(l  — e^)+  C{l—^A)  X  (l  —  ^B),  will  be  the  pre- 
sent  value  of  the  three  successive  lives :  but  this  ex- 
pression will  be  found  equal  to  — f  1— (1  —  py/)  X 

(1  — fZ?)  X  (I  — fC)l:  whence  the  present  value  of 

any  number  of  lives  in  succession  may  be  discovered 
on  inspection  \  and  thence^  the  following  rule. 

§  212.  Multiply  the  assumed  value  of  an  annuity 
on  each  of  the  proposed  lives^  by  the  rate  of  interest ; 
take  tlie  several  products  from  unity ^  and  multiply 
together  all  the  remainders  \  let  the  product  thus 
arising  be  also  subtracted  from  unity,  and  the  re- 
mainder  divided  by  the  rate  of  interest :  the  quotient 
will  be  the  present  value  of  all  the  successive  livesy  in- 
cluding the  life  in  possession. 


PROBLEM  XXVL* 


§  213.     Suppose  a  person  to  purchase  a  copyhold 
estate,  on  any  number  of  lives  A,B,C,  &c,  for  the 

sum  Sj  on  condition  that  he  and  his  successors  may 

» 
% 

*  Skxipson^  Prob.  27;  and  Sup,  Prob.  2Q,    Dodson,  vol,  iS. 
Ques..  BZ  to  gs,    Pe  Moivre,  Prob.  10. 


1W  OK  COPYHOLDS*  CL  ^. 

renew  it  continually  '  by  paying  the  fine  /  whenever 
any  one  of  such  lives  becomes  extinct :  To  find  the 
present  value  of  the  whole  purchase  of  such  estate. 


SOLUTlOir. 

Let  the  value  of  an  annuity  on  each  of  the  lives 
A,B,C,  &c,  in  possession^  be  respectively  denoted  by 
^yByC,  i^c;  and  let  the  value  of  an  annuity  on  each 

12       3 

of  the  lives  A,  A,  A^  &c,  (which  are  supposed  to  follow 
In  direct  succession  from  A )  be  respectivelv  denoted  by 

^,  ji,  uiy  &c.*    In  like  manner,  let  the  value  of  an 

I       S        3 

annuity  on  each  of  the  lives,  B,  B,  B,  &c,  (which  are 
supposed  to  follow  in  direct  succession  from  B)  be 

1      a      s 

respectively  denoted  by  By  By  B,  &c;  and  so  on  with 
respect  to  the  lives  immediately  succeeding  Cj  H,  &c. 
And  let  us  first  determine  the  present  value  of  all  the 
fines  payable  on  the  es:tinction  of  the  life  A  and  his 
immediate  successors* 

Now,  the  present  value  of  the  fine  /  papble  on 
the  decease  of  A,  in  whatever  part  of  the  year  that 
may  happen,  may  in  the  present  case  be  considered 
equal  to  the  present  value  of  an  ^tate,  yielding  f^ 
per  annum,  to  be  entered  upon  at  the  decease  of  A  ; 

which,  by  Prob.  XZIII,  is  found  to  be/f  ( -^ )  — 

^(1— fyf).    If  instead  of  ^  in  this  formula  we  sub- 

*  Care  must  be  taHen  not  to  mistake  these  numeral  quantities 
|br  the  index  of  the  quantity  to  which  they  are  annexed:  as^  they 
^oerely  denote  the  order  of  succession  among  the  given  lives. 
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sdtute  the  present  value  of  the  two  successive  lives 
A,  A,  which,  by  Probt  XXIV,  is  found  equal  to  ^  + 

u^(l— f^),  we  shall  have/(l-f^  X(l-f-r^)  for 
the  present  value  of  the  fine  to  be  paid  on  the  decease 

of  A.  And  if  mstead  of  ^  in  that  same  formuU 
vre  substitute  the  present  value  of  the  three  successive 
Eves  A,  A,  A,  which,  by  the  last  problem,  is  found 
-equal  io  A  +  A{  1  -j^)  +  J(l-f^)  X (l-f^), 

ve  shall  have/(l— f^)  X  (1  — f^)  X  (1  — e^)  ^^r 
the  present  value  of  the  fine  payable  on  the  decease  of 

A:  and  so  on  with  respect  to  all  the  subsequent  fines 
payable  on  the  extinction  of  each  life  in  direct  suc- 
cession from  A.     But,  the  sum  of  all  these  quanti* 

ties,  or  the  series  /[(l — e-^)+ (1  — f^)  X  (1  — f-^)+ 

(1  — p^x(l— e-^)X(I— e^)+ adinfinitumj 

is  the  present  value  of  all  the  sums  that  may  be  paid 
from  tin^e  to  time  for  the  renewals  of  the  several  lives 
in  direct  succession  from  A. 

By  a  similar  method  of  proceeding  it  will  be  found 

that  the  series/[(i  — fB)+  (l-fjB)x(l  — fB)  + 

(1— fB)x(l— eB)X(l— e^)+ ^^  infinitum2 

will  denote  the  present  value  of  all  the  sums  that  may 

be  paid  from  time  to  time  for  the  renewals  of  the 
several  lives  in  direct  succession  from  B.  And  so  on 
with  respect  to  the  other  lives  C,D,  &c,  and  their  suc- 
cessors for  ever:  and  the  sum  of  all  these  different 
series,  or 


ITU*  .  ON  coPYHaLDs.  .  CA.  7. 

/[(l-e^+(l-f^X(l-f-^+  — arfin/:]  + 

/[(i-fB)+(i-e^)x(i-e^)+  —  ad  in/:]+ 

/[(l~fC)+(l~eOx(l-eC)+  ....  arfm/.]  + 

&c  •  &c  fire, 

will  be  the  total  present  value  of  all  the  fines  that  the 
tenant  can  ever  pay ;  and  which  being  added  to  s  will 
give  the  whole  value  paid  for  the  purchase. 


COROLLARY    I. 


§  ^4.     Hence  if  the  lives,  with  which  the  lease  is 
from  time  to  time  renewed,  be  supposed  equal  to  one 

another,  or  of  the  same  common  age  A,^  the  general 
expression  above  given  will  become 

/(i-eC)[i+(i-f^)+(i-evf)'+(i-eJ)'+..«'^m/.]  + 

the  sum  of  which   series,  since  I  1  +  ( 1  —  f-^)  + 

(1  —  p-^/4"(l — f  ^)'"l" ^^  infinitum  I  is  equal  to 

-V,*  becomes  ^^\^ — ^-f.-L-fi-f  JL-.c+&c) 

^A  A      ^  ^  f 

*  It  is  well  known  that s=  l  +  x'4-j*  +  **  + ad 

1— a? 

I  • 

mjlniium:  therefore,  by  substituting  (1  ^^A)  for  x,  we  shall  have 

— ;—  equal  fo  the  sesies  given  in  the  text, 
,A  It 
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T=:^( ^— .£— C— &c);  where  n  denotes  the 

number  of  lives  on  which  the  estate  is  held :  whence 
the  following  rule. 

%  215.  Divide  the  number  of  lives  by  the  rate  of 
interesty  and  from  the  quotient  subtract  the  sum,  of 
the  values  of  an  annuity  on  each  of  the  single  lives  in 
possession ;  divide  the  remainder  by  the  assumed  value 
of  an  annuity  on  the  common  life  tvith  which  the  lease 
is  from  time  to  time  to  be  renewed:  the  quotient j 
thence  arising^  multiplied  by  the  fine  to  be  paid  on 
renewing  will  be  the  total  present  value  of  all  the  re- 
newals  for  ever:  and  tvhichy  being  added  to  the  sum 
given  for  the  estate^  will  give  the  whole  value  oftJie 
purchase. 

§  2 1 6.  Example.  Suppose  a  person  to  have  paid 
down  ^1000  for  the  purchase  of  a  copyhold  estate 
held  on  three  lives,  whose  ages  are  30,  50  and  70 ; 
on  condition  that  he  may,  on  the  extinction  of  any 
life,  continually  renew  with  any  other  life  that  he  thinks 
proper,  on  paying  a  fine  of  cC600 :  What  is  the  present 
valuie  of  all  those  fines  with  which  the  estate  may  be 
continually  renewed,  reckoning  interest  at  5  per  cent, 
and  the  probabilities  of  living  according  to  the  obser- 
vations of  M.  De  Parcieux  ? 

Here  we  shall  have  -/^=:  14-693,  jB  =  11-363,  C= 

1 
6055y  n  =  3,  f =-05,/=600,  and  A  (or  the  value  of 


t74  OK   COPYHOLDS.  CA.  ?• 

an  annuity  on  the  best  life  in  the  table*)  =  16*21S. 
Consequently,  y^:^(60— S2111)  =  1402'171,  or 
jE1402  :  S  :  5  will  be  the  present  value  of  all  the  fines: 
and  which  being  added  to  the  <£lOOO  paid  upon  en* 
tering  will  give  the  total  value  of  the  fee  simple  of  the 
estate* 

COROLLARY  II. 

§  217.  When  all  the  lives  in  possession  are  of  the 
same  common  age  A,  the  formula  in  the  preceding 

At     1 

corollary  will  become  equal  to  v( ^)*    But,  if 

all  the  lives^  as  well  those  in  possession  as  those  to  be 
put  in  nomination  afterwards,  be  equal  to  each  other^ 

or  of  the  same  common  age  A,  the  present  value  of 

all  the  renewals  for  evef  will  then  be  equal  to  -—* 

(i-^)=/„(-v-i). 

COROLLARY   III. 

§  218.  If  the  present  value  found  by  either  of 
the  preceding  corollaries  be  multiplied  by  the  rate  of 
interest,  it  will  show  how  much  the  rent-roll  of  the 
landlord'^  estate  ought  in  each  case  to  be  increased  on 
account  of  the  fines  paid  at  renewing. 

*  Thi8  b  always  the  assumed  value  of  A^  agreeably  to  what 
kas  been  said  oa  this  subject  in  §  203. 


1 
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Thusy  in  the  example  given  in  §  2 16^  it  will  be 
fouxid  that  1402*171  X*05=70109,  or  £lO :  2  :  2 
is  the  sum  by  which  the  rent-roll  of  the  lord's  estate 
ought  to  be  increased  on  account  of  the  fines  there 
mentioned. 

C0R0LLAK.Y  IV. 

^  219.  Since  the  purchase  money  paid  for  the 
lease,  together  with  the  present  value  of  all  the  fines 
CO  be  paid  on  renewal,  is  equal  to  the  value  of  the  per-* 
petmty  of  the  rack-rent  of  the  estate  (=/>);  that  is, 

fimce^  +  4(--^-5-C-&c)  =j&}  it  follows 
that  fj  or  the  fine  which  ought  to  be  paid  on  renew- 
ing, will  be  equal  to  ^tZfl :    whence  the 

following  rule. 

S  220.  Subtract  the  tenant's  interest  in  the  lease 
(or  the  purchase  money  which  he  has  given  for  the 
same)  from  the  value  of  the  fee  simple  of  the  estate^ 
and  multiply  the  remainder  by  the  assumed  value  of 
an  annuity  on  the  common  life  with  which  the  lease  is 
supposed  to  be  constantly  renewed;  reserving  the  pro* 
duct : — divide  the  number  of  lives  on  which  the  lease 
is  now  heldj  by  the  rate  of  interest ;  and  from  the 
quotient  subtract  the  sum  of  the  values  of  an  annuity 
on  each  of  those  lives :  the  reserved  product  being  di* 
vided  by  this  remainder^  will  give  the  sum  ivhich 
ought  injustice  to  be  paid  as  a  fine  on  each  renewal. 
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§  2S 1  •  Example.  Suppose  a  person  to  have  pur-^ 
chased,  for  <£lOOO,  a  copyhold  estate,  the  rack-rent 
of  which  is  estimated  at  <£lOO  per  annum  j  and  that 
such  estate  is  held  on  three  lives,  renewable  for  ever 
on  the  extinction  of  either  of  those  lives  by  paying  a 
fine  certain :  what  ought  such  fine  to  be  fixed  at,  in 
order  that  the  purchaser  may  make  S  per  cent  interest 
of  his  money,  supposing  the  ages  of  the  lives  (on 
which  the  estate  is  now  held)  to  be  30,  50  and  70, 
and  that  the  probabilities  of  living  are  according  to  the 
observations  of  AI.  De  Parcieux? 

Here  we  shall  have  p  (or  the  value  of  the  perpetuity 
of  the  rack-rent  of  the  estate)  =  2000,  s  —  1000, 
and  the  remaining  quantities  as  in  the  example  in 
§  216.     Consequently  the  value  of  the  fine  ought  to 

be  '-^^nr  =  581-340,  or.<£58l :  6 :  10. 

COROLLARY    V. 

§  222.  If  the  estate  is  held  on  one  life  only,  the 
present  value  of  the  landlord's  interest  therein  will  be 

universally  expressed  byy*X     "^  \    .     Now,  imme- 

diately  after  the  receipt  of  a  fine,  the  life  in  posses- 
sion  is  equal  to  A  ^  whence  the  expression  in  this  case 

becomes  f  X  — f — :  and  immediately  before  the  re- 

ceipt  of  a  fine,  the  life  in  possession  having  become  ez« 

tinct,  the  expression  in  this  case  becomes/  x  -=-7-.* 

iA 

*  These  three  fomiulae  will  serve  to  express  the  value  of  per« 
petual  Adwnusons  (conudered  as  an  object  of  traffic)  under  the 
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But,  suicd  the  present  value  of  the  next  fine  is  uni« 
versally  expressed  by  /(I— j^),  or  by  the  amount 
of  such  fine  multiplied  into  the  difference  between 
unity  and  the  product  of  the  rate  of  interest  by  the 
val^ie  of  an  annuity  on  the  life  in  possession,  we  may 
readily  determine  the  landlord's  interest  in  the  estate^ 
or  the  value  of  all  the  fmes  to  be  paid  on  renewing^ 
by  the  following  rule. 

§  223.  Divide  the  present  value  of  the  next  Jine 
by  the  product  of  the  rate  of  interest  into  the  value 
of  an  annuity  on  the  common  life  with  ivhich  the  lease 
is  to  be  continually  renewed:  the  quotient  thence 
arising  will  be  the  value  required^ 

three  most  usoal  ciraiitiatances :  1®  where  the  living  \%  possessed 
by  an  incumbent  whose  life  is  equal  to  Aj  iP  immediately  after 
presentation,  where  the  life  presented  is  of  the  same  common  age> 

A^  as  that  with  w  hich  the  living  is  supposed  to  be  con^antly  filled 
up ;  3^  witli  immediate  resignation. 

It  must  however  be  here  particularly  observed  tbat^  in  these 

cases  the  value  of  ^  (or  tbe  value  of  an  annuity  on  the  common 
life  with  which  the  living  is  supposed  to  be  constantly  filled  up) 
must  never  be  assumed  so  great  as  in  those  c^ses  mentioned  in  the 
text :  because  the  person^  who  is  presented  to  the  living,  must 
always  be  above  24  years  of  age :  and  it  seldom  happens  that  ha 
is  even  so  young  as  this. 

It  has  been  ingeniously  suggested  that  the  ages  of  the  incum* 
bents^  when  they  are  inducted,  may  be  partly  fixed  from  the  value 
of  the  livings.  See  De  Moivrd,  Prob.  Hand  15  :  and  Dodsen^ 
ycd.  iii^.  page  347* 

N 
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§  224«  Example.  Suppose  that  a  copyhold  tenant 
pays  to  the  lord  of  the  manor  a  fine  of  <£lQO  on  his 
admission,  and  that  every  successor  does  the  same; 
what  is  the  present  value  of  the  lord's  interest  in  that 
copyhold^  on  the  supposition  that  the  tenants  admitted 
thereto  are  (one  with  another)  25  years  of  age  at  the 
time  of  their  admission :  interest  being  reckoned  at  5 
per  cent,  and  the  probabilities  of  living  as  at  Norths 
amp  ton? 

Here  we  shall  have  -^  =  13"567,  p="05,  and  /= 
100;  consequently  the  value  of  the  lord's  interest  im-' 
mediately  before  the  receipt  of  a  fine  will  be  equal  to 

lOOX  -  ^  Ig.^^y  =  147-416,  or  i;i47 :  8  :  4:  and 
immediately  after  the  receipt  of  a  fine  it  will  be  equal 
*°  1«>  X  ^^^1^  =  *7*16  or  £47:8:4. 
But  if  the  life  now  in  possession  be  70  years  of  age, 
we  shall  have  A  =  6*028;  in  which  case,  the  lord's 

1  •-■  *05  V  fi*02d 

interest  will  be  100  X    ^,    ^1  "^  =  103022,  or 

•05  X  13*5^  ' 

£l03 : 0:5. 

Therefore  if  the  tenant  gave  ^£500  for  the  lease, 
the  whole  value  of  the  purchase  may  in  this  latter  case 
be  estimated  at  ^£603 ;  and  the  corresponding  rent  at 
«£30 :  3  :  O. 

COROLLARY   VI.* 

§  225.    If  the  estate  is  held  on  the  longest  of  any 

*  Simpson's  Sup.  Prob.  28.  De  Moiyre,  Prob.  l%h  Dodson^ 
vol.  iiL  Ques,  65. 
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number  of  lives  (that  is,  on  condition  that,  whenever 
all  those  lives  become  extinct,  the  lease  may  be  re- 
newed with  the  same  number  of  lives,  and  on  the  same 
conditions,  by  paying  the  given  fine )  the  formulae  in 
the  last  corollary,  since  all  the  lives  may  in  this  case 
be  considered  but  as  one,  will  still  express  the  true 
value  of  the  landlord's  interest ;  if  we  make  A  denote 

the  value  of  an  annuity  on  the  longest  of  all  the  lives 

1 

in  possession,  and  A  the  assumed  value  of  an  annuity 
on  the  longest  of  all  the  lives  with  which  the  lease  is 
to  be  continually  filled  up. 

§  226.  Example.  Suppose  an  estate  to  be  leased 
on  two  lives,  with  condition  that,  on  the  extinction  of 
both  those  lives,  the  same  may  be  renewed  with  two 
other  lives  (the  best  that  can  be  found)  on  paying  a 
fine  of  ^SOO;  and  so  on  for  ever:  what  is  the  pre- 
sent value  of  the  landlord's  interest  in  the  estate: 
taking  the  probabilities  of  living  as  at  NorthamptoUj 
and  the  rate  of  interest  at  5  per  cent^  ? 

Here  we  shall  have  A  (or  the  value  of  an  annuity 
on  the  longest  of  two  lives,  both  aged  8  years)  =: 
17 '721,  f?=-05,  and/ =300}  consequently  the 
value  of  the  landlord's  interest  immediately  before  the 

receipt  of  a  fine  will  be  equal  to  300  X  — — r^:^  =5 

340»656,  or  <£S40 :  IS:  1 :  and  immediately  after 
the  receipt  of  a  fine  it  will  be  equal  to  40*t)56.  But, 
if  the  ages  of  the  lives,  on  which  the  estate  is  now 
held,  be  40  and  60  years  of  age,  the  landlord's  in- 

N  2 
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terest  will  be  equal  to  300X    Qg^^lV^^    =114-880: 
or,  if  the  eldest  of  those  lives  be  extinct,  the  land* 

brd's  interest  Mrill  be  equal  to  300  X  ^jJ^TF;'^" 
138-192. 


SCHOLIUM. 

§  227.  From  the  principles  here  laid  doi^n,  it  will 
be  easy  to  determine  whether  it  is  most  advantageous, 
to  the  lessee  or  the  landlord,  to  fill  up  a  life  as  soon 
as  it  becomes  vacant ;  or  to  wait  till  two  or  more  of 
them  have  dropt  before  the  renewal. 
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CHAPTER  Vin. 


On  Assurances  depending  on  a  particular  Order  of 

Survivorship. 

§  228.  The  subject  of  the  present  chapter  is  cer- 
tainly one  of  the  most  intricate  in  the  whole  doctrine 
of  annuities,  since  it  involves  contingencies  for  which 
it  is  very  difficult  to  give  a  concise  and  accurate  ex- 
pression. When  two  lives  only  are  concerned,  the 
investigations  are  not  very  complex;  and  the  solu- 
tions may  be  obtained  without  much  labour  or  incon- 
venience :  but  when  three  or  more  lives  are  involved 
in  the  question,  the  investigations  become  more  intri- 
cate, and  in  many  cases  indeed  baiHe  all  our  endeavours 
to  obtain  the  correct  value.  These  latter  cases,  which 
are  equally  numerous  with  those  whose  values  we  can 
obtain  correctly,  arise  out  of  the  subject  already  men- 
tioned in  page  1 23 ;  and  will  mostly  occur  towards 
the  end  of  this  chapter :  we  may,  indeed,  approximate 
to  their  true  value  by  the  help  of  the  two  lemmata 
given  in  the  fifth  chapter;  as  will  more  distinctly  ap- 
pear hereafter. 

I  would  here  observe  that  I  have  not  considered  any 
cases  where  more  than  three  lives  are  involved ;  those 
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cases  are  so  very  rare  that  it  would  not  be  worth  while 
to  lay  down  any  general  rules  on  the  subject ;  and  to 
investigate  them  properly  would  swell  the  present 
work  to  an  enormous  bulk. 

In  order  to  avoid  any  unnecessary  repetitions  in  the 
ensuing  problems,  I  will  take  this  opportunity  of  men* 
tioning,  once  for  all,  that  I  shall  in  every  case  denote 
the  given  sum  by  ^ ;  and  that  the  probabilities  of  liv- 
ing  will  be  still  represented  by  the  same  quantities  as 
in  §  23.  The  resulting  formulas,  which  show  the 
value  of  such  sum,  will  sufficiently  enable  the  expe- 
rienced analyst  to  determine  its  numerical  value :  but 
they  are  too  complex  and  intricate  to  be  inserted  as 
rules,  in  words  at  length. 

§  229.     I  would  also  obs^re  here,  that  I  use  the 

characters  Ay  B,  C  to  denote  the  value  of  an  annuity 
.on  a  life  one  year  older  than  the  life  A,  B^  cmt  C  re- 
spectively: and  the  characters  ^,  B,  C  to  denote  the 

til 

value  of  an  annuity  on  a  life  one  year  younger  than 
the  life  A,  B,  or  C  respectively.     Consequently  when 

the  character  u4\  jB',  or  &  occurs,  it  is  meant  to  de- 
note the  value  of  an  annuity  on  a  life  n  years  older 

than  A,B,  or  C  respectively:  that  is,  on  a  life  (n+l) 

years  older  than  A,  B,  or  C  respectively. 

The  same  observations  will  apply  to  the  characters 

jfj  B\  or  C\  which  respectively  denote  the  value  of 
I     /  I 

an  annuity  on  a  life  n  years  older  than  A,  B  or  C : 

that  is,  on  a  life  (n  — 1 )  years  older  than  A,  B>  or  C, 
8 
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respectively.  This  remark  will  also  extend  to  the  case 
of  such  lives  considered  jointly  with  any  other  lives : 

thus  AB  denotes  the  value  of  an  annuity  on  the  joint 

lives  of  B  and  a  life  one  year  older  than  A  y  ABC 
the  value  of  an  annuity  on  the  joint  lives  of  BG  and 
a  life  one  year  older  than  A:  and  so  on. 

PROBLEM  XIVIL* 

S  2S0.  To  determine  the  prescht  valiie  of  a  given 
sum,  payable  on  the  decease  of  A,  provided  that  shall 
be  the^r^^  which  fails  of  two  given  lives  A,  B. 

SOLUTION. 

The  chance  of  receiving  the  sum  it  the  end  df  any 
one  year  will  depend  on  the  harppening  of  one  or  other 
of  these  two  events:  1°  that  A  dies  m  the  year,  and 
that  B  lives  to  the  end  of  it :  2°  that  both  lives  fedl  in 
the  year,  restrained  however  to  the  contingency  that 
A  dies  first.     The  probability  that  the  first  event  will 

happen  in  the  first  year  is  ^  ;  and  the  probability 
that  the  second  event  will  happen  in  the  same  period 

is  l^*-^/X^  ~  ^ .  these  two  values,  therefore,  being 

added  together  and  multiplied  by  5(1+^)"',  or  the 
present  value  of  the  given  sum  certain  to  be  received 

*  Price^  Ques,  11,  and  Note  (M).  Dodson,  vol.  iii.  Clues.  23. 
Simpson's  Sup.  Prob.  32.  MoxgAU,  Prob.  l6^  aud  in  Phil.  Trans, 
for  1788,  Prob  2. 
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at  the  end   of  the   year,  will  give  4-(l +  ?)""'  X 

(|r  -^  ^.  -^  — -  +  ^4)  ^^^  ^^^  "vzlne  of  the  expectation 
of  receiving  such  sum  at  the  end  of  the  first  year.  In 
like  manner>  since  the  probability  that  the  first  event 

will  happen  in  the  second  year  is  V  ^  and  the  pro- 
bability that  the  second  event  will  happen  in  the  same 

period  is  ,   "^    ,  it  follows  that  the  sum  of  these, 

inultipUed  by  'y(l+f)"%  will  give  the  value  of  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  se* 
cond  year.  By  a  similar  method  of  reasoning  we  may 
'  find  the  value  of  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  year:  and  so  on  for  every  sue* 
ceeding  year,  to  the  utmost  extent  of  human  life  j  the 
sum  of  aU  which  yearly  values^  or  the  series 

r^  ti  n         III  HI         w  II  "^'"1 

&c  &c  &c« 

will  b€f  the  tot^l  present  value  of  the  sum  ^  to  be  re-* 
ceived  on  the  above  pontingency. 

S  231.     But,  the  sum  of  the  first  two  of  these  per* 
pendicular  series  (independent  of  the  common  muU 

tiplier  ^)  is  by  Prob.  XXII,  equal  to  -T^^  v  ;  thq 
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t  JL»  Jtn  it 

third  will  be  found  equal  to  -^  TYXT  ^  a  ^    ^^  ^^ 

a 

last,  equal  to  jiBx  — .*      Consequently    the    total 
present  value   of  the  given   sum   will   be  equal  to 


kh 


9 

a 


a 


•  The  third  of  these  perpendicular  leries^  or     .  ,   . — r-  + 

a^(l+f) 

ir  /                   mu 
-Tz rs  +  Tz r;  +  &c  (by  taking  all  the  terms  as  affinna^ 

five  and  omitting  the  common  multiplier—] ,  is  evidently  equal  to 

I  _       I—  n  1  w  n  mi  m  -^ 

10      \       ^       ab  ab        .         a^        .•!..,. 

rr-T   ^+-; +-; +-^ — ' — '+^^   •  ^^^<* 

//  /  M  a  mi  m 

(since  ■; + " h  -; +  &c  is  equal  to  JB) 

a/;(l+f)      a^(l+?)*      a*(l+f)« 

.«  ,                    .           ab     i        i^\      \-\-AB       a     ,    ..^ 
will  become  equal  to    ,,    .    .U  -f -«B)  =-; r-  x  — .   In  like 

manner^  it  will  be  evident  that  the  fourth  perpendicular  series^  or 

ah       .       ab        ,        ab        ,-.  w^^Pfl^ 

I  n  u  III  "n  I 

•7- rz  +  -7T — . — Ti  +  Sec  is  equal  to  JB)  will  become  equ4 

a 

to  ^B  X  — . 
f  a 

The  value  of  these  series,  however,  may  be  expressed  in  a  dif- 

Jerent  manner,  by  inverting  the  method  here  pursued:  for,  the 

1i\ir^  perpendicular  series  is  (on  the  assumption  just  Qientioned) 


186  ON  CONTINGENT  AMURANCKS.  CL  A* 

As  this  formula  will  often  be  referred  to  in  the  sul> 
sequent  problems,  it  will  be  convenient  to  denote  it  by 
a  more  simple  expression;  therefore  let  it  be  repre- 
sented by  4/^^:  that  is,  let  ^/4^  denote  the  present 
value  of  ^1  to  be  received  on  the  contingency  men- 
tioned in  the  problem ;    consequently  s  X  t/i^  will 

br     ^^  '^^  nijl  -n 

f  9  •  ^^^w 

b 

ABx-^i   and  the  fourth  perpendicular  series  is  also  equal  to 


b 

ai 
ab{l^i) 


I"             I  It                  tiiq                  luuw  • 

\       ,       ab        ,    ^    ab                 ab  .     1 

l  +  « +^^ +^^ +&C 

L-       ab{\+i)       obil+iY       ab{l+^y  J 


^i     /    .    .^N        1+^B        i 


(l  +  Ajb^  =  ^  X  -r-.    Whence  it  Appears  that 


(1  +  f)        a         I       b 

-rr- — r  X  -7-=  ABx  — : 
(I  +  f)        ^        /  a  » 

and  consequently^  (since  each  series  may  be  summed  up  in  two  dif- 
ferent ways)  that  we  may  adopt  either  expression  for  the  value  of 
the  same :  a  circumstance  of  which  I  have  availed  mjrself  in  some 
of  the  subsequent  problems.  The  same  observations  will  apply 
to  any  other  two  lives. 

Mr.  Morgan  (apparently  not  aware  of  this  property)  has  run 
into  some  strange  errors  on  this  subject.  He  has  given  both  ex- 
pressions in  the  same  formula :  and  such  expressions^  being  there 
always  used  with  contrary  signs,  of  course  destroy  each  othe{; 
and  are  therefore  unnecessarily  introduced !  These  cases  are  by 
no  means  singular,  as  they  occur  in  almost  all  the  problems  (in- 
Tolvoig  similar  contingencies)  inserted  by  him  in  the  Phikxophical 
Transactions.  See  a  remarkable  instance  of  this  kind  in  the  not* 
to  the  First  Case  of  Problem  XL V. 
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denote  the  present  value  of  the  given  sum  under  the 
came  circumstances.* 

*  The  only  methods  of  solving  this  problem  (previous  to  the  in- 
vestigation of  it  by  Mr.  Morgan  firom  the  real  probabilities  of  life) 
were  those  given  by  Mr.  Simpson  in  the  Supplement  to  his  Doctrine 
qfAnHuities,  Frob.  XXXI  I,  and  by  Mr.Dod3oa  in  the  third  voluine 
of  his  Mathematical  Repository,  Ques.  XXIII :  both  of  which  are 
deduced  from  M.  De  Moivre*8  hypothesis.  Mr.  Simpson  however 
has  inserted  a  rule  which  may  be  applied  to  any  table  of  observa- 
tions:  whilst  Mr.  Dodson  still  abides  by  the  hypothesis  of  his 
inend  De  Moivre.  Mr.  Morgan,  with  his  usual  antipathy  against 
that  theory,  has  despatched  Mr.  Dodson's  rule  in  very  few  words^ 
by  saying  that  "  having  derived  his  rale  from  a  wrong  hypothesis, 
''  he  has  rendered  it  of  so  laa."  {Phil.  TVanj.vd.  Ixxviii.  p.  332): 
and  Dr.  Price  has  observeil  that  he  knows  of  no  other  method  of 
solution  but  that  of  Mr.  Simpson.  Had  these  gentlemen,  how. 
ever,  taken  the  trouble  to  compare  Mr.  Simpson's  rule  with  that 
given  by  Mr.  Dodson,  they  would  have  found  that  the  latter  (even 
on  De  Moivre's  hypothesis)  gives  the  values  oftentimes  more  cor- 
rectly than  the  former;  and  were  it  adapted  to  the  real  probabi- 
Kties  of  life,  in  the  same  manner  as  they  have  adapted  Mr.  Simp- 
son's, it  would  in  many  cases  give  the  values  still  more  correspond- 
ing to  the  true  values.  I  agree  with  them  however  that  neither 
of  these  methods  can  be  safely  used,  except  in  the  middle  stages 
of  life:  and  that  it  will  be  best  in  ai/ cases  to  deduce  the  values 
from  real  observations.  Nevertheless  as  a  near  value  may  be 
oftentimes  fequired,  without  much  labour  of  computation,  I  have 
thought  it  necessary  to  point  out  how  far  these  methods  may  be 
dicpcnded  on. 

Bat,  is  it  not  singular  that,  after  the  unlimited  censure  which 
Mr.  Morgan  has  cast  upon  the  "  wretched"  hypothesis  of  De 
Moivre,  he  should  (as  editor  of  Dr.  Price*s  Observations  on  Re* 
WTsionoay  Payments)  suffer  the  Fortieth  Table  in  that  work  to 
remain  without  a  comment  ?  particularly  as  he  must  well  know, 
because  he  has  taken  much  pains  to  prove,  that  the  values  in  that 
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COROLLARY   I. 


§  232.    Having  thus  found  the  present  value  of 

4 

the  given  sum  on  the  contingency  of  B  surviving  A ; 
the  present  value  of  the  same  sum  on  the  contingency 
of  A  surviving  B  (that  is,  of  the  same  sum  to  be  re- 
ceived on  the  death  of  B,  provided  his  life  be  the  fisrt 
that  becomes  extinct)  is  readily  found  by  substituting 

the  symbols  a,  a,  a,  &c  for  by  6,  Oy  &c  in  the  above 
analysis :  whence  such  value  will  come  out  equal  to 


table  are  extremely  erroneous,  and  in  many  cases  are  more  than  one 
third  of  their  true  value  too  much.  And  is  it  not  more  singular 
that^  to  this  very  hour,  it  should  serve  to  determine  the  value  of 
such  assuranrces  at  the  Equitable  Society,  the  business  of  which 
Mr.  Morgan  has  so  long  and  so  ably  conducted !  It  is  true,  that» 
the  concerns  of  that  society  being,  for  the  most  part,  established 
upon  such  fair  and  truly  equitable  principles,  it  little  signifies  how 
much  is  paid  for  an  assurance  provided  every  one  pays  in  propof 
iion:  but  it  must  be  evident  that,  in  the  present  case,  the  rest  of 
the  society  are  benefited  at  the  expense  of  those  who  assure  on 
the  contingency  mentioned  in  this  problem.  And  it  is  amusing 
|o  observe  how  blindly  the  other  established  Offices,  as  well  as  the 
new  ephemeral  Companies,  have  followed  this  error  of  their  great 
prototype. 

I  have  inserted  the  table,  above  alluded  to,  at  the  end  of  the 
present  work  (being  the  fifty-third  table  there  given)  5  not  only  as 
.a  matter  of  curiosity,  but  to  show  upon  what  erroneous  principles 
the  business  of  those  Offices  is  sometimes  conducted.  See  tho 
^pholium  to  Question  XXX  in  Chapter  XIL 
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But,  if  the  present  value  of  the  given  sum  to  be 
received  on  the  death  of  A  accordmg  to  the  problem 
be  once  determined,  we  may  easily  6nd  the  value  of 
the  same  sum  to  be  received  on  the  death  of  B,  pro- 
vided his  life  be  the  first  that  fails,  by  subtracting  the 
value  found  by  the  problem  from  the  present  value  of 
the  given  sum  to  be  received  on  the  extinctions  of  the 
joint  lives  AB,  as  found  by  Prob.  XXII :  or,  in  other 
words,  by  changing  the  sign  of  the  second  term  in  the 
general  expression  deduced  from  the  problem.     Thus 

'  fizL^  +  ((L±^  -  AB.ayS\  ^iii  also  denote 

the  present  value  of  the  given  sum  on  the  contingency 
of  A  surviving  B.* 

As  these  formuke  will  be  often  referred  to  in  the 
subsequent  probleins,  it  will  be  more  convenient  to 
denote  them  by  a  more  simple  expression ;  therefore 
let  them  be  represented  by  JB^:  that  is,  let  JB^  de- 
note the  present  value  ol  £,\  to  be  received  on  the 
contingency  mentioned  in  this  corollary;  consequently 
s  X  B^  will  denote  the  present  value  of  the  given  sura 
under  the  same  circumstances. 

* 

*  Universally  we  shall  find  that,  by  this  method  of  investigation, 
the   expression    —      ■  ,  .-    ■  +  (  '  .     .    > AB.a )  —  |  =. 

in  either  ca^;  where  the  upper  sign  is  to  be  taken  if  the  sum  de- 
pends on  the  contingency  of  A's  d)4ng  first  3  and  the  lower  sign^  i£ 
om  B's  dying  fhr&t. 
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COROLLARY   II. 

§  233.  From  the  principles  laid  down  in  the  pro- 
blem we  may  readily  find  the  value  of  any  sum  de- 
pending on  the  contingency  of  C  surviving  A  j  that 
is,  of  such  sum  to  be  received  on  the  death  of  A  pro- 
vided his  life  be  the  first  that  becomes  extinct  of  the 
two  lives  A,  C.     The  value  of  such  sum  will  be  equal 

to  4-ri^f-.(M^«^aa)-Ll :  and  which 
I  shall  (for  the  reasons  above  mentioned)  denote  by 

In  like  manner  the  value  of  any  sum  depending  on 
the  contingency  of  C  surviving  B  will  be  found  equal  to 

for  the  same  reasons  denote  by  ^  X  B^^  These  for- 
mulae will  often  be  referred  to  in  the  subsequent 
problems. 


COROLLARY  III. 

§  234.  If  the  contingency  mentioned  in  the  pro- 
blem, and  on  which  the  given  sum  is  to  be  received, 
is  Deferred  for  any  given  number  of  years  (=n),  less 
tha^  that  to  which  it  is  probable  the  two  joint  lives 
may  extend,  it  is  evident  that  the  several  perpendicular 
series,  in  the  general  expression  given  in  page  184, 
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must  be  continued  from  after  the  n^  term  only ;  and 
thence  to  the  utmost  extent  of  human  life.  The  sum 
of  which  terms  will,  by  an  attention  to  the  steps  pur- 
sued in  Problem  XXII,  cor.  1,  be  found  equal  to 

expression  which  I  shall  denote  by  5  X  C*/^^)  . 


COROLLARY  IV. 

S  235.  Or,  if  the  contingency,  on  which  the 
given  sum  is  to  be  received,  is  Temporary  (that  is,  to 
continue  only  for  a  given  tej-rn  =  ti,  less  than  that  to 
which  it  is  probable  the  two  joint  lives  may  extend) 
it  is  evident  that  the  several  perpendicular  series,  in 
the  general  expression  given  in  page  1 84,  must  be  con- 
tinued for  n  terms  only:  and  the  sum  of  these  will, 
by  an  attention  to  the  steps  pursued  nn  Prob.  XXII, 

con  2,  be  found  equal  to  ~-j    "^  ^  .    —  —  (^J5)^— 

*  It  must  be  remembered  that  JtR  denotes  the  value  of  aa 

annaity  on  two  joint  lives,  each  n  years  older  than  A  and  B ;  and 
that  J'B^  denotes  the  value  of  an  annuity  on  two  joint  lively  each 

»  years  older  than  A  and  B  respectivdy:  agreoaUj  to  what  has 

lioen  iud  id  {  229. 
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But,  since  (JB)^^^  +_£^_-(^fi)t  -Jb--^ 
A'Bx—-^  1  +  f)""^>  we  may  (by  substituting  these 

ah 

.'  values,  as  explained  in  the  problem  just  referred  to) 
r^der  this  formula  more  convenient  for  practice  by 

the  following  expression    *  f  ""1 7"^       X 

that  is«  equal  to  the  diflFerence  between  the  present 
value  of  the  sum  found  by  the  problem,  and  the  pre- 
sent value  of  the  same  sum  Deferred  as  in  the  pre- 
ceding corollary,* 

*  I  believe  that  diis  formula  is  the  first  correct  rule  that  has  ever 
been  given  for  determining  the  value  of  such  assurances  for  given 
iertns.  In  the  solution  of  the  fifteenth  question  in  Dr.  Price's  Obs, 
on  Rev,  Pay,  the  author  has  given  a  rule  by  which  we  may  obtain 
a  near  value  of  such  assurances^  and  has  referred  to  note  H  for  a 
demonstration  of  the  same.  This  demonstration  (as  he  calls  it) 
would  indeed  lead  us  to  the  exact  value  according  to  any  table  of 
observations,  agreeably  to  what  the  author  has  justly  remarked:  the 
rule,  however,  iias  not  been  deduced  from  this  investigation,  but 
from  Question  XXIII  in  the  third  volume  of  Mr.  Dodson's  jlfa« 
thematkal  Repository,  or  from  the  process  laid  down  by  Mr. 
Simpson  in  the  Supplement  to  his  Doctrine  of  Annuities,  pagie  62. 

Mr.  Morgan,  by  way  of  improving  on  this  explanation,  has  given 
a  rule  (without  a  demonstration)  which  he  says  is  obtained  "  with- 
out the  aid  of  M.  De  Moivre's  hypothesis."  This,  however,  is 
not  strictly  true ;  for^  his  rule  is  deduced  on  the  supposition  that 
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COROLLARY  V, 

§  2S6.     If  the  two  lives  are  equal  to  each  other^ 
«•  of  the  same  age- A,  the  general  expression  in  the 

problem  becomes  equal  to  -^  X  ."7^     ;    because  the 

second  term  in  such  expression,  or  —  (j  "j         ■  ■-* 

AA.cL^^  will  then  vanish  altogether:  whence  it  fol- 
lows that  the  value  will  in  such  case  be  equal  to  one 

the  decrements  of  life  are  equal  during  the  given  term ;  similar 
to  the  method  explained  in  the  note  in  page  150  of  the  present 
work:  and  this  use  of  M.  De  Moivre*s  hypothesis  hut  little  accords 
with  what  he  has  repeatedly  advanced^  ''  that  it  is  best  to  exclude 
it  entirely  from  the  doctrine  of  survivorship.**  This  very  fact  will 
show  that  it  may  occasionally  be  used  with  good  effect^  even  in 
the  solution  of  the  very  problem  where  he  has  censured  It  the 
most.  I  shall  here  subjoin  an  investigation  of  Mr.  Morgan*s  rule^  • 
"which  will  show  the  method  of  proceeding  in  similar  cases^  when 
we  wish  to  adopt  the  same  principles. 

It  will  appear  that  the  general  series  in  the  problem  may  b^ 
converted  into  the  following  one^ 

^ — (t+t)  + 


2(1+ f>)         a    \b    '    b 

1        M        I  if 

s  a-^a/  b        ^  \  , 

s  a-^a  i  b        ^  \  , 

2(i+f)»  ^  T"  vT  "*"  TJ  "^ 

&c  &c. 

Ncw«  if  W:e  suppose  the  decrements  of  A*s  life  to  be  equal  da- 
ring the  given  term^  (which  in  many  case?  will  be  found  to  corp 
respond  very  nearly  with  the  fact  J  and  if  such  decrtxn^nt^  be  d^* 

o 
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half  the  present  value  of  the  given  ram  to  be  received 
on  the  extinction  of  the  joint  lives. 

This  observation  will  equally  apply  to  the  formulae,, 
in  the  last  two  corollaries,  for  terms ;  and  is  indeed 
self*evident.     For^  as  the  given  sum  is  not  to  be  re* 


noted  by  im  -^^  j  then  will  the  first  n  terms  of  this  series  b«. 
equal  to  , 


s.i       lb        h  \ 


But>  the  first  of  these  perpendicular  series^  within  the  parentlieses, 

is  (independent  of  the  common  multiple  ~]  equal  to  —  —  j 

and  the  second  is,  in  like  manner^  equal  to  (B)  :    whence  the 
total  present  value  of  the  assurance  for  the  given  term,  will 

upon  this  hypothesis  be  denoted  bjr  —  ^   \     +  (B)*     =s 

"*:;: 1  —7: ; — +  (-B)      •  aud  whence  Mr.  Morgan's  rule 

IS  manifest. 

But  this  rule  may  be  more  conveniently  expressed  by  -^^ x 

■  : r —  :  which,  when  the 

two  series  are  continued  to  the  utmost  extent  of  human  life  (B^be« 

ioj  the  oldest),  will  become  'J^II^  x  ^'*"^^'t^^^.    In  this  lat- 
^  2a»  I  +f ) 
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cehred  dll  after  the  eztmction  of  the  joint  lives^  and 
as  it  is  certainly  an  even  chance  which  of  the  two 
may  survive,  it  is  manifest  that  one  half  the  present 
value  of  the  Sum  to  be  received  on  the  extinction  of 
those  joint  lives  will  be  the  true  value  of  the  sum  de- 
pending on  this  contingency;  whether  such  contin- 
gency extends  to  the  whole  continuance  of  the  given 
lives,  or  exists  only  for  a  given  term. 

Observations  on  Mr^  Morgan^ s  Method  of  investi* 

gating  this  Problem. 

§  237.  I  cannot  dismiss  this  problem  without 
some  remarks  on  the  singular  and  unscientific  manner 
in  which  Mr.  Morgan  has  summed  up  the  four  col- 
lateral series  (in  page  184)  which  express  the  present 
value  of  the  given  sum  to  be  received  on  the  contin^ 
gency  mentioned  in  the  problem :  and  I  am  the  more 
induced  to  do  this  because  similar  expressions  arise 
in  many,  of  his  subsequent  problems,  in  which  the 
same  loose  and  eccentric  method  has  been  pursued ; 
whereby  an  air  of  obscurity  and  difficulty  has  been 
thrown  over  the  subject,  which  it  is  my  intention  here 

ter  case,  however,  the  foraiula  cannot  be  depended  upon,  unless 
A  is  much  the  youngest  of  the  two  lives ;  but  at  the  saoie  tim« 
act  younger  than  15  years  of  age :  indeed  it  ntust  at  all  times  be 
used  with  proper  caution^  and  with  a  due  r^ard  to  the  tables  of 
obsenrations  made  use  of.  Tliese  remarks  will  equally  apply  to 
Ae  sdatioa  of  the  si^C^eenth  question  in  Dr.  Price's  work  above 
quoted 

o  3 
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to  remove.     Mr.  Morgan  divides  the  whole  expresrioil 
into  the  two  following  collateral  series,*  viz. 

+ 


2(1 +  f)  L      ^         ^       ab      J 
s       I    (a~-a)o  j^  {a^a)b    I 


which  is  evidently  the  same  series  as  that  which  I  have 
given  in  page  1  S4f» 


*  Id  the  subsequent  process  given  in  the  text  I  have  adopted 
ibe  method  of  notation  made  use  of  throughout  the  whole  of  this 
work^  in  order  to  prevent  aqy  obscurity  or  circumlocution  by  the 
introduction  of  new  symbols.  But,  lest  I  should  be  charged  iVith 
having  misrepresented  Mr.  Morgan^  I  shall  here  subjoin  the  me- 
thod which  he  himself  has  pursued  in  investigating  this  problem ; 
and  for  the  sake  of  greater  accuracy  shall  sfdopi  the  same  characten 
vfaich  he  has  used. 

Let  r  denotA  £l  increased  by  its  interest  for  a  year :  let  a  re- 
present the  numbet  of  persons  livilig  in  the  table  at  the  age  of  A ; 

and  let  a,  a,  a,  ^c,  represent  the  decrements  at  the  end  of  the 
first/  second^  third,  &c,  years  from  the  age  of  A.  Let  b  represent 
the  number  of  persons  living  at  the  age  of  B ;  and  let  c,  d,  e,f, 
9ic,  represent  the  number  of  persons  living  at  the  end  of  the  firsts 
second^  third,  fourth,  &:c,  years  from  the  age  of  B. 

Then  (in  the  words  of  Mr.  Morgan,  in  PkiL  Trims,  for  1788, 
p.  342)  it  will  follow  that  the  present  value  of  S  to  be  received  oa 
the  death  of  A,  should  that  happen  in  the  life-time  of  B,  will  b9 


/        .        .  //       .  .         w 


~      :  ^    4-  &c  !.    Ihis  series  may  be  resolved  into  the  two  fol- 
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«    §  238.    The  first  of  these  collateral  series  he  ex^ 
pands  into  a  more  complex  one,  by  making  it  equal  to 


[i-#---> 


2(1 -ff) 

s        j    o  ^^  ah^         ^  M^       l-L 

and  he  then  proceeds  to  sum  up  these  several  collar 
teral  series  in  the  following  manner.     The  first  he 

makes  (independent  of  the  common  multiple  -—)  ^ual 

to  By  the  second  equal  to  —  yf  jB,  the  third  equal  to 


_      .  S         \  €a       da    ^     ea        fa        .     \ 


2 


f  If  .Mr  Mil 


-^--  +  -r:2-  +  -Tir  +  -7l4  +^c  1.    Thefirgt  of  these  two 
abr       ah^       air*       ahr^  -J  , 

S        I*  ^        ca--~ra 
may  be  again  resolved  into  ~^  X  I  "t- 7 —  + 


r       _  If  I         u        III 


da^^da-^da         e         ea^^ea^e  a'-^e  a  "|         Sc 


/       /I 


• +  -rr 5 +  &c    .    Let  B  denote 

cr  OCT  cr*  acr*  J 

the  value  of  an  annuity  on  the  Hfe  of  B,  C  the  value  of  an  annuity 

on  a  life  one  year  older  than  B,  AB  and  AC  the  values  of  annuities 

^  on  the  ynnt  lives  of  A  and  B  and  of  A  and  C,  and  these  seriea 

Miu        Sx(B-AB)      Sxc(C-AC)      /    .       , 
will  be  = ^-— ^  — y— .    Ag^in^  the  second 

series  above  mentioned,  or--  xl  -r-H — ^»^T  +  *"-rr+&c  |*  by 

2      i^avr       aor^   ,  avr'  J      ' 


19S  ON  CONTINGENT  ASSaRANOBS.  CA.  ^ 

SO  that  the  total  value  of  these  four  collateral  serie^ 
(or  of  the^r^^  collateral  series  in  page  106)  is  mad$ 

equal  to  S- ,— ,  X -^+-7^x4- - -^-S- 

And,  by  proceeding  in^  similar  manner  with  respect 
to  the  second  (;ollat^ral  series  iq  page  19@,  the  sunr 

of  it  is  fpund  equal  to  J5  X  ^  -^  ,,  ,    ;  —  -<^JB  X 

-^+-T r-.     Consequently,  the  total  present  value 

of  the  given  sum,  to  be  received  on  the  contingency 

ineptioned  in  the  problem,  is  equal  to 

•<i +T)+ (iff)  Z-^"  '^^~  W+T>  ^  T  +  (HfiT  ** 

i—jB 


i[?4- 


Bxij- 


6S 
pursuing  the  same  steps  may  be  foupd  =  ~  .  (K  — AK)  — 

■ ,  ^^  here  j3  denotes  the  number  of  persons  living  at 

the  age  of  a  person  one  year  younger  than  B,  K  the  value  of  ^ii 
annuity  on  that  life^  and  AK  the  yalue  of  an  annuity  on  the  joint 
lives  of  A  and  K.     The  whole  value  of  the  survivorship  is  there^ 
fo«,Sx  p-Ox(B-A  )^(K-.AK)_^c(C-AC)l 
L  2r  2b  i/r      J 

These  are  Mr.  Morgan*s  own  words:  and  if  the  several  values^ 

above  alliided  to^  be  expressed  by  the  characters  which  I  have 

adopted  in  the  present  work^  they  will  be  found  to  agree  with  the 

c.C        c  /3.K 

process  given  in  the  text.    But  B ri~=  r~*  and  ■  — 

pr         pr  p    . 

B  1 

— ^  SB  — J  whence  the  absurdity  of  his  formula.      Mr.  Morgan 

however  has  at  length  altered  his  formula  for  this  particular  caaa  j 
although  he  still  preserves  the  same  method  of  solution,  both  here 
and  in  all  his  subsequent  problen)s.  See  Price's  Obs.  edit.  180^4 
note  (O), 
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^  239.    But^  surely  it  cannot  be  necessary  to  tell 

B        'b  1 

Mr.  Morgan  that  B  —  ttt-v  X  -t-  is  equal  to  ,       ^  X 

-^;*  and  that  B  x  -^  -  (1^7)  «  equal  to  ^ 

only  ! ! !      Whereby  the  complex  and   troublesome 
formula,  above  given,  may  be  more  simply  expressed 

which  is  one  of  the  formulas  which  I  have  given,  in 
the  note  in  page  189,  for  the  value  of  the  sum  de^ 
pending  on  this  contingency.  Indeed  it  is  difficult  to 
jconceive  why  be  should  ever  have  thought  it  necessary 
to  employ  those  quantities  which  denote  the  value  of 
an  annuity  on  a  single  life;  since  it  is  clear  from  the  na- 
ture of  the  several  series  in  page  1 96,  that  such  values 
could  not  properly  belong  to  the  subject;  and  that 
no  quantities  are  involved  in  the  solution  but  such  as 
arise  from  two  joint  lives. 

As  this  strange  error  runs  through  the  whole  of 
Mr.  Morgan's  papers  in  the  Philosophical  Transactions^ 
where  this  and  similar  contingencies  are  involved,  I 
have  thought  it  right  to  take  this  public  notice  of  it ; 

*  This  is  indeed  evident  on  inspection  of  the  first  and  third  of 
the  collateral  series  in  pagQ  lofj.  For«  it  is  manifest  that  all  the 
subsequent  terms  of  those  two  series  ajier  thejirst  term,  destroy 
each  other )  and  consequently  that  the  sum  of  those  two  collateral 
series  will  be  equal  to  the  first  term  only:  that  is,  (independent 

of  the  common  multiple  — )  equal  to  -r r-  x  -r--     In  like 

manner  we  may  prove  tlie  equality  of  the  other  two  quantities  al« 
luded  to  in  the  text.  * 
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iiot  only  vith  a  view  to  obviate  any  difficolty  that  may 
arise  from  a  comparison  of  his  formulae  with  those 
which  I  have  here  deduced,  but  to  clear  the  subject 
from  all  diffuse  and  unconnected  matter.  And  I  shall 
have  occasion  to  make  a  similar  remark  on  his. method 
of  summing  the  several  series  where  three  lives  are 
concerned :  for  which,  see  the  Observations  in  §  251 
Ike,  at  the  end  of  Problem  XXIX  j  and  in  §  272  at 
the  end  of  Problem  XXXV. 


PROBLEM  XXVIIL* 

§  240.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  that  shall 
he  the  second  which  fsuls  of  two  given  lives  A^  Bt 


SOLUTION. 

It  is  evident,  ih  this  case,  that  the  chance  of  receiv- 
ang  the  sum  at  the  end  of  the  first  year  will  depend 
only  on  one  contingency;  viz.  that  both  the  lives  be- 
come extinct  in  that  period,  restrained  however  to 
the  condition   that  A  dies  last,    the  probability  of 

which  in  the  first  year  is  i2z^l^^^^=i^j  and  which,  ^ 

*  Vike,  Clue«.  12,  and  Note  (M).  Dodson,  vol.  iii.  Ques.  24. 
€impson,  Piob.  28)  and  Sup,  Prob.  33}  also  Prob.  3  in  page  72. 
De  Moivre,  Prob.  17.  Morgan,  Prob,  IJi  and  in  Phil.  Tiani. 
lor  1 788,  Prob.  3,  page  347. 
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being  multiplied  by  s(l  +f)""',  or  the  present  value  of 
(he  given  sum,  certain  to  be  received  at  the  end  of 

the  year,  will  give  -J  (l+sT"  X  (aJ  +i  "  Z7  ~ 

? 
"   )  for  the  expectation  of  receiving  such  sum  at  the 


end  of  the  first  year. 

In  the  second  and  foHo^^ing  years,  however,  th^ 
chance  of  receiving  the  sum  will  depend  on  the  hap- 
pening of  either  of  two  events :  1^  that  both  the  lives 
fail  in  the  year,  A  having  died  last :  8^  that  only  A 
dies  in  the  year,  and  that  B  dies  in  either  of  the  pre* 
ceding  years.     The  probability  that  the  first  event  will 

happen  in  the  second  year  is  «^i  ^  '  >    ^md   the 

probability  of  the  second  event  happening  in  the  same 

period  is  ^^^(l  —  -r-).  These  two  values  therefore, 
being  added  together  and  multiplied  by  ^(l+f)""*,  will 

' /<■    I     N^ft.    /^        2^        ab   .   ab    ,    ab        ah  \ 

Pve-5<l+e)  •x(----^,+^  +  ^--y) 
for  the  expectation  of  receiving  the  given  ^um  at  the 
end  of  the  second  year. 

In  like  manner,  it  will  be  found  that  the  prolxu 
bility  of  the  first  event  happening  in  the  third  year  is 

If     m         »i     lu 

'ilh  '^    >    ^^^  ^^^  probability  that  the  second 

event  will  happen  in  the  same  period  is  -^(l — --]: 
therefore  these  two  values  being  added  together  and 
multiplied   by  J(l  +  f)~^  will  givie  ~.(i  +  ^)-«  x 

n  III  n  u  m  iii         m  u  ii  ui 

(2a       2a         ao     .    ab     ,    a.b  ab  \     g,        , 
—  — jr+ — rn — I — T^]    for  the  ex* 
a         a         ab    *    ab    ^   ab         al  ^ 
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pectation  of  receiving  the  sum  at  the  end  of  the  third 
year:  and  so  on  for  every  subsequent  year,  to  the 
utmost  extent  of  human  life ;  the  sum  of  all  which 
yearly  values,  or  the  series* 

'/«    I     ^-]v.i   ^fl       2a        ah    .    ao    .    ah         ah    \  . 

p    /  «  II  np  III  irt-l 

«.-   ,    N_4         2«       2a        ah,ah.ah         «*       , 

jT"    II  »/;         //  n         HI  in         m  n  n  in  "1 

' /•«   •    >^3.    1^       2a        ah   ,   a  h   ,    ah        ah    \  , 

&c  &c  &c, 

will  be  the  total  present  value  of  the  sum  s  to  be  re- 
ceived on  the  above  contingency* 

§  241.  But  the  sum  of  the  first  two  of  these  per* 
pendicular  series  is,  by  Prob.  XXII,  equal  to  the  pre- 
sent value  of  the  given  sum  to  be  received  on  the  de» 

cease  of  A ;  that  is,  equal  to  ^  X  z~^ '  and  the  re* 

(i  +  f) 

maining  four  of  these  perpendicular  series  are  the  same 
as  those  produced  in  the  last  problem,  with  a  contrary 
sign;  and  the  sum  of  which   is  there  denoted  by 

*  Hie  value  of  the  first  year's  expectation  has  been  found  in 
the  preceding  part  of  the  investigation,  equal  to  —  (l+f)*"'  X 

f  ab      ah       ah      ah\  .         . .  t  .    '  .j     *i  t 

[— ^ — J J j]',  an  expression  which  is  evidently  equal 

s  ,        .    -      /2a      2a      ah     ah  .  ah     ah\      --- .    ,  ,, 

to  -Tri^-^O     x( 7-H-V  +  -7 j).    This  latter 

2  ^  \  a       a      ah     ao      ah     ah' 

value  has  been  assumed  in  *  order  to  correspond  with  the  terms  of 
the  subsequent  expectations,  and  thereby  render  the  several  col- 
lateral series  complete.  A  similar  method  is  punned  in  many  of 
the  following  problems. 


r 
I 


i'r.flS. 
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r] 


the  total  value  of  these  seyeral  sene$  will  be  expressed 

COROLLARY    I. 

%  242.  Having  thus  found  the  present  value  of 
the  given  turn  on  the  contingenqr  of  A  dying  after 
B ;  the  present  value  of  the  same  sum  on  the  contin- 
gency of  B  dying  after  A  (that  is,  of  the  same  sum 
to  be  received  on  the.  death  of  B,  provided  his  life  is 
the  second  that  fails)  is  readily  deo^mined  by  sub- 
tracting the  value  above  found  from  the  present  value 
of  the  given  sum  to  be  r^eived  on  the  extinction  of 
the  longest  of  the  two  lives ;  which,  by  Prob.  XXU^ 

cor,  3,  IS  expressed  by  ^  X  —    (ia^  \ •     ^^^ 

fiequently,  the  present  value  of  the  given  sum,  oa 
the  contingency  of  B  dying  after  A^  will  be  equal 

COROLLARY   II. 

§  243.  If  the  contingency  on  which  the  sum  It 
to  be  received  is  Deferred  for  a  given  number  of  years 
(=:n),  less  than  that  to  which  it  is  probable  the  life 
A  may  extend,  it  is  evident  that  the  sum  of  all  die 
terms  of  the  first  two  perpendicular  series,  after  the 
n*  year,  will,  by  Prob.  XXII,  cor.  1,  be  equal  to 

^X  -^  X  ■^(l+e)''^  5md  the  sum  of  all  the 
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similar  terms  of  the  remaining  four  perpendicular 
series  will  be  denoted  by  the  same  expression  as  that 
^hich  has  been  deduced  in  the  second  corollary  to 
the  preceding  problem,  but  with  a  contrary  sign; 
Therefore  if  the  value  found  by  that  corollary  be 
subtracted  from  the  present  value  of  the  assurance  of 
the  given  sum  after  the  extinction  of  the  life  A,  pro* 
vided  that  happens  after  the  given  term,  the  difference 
yiiil  be  the  value  required, 

COROLLARY   IIU 

§  244.  If  the  contingency  on  which  this  sum  is 
to  be  received  commences  immediately,  but  continues 
only  for  a  certain  number  of  years  (  =  n),  less  than 
that  to  which  it  is  probable  the  life  A  may  extend: 
or,  in  other  words,  if  we  wish  to  determine  the  value 
of  a  Temporary  assurance  of  such  sum ;  it  is  evident 
that  the  several  perpendicular  series  given  in  the  pro- 
blem, must  be  continued  only  for  n  terms.  Now, 
the  sum  of  the  first  n  terms  of  the  first  two  of  these 
perpendicular  series  will,  by  Prob.  XXII,  cor.  2,  be 

found  equal  to  ^^^-^  -  ^^^  X  -^(l+er'*-  ^^^ 
,vhich,  if  we  subtract  the  |irst  n  terms*  of  the  four 

♦  When  n  is  eqttal  to,  or  greater  than,  the  nnmber  of  yean 
between  the  age  of  B  and  that  age  in  the  table  of  oA>servatipns  at 
which  hunian  life  becomes  extinct,  we  must  subtract  the  whoh 
value  of  the  foiu  remaining  series  as  found!  by  the  last  problem. 
7hat  is,  the  correct  value  in  both  such  cases  will  be  denoted  by  $ 

IHuUipKed  into = 7— -^ ^^ 
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remaining  series,  as  found  by  cor.  4  in  the  preceding 
problem,  the  difference  will  be  the  value  of  the  as- 
surance for  the  given  term.* 

*  See  the  note  to  Cor. 4  in  the  last  problem;  where  the  pro* 
eess  there  pursued  will  enable  us  to  find  a  near  value  of  an  as- 
surance  for  a  given  term^  according  to  the  conditions  of  the  pre- 
sent problem.  For,  if  we  deduct  the  near  value,  there  deduced^ 
from  the  near  value  of  an  assurance  of  the  same  sum  on  the  life  of 
A  for  the  same  term,  as  found  by  the  process  laid  down  in  the  note 

to  Prob.XXII,  cor.  2,  the  difference,  or  —  I  2  x     ""     ^  —  — 
t-i  -1  2a  L  f 

— r-i — r —  —  {B\     I,  will  be  tlie  value  required. 

This  formula  is  the  same,  in  fact^  as  that  given  bj  Mr.  Mor- 
gan in  Note  H  of  Dr.  Price's  Ohs.  on  Rev.  Pay. ;  and  is  an* 
other  instance  of  the  utility  of  De  Moivre*s  hypothesis:  but, 
it  may  be  rendered  more  convenient  for  practice  by  the  sub- 
stitutions adopted  in  the  note  to  Cor.  4  of  the  preceding  pro- 


blem: whereby  it  will  become  -^ ^1  2  x  — ' -^ 

2an    L  P 


— n 


I+(2+f)B-Cl  +  (2+f)B']xT(l  +  f)    " 


] 


0+f) 

When  n  is  equal  to,  or  greater  than,  the  number  of  years  be- 
tween the  age  of  B  and  that  age  in  the  table  of  observations  when 
human  life  becomes  extinct,  /3  is  equal  to  Oj  and  consequently 

[i  +  (2+  f ) JB^  X  ^-(1  +f )      vanishes ;  whereby  the  formula  in 

both  these  cases  would  become  2  x ^^ 

2an    L  f 

— T^ ^v —  !•    But  in  aU  such  cases  tlie  value  is  best  obtained 

by  the  rule  given  in  the  preceding  note :  since  it  is  then  equal 
to  the  difference  between  the  value  of  an  assurance  on  the  life  A 
for  the  given  tertn,  and  the  value  of  an  assurance  on  the  wfiole  liftf 
A  provided  be  be  the  first  that  fails. 
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COROLLARY  IV. 

5  245.  If  the  two  lives  are  equal,  or  of  the  same 
age  A,  the  general  expression  ia  the  problem  becomes 
(agreeably  to  what  has  been  already  said  in  Cor,  5  of 

the  last  problem)  equal  to  -jX  i.r-^ — -•  that  k, 
equal  to  one  half  the  present  value  of  the  given  sum 
to  be  received  on  the  extinction  of  the  longest  of  the 
two  lives* 


PROBLEM  XXIX  * 

§  246.    To  determine  the  present  value  ^  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
^rst  that  fails  of  three  given  lives  A,  B^  C. 

SOLUTION. 

In  order  to  receive  the  given  sum  at  the  end  of  any 
one  year,  it  is  necessary  that  one  or  other  of  four 
difierent  events  should  happen :  1^  that  all  the  three 
fives  fail  in  the  year,  A  having  died  first :  2^  that  A 
and  B  fail  in  the  year,  A  having  died  first,  and  that 
C  lives  to  the  end  of  it :  3^  that  A  and  C  fail  in  the 
year,  A  having  died  first,  and  that  B  lives  to  the  end  of 
it :  4^  that  only  A  dies  in  the  year,  and  that  B  and  C 
both  live  to  the  end  of  it.  The  probabilities  of  the  hap- 
pening of  these  several  events  in  the  first  year  are  re- 

*  DocUoo,  vol.  iii.  Qoes;  32.      MorgaD^  Prob.  19>  and  ia 
Ilbil.  Trans,  for  1 791  >  Prob.  1,  page  248. 
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spectively -aojc     "     ' 2^c > ^c ^ 

and  >^^    ^;  which  being  added  together  and  multi* 
plied  by  *(l  +  e)-',  M-iU  give  -1(1  +^r  X  (^  - 

2aic       2alc,2aoCj^aoc        ahc^^abc         abc% 
abc  abc  abc  abc        abc    "^  abc         abc  ) 

for  the  expectation  of  receiving  the  sum  at  the  end  of 
the  first  year. 

In  like  manner,  it  will  be  fomid  that  the  probabilities 
of  the  happening  of  these  several  events  in  the  second 

year  are  respectively  i '-^^ ,        J,    ^   , 

^"^^flT""  ,and  "*?  ^>  which  being  added  toge- 
ther, and  multiplied  by  ^(1+?)"%  will  give  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  second 
year.  And  by  a  similar  process  we  may  find  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  third 
•  and  every  succeeding  year,  to  the  utmost  extent  of 
human  life ;  the  sum  of  all  which  yearly  values^  or 
the  series 

2abc       2a be      2abc   .2abc    .    abc       abc    .    abc        abc  \_. 
abc  abc  abc    *     abc         abc         alc"^  abc         abc  ^* 

r^'  '  '  ff'fff  II  ff  t  9  It         'n  f  t'l  n         I  t  It         u  II  /—I 

i      I  2abc  ^^  2abc        2abc   .2ab  c  j^  abc        abc  _.   abc        abc    I 

fi(l+f)*La^c  abc  abc  "^  abc  '^  abc         ahc'^  abc        ~abc ^^ 

r"   n\ni  mmm  miin  iiinm         nnin         nntm 

i       I   2abc  ^^  2a  be       2a  be    ,2abc^alc       abc    ^^ 

6(l+f)*L  a3c  abc  ale  """   abc  "*    aTc  *~  abc    ' 


«  it  lU  '        /«  «  »  "1 

abc       abc    I 

■    ■    ■■    ^    ^"W  ■         I 

abc        <ibc  ^ 


&c  &c  &c  &c  kc, 

will  be  the  total  present  value  of  the  given  sum  to  be 
received  on  the  contingency  above  mentioned. 
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S  247.     But  Ae  sums  of  these  eight  perpendicular' 
and  collateral  series   (independent  of  the  common 


j&ultiple  s  )  are  respectively  equal  to 

'    '  c 

J",  ,  .  --^  —  JBC*-^.^     Whence,  the  sum  of  the 

♦  The  sum  of  th©  first  and  second  of  these  collateral  series  is 
found  by  the  process  laid  down  in  Prob.  XXII  j  and  the  remaining 
ones,  in  the  following  manner.    The  sum  of  the  third  perpendi- 

'                                      i                            II  I  /                    in  If  u 
,          ,                 abc         ,         ale                abc 
colar  series,  or r-  +  -;-- r;  +  -p- r^  +  &c  (by 

taking  all  the  terms  as  affirmative  and  leaving  out  the  common 

..,2^\                                            ab  c     \               abc 
multiple  -—  J  is  evidently  equal  to  --rz — : — r    I H 1- 

9111  It  uii  m  If  I  ntf 

abc        ,         abc  .      ]         u-i.-  ^^<^ 

^  . +  &c  j:    which,  since  ■  + 


///  If  It  I'll  /"  w 

abc  ab 


-^ 


aZc(l+f)«       flJc(l+f)»  J  iiZ'c(l+f) 

'  n 

c  I 

•f  &c  is  equal  to  ABC,  will  becoii# 


al'c(l+gy     ak(l+f)« 

^^^     (        Lt>a\       l-\-ABC      a      _    ,., 
cqiial  to    .  .    .    .U  ^-ABC)  =    ,,  .    .    X  — .    In  like  man-t 

ner,  it  i&  evident  that,  by  leaving   out  the  common  multiple 

/    /  I    II  u 

-^-j  the  fourth  perpendicular  series,  or +  ---; — 

6*  ^    ^  iJibc(\-{-2)       abc{l-^^y 

u  {« w  a  —         '  '  f  I'ti 

abc         ...  1  X     i  I        ot'C      .        abc 

+    ;  ,  A — r.  +  &c,  is  equal  to  —     -7-7 r  +  — p-; + 


HHtUt  ~1 

-r-T- +  &c     : 


L^i  I 


,.  ,.              abc        ,         fl^c 
which,  since  -4- < —  -I- 


abc 


x«   +  ^c  is.equal  to  ABC,    will   become  equal  *t» 


same.     Tbm 
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first  and  second  is  (as  in  Prob.  XXII)  equal  to  -^  X 
'  .^  ,  V   ;  the  sum  of  the  third  and  fourth  is  equal  to 


a 
jiBCx  — .  Therefore  the  sum  of  these  two  series,  taking  the  for- 

merof  them  as  negative,  agreeably  to  the  general  exprefsion  in  thd 

text,  will  be  -  1^"^?^^  —  +JBC  x  —  j  and  whicfa  being 

2s  $ 

multiplied  bj  their  common  multiple  -^-^  will  produce  —  r—X 

^-i r-^  —  JBCm  I  for  the  value  of  the 

tame  method  must  be  pursued  in  order  to  find  the  sum'  of  the 
next  two  series,  and  also  of  the  last  two:  but  enough  has  been 
here  said  to  enable  the  reader  to  perform  these  operations^  without 
stating  the  process  at  laige. 

I  would,  however,  observe  that  these  several  series  may  be  ex- 
V'esaed  by  aiker  formulse  than  thoie  given  in  the  text :  for,  the 
third  perpendicular  series,  taking  all  the  terms  as  affirmative 

2s  ^^ 

Joid  leaving  out  the  common  multiple  -^,  is  also  equal  to  -j^  x 

the  sum  of  the  terms  within  the  brackets  h  eqoal  to  ABC)  will 

he  " 

become  equal  to  JBC  x  4-^:  and  the  fourth  perpendicular  series^ 

t  h  VC  If 

2s  ctfc 

leaving  out  the  common  multiple  -^,  is  alio  equal  to  — ,-   ■      ■  x 

r*  I  if  tt  Bill  III  mmiim  ., 

I  avc  ale  a  V  c        .^1 

[^+-77 — -  +  7; — z^7^, — ::: ^    h  ^wch 

**        «*c(l+f)       flMl+f)»      ofic(l+f)*  J 
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aiid  sixth  is  equal  to  -*r|  -     . ABC.b    ;  and 

the  sum  of  the   seventh    and  eighth  is  equal    to 


^since  the  sum  of  the  terms  within  the  brackets  is  equal  to 

1  +  ABC)  becomes  eqaal  to  ~ x  -=—     Consequently,  the 

(l+f>)         be 

sum  of  the  third  and  fourth  perpendicular  series  given  in  the  text 

will  also  be  denoted  by  +  -rr-        ^,:  ,  -~-^  --A EC. I c    :  and 

may  be  substituted  at  pleasure  for  tlie  same.     And  universally  we 
shall  find  that 


/ 


»+^^^  -        ABc'.i'- 


•♦-  •• 


(1  +  f)     a  /I       be 


•I    .  MT»^    f        l-^-Asd  he 


ABC.       _    ,  -  , 

I  +  ^k    *    _  ^Br    ?'        s 
-7—, — T*  '7'  ~  AUC"— 

/.  lift 


I         f 


mb 


1  +  ^BC    c   ^  ,  , 

(I  -f  ?)       c  t  i        ab 


—    •< 


]t -therefore  appeari  (hat  each  series  may  be  summed  up  ?b  two 
different  ways,  and  that  we  may  adopt  either  mode  of  expression 
ibr  the  value  of  the  same.  For  the  sake  of  uniformity  I  have,  ih 
this  and  the  following  problems,  kept  to  those  which  are  given  ip 
Che  text :  but  Mr.  Morgan  (by  merely  changing  these  expressions^ 
one  for  the  other,  according  to  the  seniority  of  the  lives,  and 
Chen  treating  them  as  different'  quantities,)  has  thrown  an  air  of 
obscurity  and  confusion  throughout  the  whole  of  his  hwestigations; 
as  [  shait  point  out  in  the  ObservaUortB  at  tlie  end  of  this  problem* 
Sec  §251.  .  • 
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.  5 

6^ 


66    ^ 


I     ■  .       .^^  — ^JBCc J,     Consequently,  the  total 

present  value  of  the  given  sum  to  be  received  on  the 
above  contingency,  will  be  equal  to  s  multiplied  into 

3(i  +  f)    ^    i^L"~(J+f)       ""    ;^^f  J  +  ^ 

As  this  formula  will  often  be  referred  to,  in  the 
subsequent  problems,  it  will  be  convenient  to  denote 
it  by  a  more  simple  expression ;  therefore  let  it  be  re- 
presented by  j1^^:  that  is,  let  j1^^  denote  the  pre- 
sent value  of  ,£l  to  be  received  on  the  above  contin- 
gency:  consequently  ^X,^*^  will  denote  the  present 
value  of  the  given  sum  under  the  same  circumstances. 


\ 


COROLLARY   I. 


^  24'8.  If.it  were  required  to  find  the  pr^setK 
value  of  the  given  sum  payable  on  the  decease  of  B* 
provided  he  be  the  first  tliat  fails  of  the  three  lives, 
we  may  readily  obtain  such  value  by  substituting  A 
for  B,  and  B  for  A,  in  the  investigation  of  the  pro- 
blem/  Whence,   the  present  value  required   would 

come  out  equal   to    $  multiplied  into  -  "^ — r J- 

*2 
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^?<^-,*]  +  -h  \}^fr-  -  ^*f  f] = -B^"-- 

By  a  similar  process  it  will  be  found  that  the  present 
value  of  the  given  sum  payable  on  the  decease  of  C, 
provided  he  be  the  first  that  fails  of  the  three  lives,  is 

,  equal  to  s  multiplied  into  ^^^^J^^^-^^  ^^^^^>  ^ 

|^(L^^i  -  ABC.CJ  =  C^«,*    As  these  formula 

may  occasionally  be  found  of  use,  I  have  thought  pro« 
per  to  insert  them  here. 


COROLLARY   11. 


§  249.    If  the  three  lives  are  equal,  or  of  the  same 

^  I  have  represented  these  complex  feraialc  by  the  more  sim* 
pie  quantities  B"^^  and  C^^,  for  the  sake  of  a  more  convenient 
reference ;  and  the  following  process  will  show  with  how  little 
tfouble  they  may  be  converted  into  each  other^        Let  as  make 

«L    (i+f)       '     'J        *  L  0+f)        '   'J 

a  b,  and  ±\^.:f^^£}^  ^ABC.c  1  =  c  j  then  will 

4nr.      1-f^BC      a        be 
•^      -  3(1  + f)        3  ^   6  ^   6 

njr      l-9^BC      a ^^± 

-^      -  S(l+f)  ^'6        3^6 


^      "*  3(l  +  f)  ^6^6       S 


• 
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age  At  the  last  three  terms  in  each  of  the  above  ex* 
pressions  destroy  each  other ;  and  the  formula  is  then 

'»^'^«^*°f  X  ^W-=  an  expression  which  denotes 
one  third  of  the  present  value  of  the  given  sum  to  be 
received  on  the  extinction  of  the  three  jcmit  lives, 

COROLLARY  III.* 

5  250*  If  the  contingency,  on  which  the  sum  is 
to  be  received,  continues  only  for  a  given  term  (=17), 
the  present  value  of  such  sum  will  be  equal  to  the 
sum  of  the  first  n  terms  of  the  several  series  given  in 
the  problem :  the  method  of  determining  which  will 
be  manifest  from  the  many  examples  which  have 
preceded.! 

*  Morgan,  Prob.31. 

f  We  may  in  geoeral  obtain  a  near  valae  of  the  sum,  in  this 
case,  by  the  help  of  M.  De  Motvre*s  faypotliesis,  which  will  stve. 
mnch  time  and  trouble.  For,  the  series  given  in  the  pfoblem  is 
evidently  equal  to 

s  a^a 


X 


«(l+f)         a 


/     u 

X 


e(l+?)*        a 


a\  2b e        2vc       ic        be    \ 
r2oc        Ibc        he        DC    \ 


It    mr^    p  M  M  lu        at  u         ,"  «*  "1 

s  a— a  I    2hc       2bc       bq       h^    I 

&c  &c  he, 

which  being  continued  to  n  terms  will  be  the  required  value  of  the 

T*  .  1  .     .  »  1  ft  U  11/ 

given  sum.  But,  since  the  quantities  a^a,a^a,  a-^a,  kc  are 
supposed  to  be  equal  and  uniform  (that  is,  equal  to  ^=3  -H-.^  the 
sum  of  the  first  n  terms  of  these  several  perpendicular  series  will 


%  >> 
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Obi^ervatioiis  on  Mr,  Morgan^s   Method  of  trnvesti^ 

gating  this  Problem. 

§  251.  The  motives,  which  induced  me  to  notice* 
(in  page  195)  the  strange  method  which  Mr.  Morgan 
has  adopted  in  summing  up  the  several  series  arising 
from  the  investigation  of  the  twenty-seventh  problem, 
must  be  my  apology  here  for  again  detaining  the  reader 
whilst  I  expose  the  equally  diffuse  and  obscure  manner 
which  he  has  also  adopted  in  summing  up  the  several 
series  arising  from  the  investigation  of  this  problem. 

It  will  be  seen,  from  an  inspection  of  the  series  in 
page  207,  that  such  series  may  be  expressed  in  the 
following  manner : 

I    (a^a)bc    .    {a^a)Bc  j^  (a-^ajbc    ^^  (a^a)hc  I  , 
L    3a/c       '       dale       '       6a^c~  "*"  '^Salc    J  "^ 


(1  +  f) 
s 


CI      n  1 1  I      II   in  I       V    HI  i      ii  n  //"^ 

{a—a)hc    ,    (a'-a)lc    ,    (a-^a)bc    ,    {a—a)bc 
3abc       *"  '^abc       '       6abc~    "'        3aic    J 

Cv      in  'I  II  '/     nt  iji  It         ti     m  r.  m         ii      m  m  iry 

{a-^a)bc    ,    (fl— a)^c       (g^q)/,^       (a—ajhc  I 
3abc        '       6^r  "^  "ISa^r  "^     3abc    J 


+ 


■ 

and  this  is  the  way  in  which  Mr.  Morgan  has  thought 


be  equal  to  5. multiplied  into ;-    — r —         -i — -  + 

^  an  *^  3(1 +f)  3 

-60tTr'  T  -^  "V  •  T-  ^^  ^  ''  '^"^  >'^^Sest  of  the 
three  \\%es,  and  differs  much  from  tlie  ages  of  both  the  other 
lives,  this  formula  will  be  tolerably  coirect,  even  if  tlie  several 
perpendicular  scries  are  continued  to  the  utmost  extent  of  humani 
life;  and  will  consequently  serve  in  such  cases  to  find  a  near  value 
of  the  sum  for  the  whole  continuance  of  the  Jives :  f)ut  it  must 
always  be  used  with  proper  caution. 
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jHt>peE^to  represent  the  presmt  Yahie  of  the  g£re^  stum, 
to  be  received  qa  the  contingency  mentipn«i  wtth^ 
problem.* 

*  In  this  investigation  I  have  adopted  the  same  symboir'whic& 
have  been  used  tbroughont  tlie  whole  of  this  work :  but,  lest  I 
may  be  accused  of  having  misrepresented  Mr.  Morgan^  I  shall 
here  give  his  own  solution,  and  in  his  own  style. 
.    Let  r  denote  ^1  increased  by  its  interest  for  a  year.     Let  a  de- 

note  the  number  of  persons  living  at  the  age  of  A;  and  a,  a,  a,  &c, 
the  decrements  of  life  at  the  end  of  the  first,  second,  third,  &c, 
years  from  the  age  of  A.  Let  b  denote  the  number  of  persons 
living  at  the  age  of  B  5  and  m,  n,  0,  p,  &c,  the  number  living  at 
the  end  of  one,  two«  three,  &c,  years  from  that  age.  Let  c  denote 
the  number  of  persons  living  at  the  age  of  C  j  and  d,  e,/,  &c,  the 
^number  living  at  the  end  of  one,  two,  three,  &c,  years  from  that 
age.  Let  F  denote  the  value  of  an  annuity  on  a  life  one  year 
younger  than  £;  and  /3  the  number  of  persons  living  at  tliat  age^ 
Let  K  denote  the  value  of  an  annuity  on  a  life  one  year  younger 
than  C  5  and  x  the  nismber  of  persons  living  at  that  age.  Let  P 
denote  the  value  of  an  annuity  one  year  older  than  13 :  and  T,  the 
value  of  an  annuity  one  year  older  than  C-  A^vtA  let  the  given 
sum  be  denoted  by  S. 

Then  (in  the  words  of  Mr.  Morgan,  Phil.  Trans,  for  179I, 

p.  249)  t^e  whole  value  of  the  given  sum  will  be  =  -       -   x* 
abc         amd       aen       ^      \  S  I    amc       and 


I  S  \     adb        a  em        af'n        „  ' 

\    amd        aen        af-o        „      I      ^        .^.L 
c      -7—+  -,,«—  +  --^  +  &c    .    But,  the  iir^-t  of 

.  .      ,,       K         ^  •  ^       /3x(FK^AFK).  ,.S    , 

these  series  (he  observes)  is  = --— x  --; — 7 —  *  J-  X. 

3  be  ^T    ,» 


S 


3abc 


(BC— ABC)i  the  second  is  =  -  -  x 


S        H(rjC-ABK) 


6r 
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S  S59.    In  <nfder  to  sum  up  these  four  collateral 
aoMt  he  proceeds  in  the  foliowing  manner.    The 

~— 1 ^i  the  third  IS  «  -g-  X ^ -g^-  X 

^^^'^•-^^511.  tbefourthis:=A  x(BC--ABC)^     S     ^^ 


3         '  '        3r 

Therefore  thefte  several  expressions  being  dd- 

M,,.^j       o..'t        ri3(FK-AFK) 
ded  together  will  be  found  ss:  S  into  —  x  I  -^-^ r ^  + 

BK-^ABK 


]+  A  X  (FC^AFC)  +  !:jlix(Bq-.ABC)^ 


2 

ifi(PC-^APC)  rf         r  BT-ABT        m(PT-APT)  1 

6*r  3iy  ^  L         2  "^  ^  J* 

Thus  far  Mr.  Morgan.— And  these  several  values^  being  ex- 

m 

pressed  by  the  characters  made  use  of  in  the  present  work^  will 
be  found  to  agree  with  the  process  given  in  the  text.  Bat  it  maj 
be  demonstrated  that 

.  gx.FK         BC      _jl^ 
be  r       ""  r 

JC.BK         wi.PC  m 


c  br  hr 

/3.FC  I/.BT  i 


BC  - 


cr  cr 

dm.VT        dm 


bfr  Icr 

whence^  the  complex  formula  above  given  may  be  divested  of  all 

those  expressions  iovolyiug  I  wo  joix^t  lives^  and  may  be  more  «m- 

1                 ^t.     «       ».,.*.         1  — (r— 1)ABC  1 

ply  expressed  bf  S  multiplied  into  ^ — ~ 1 — ^—  x 

^--Ti ^— —  ABK.x  J;  wbjch  corriBspond^  with  the  fbr- 

innlf  given  in  tl^  texL 


JPr^29.       mi  c6htingbnt  a80urak<Ses.        S17 

j^rst  of  them  he  expands  (as  in  Phil.  TVans.  foir  1789, 
page  44)  into  the  more  complex  series 

s       I     be  ahc  I  , 

s       I     be  ale  be     ,     ahc  I  , 

p"   ///»  wr  I*  If  II  ti  an  «'T 

1        I     he  abe  be     ,    a^c   j   , 

(l+f?L^^  ""  3a ^c  ~  "3*7  "*   3aicJ **" 
Uc  &c  &C, 

the  sum  of  ^11  which  (independent  of  the  common 
muldple--)  he  makes  equal  to  BC  x'.-  —  ^BCx 


7  7  BC     ,     ABC 


+ 


By  proceeding  in  a  dmilar  manner,  he  makes  the 
second  collateral  series,  in  page  214,  (independent  of 

the  common  muldple  -^)  equal  to  BCx  -^  -^ABCx 


b  i  b         (1+f)    '^   c     '    (l+f) 


•    » 


and  the  fourth  equal  to  ^C-^^BC— 


c  ^  :i-  -  ^l^j^ 


^y  +  ..  .   V  X  ~. -•     Consequently,  the  sum  of  the 

four  collateral  series  in  page  214  (or  the  total  present 
value  of  the  given  suip  to.  be  received  on  the  contin- 
gency mentioned  in  the  problem)  will,  as  he  observes, 

be 

be  found  equal  to  s  mulnplied  into  BC  X  -^ry 
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BC  ABC  ^ 

6i        ^,^^6b         (l+f)  -^   6c  ^   (1  +  f)  ^  6c^ 
J5C        -^i?C  5(7     _   ^c     .      JBC         be 


a  (1+f)    ^  3^c  "*"   (1+^)   ^  3l€* 


m 

§  253.  Now,  a  moment's  attention  to  the  steps  of 
this  process  will  convince  us  that  all  those  quantities^ 
in  which  two  ]omt  lives  are  involved,  are  unnecessarily 
introduced  into  the  above  formula;  since  they  evi- 
dently destroy  each  other,  and  may  consequently  be 
made  to  vanish  altogether.    For, 

be 


I   I 


b 

BC  ^It _. 

£C-l;i+p)  ^  be  --  ic(i'^^y 

whence,  the  complex  formula  given  by  Mr.  Morgan 
may  be  reduced  to  s  multiplied  into  -^fr"^ — h 

*  It  is  evident,  on  inspection,  that  this  is  the  value  of  the  first 
and  third  collateral  series  in  page  217  ;  because  all  the  subsequent 
terms  after  the  first  term  manifestly  destroy  each  other.  Conse* 
Queiitly  Uie  sum  of  those  two  collateral  series  will  be  equal  to  the 


Pr.  29.  ON  tJO^JTIKGENT  ASSURANCES.  fil9 

^BC*  I  +  -i- f- 1^^^--  -  -^BC.c  I :  and  which 
is  the  very  same  as  that  which  I  have  given  in  page 


first  term  only:  that  \%,  (independent  of  the  common  multiple 

s  \                      1             he            1 
— J  equal  to  -- — -  — r-  X  ,  -  =  -7 r.     In  like  manner  may  be 

demonstrated  the  truth  of  the  remaining  equations. 

I  shall  however  make  another  observation  here,  which  I  Chink 
of  considerable  importance.  Although  these  equations  are  strictly 
and  mathematically  correct,  yet  (owing  to  the  imperfection  of  the 
Tables  which  show  the  value  of  Life  Annuities)  they  oflentimes 
vary  in  a  material  degree  when  solved  anthnetically:  an  inac- 
curacy which,  being  repeated  so  frequently  in  the  savie  formula, 
must  render  the  solution,  according  to  Mr.  Morgan's  investigation, 

extremely  erroneous.  ,  ^ 

ff          BC 
Thus,  the  compound  quantity  BC.-.- r-   is  equal   to 

,  and   (if  simplicity  and  elegance  were  out  of  the  ques- 


tion,  and  no  regard  were  paid  to  the  labour  and  intricacy  of  the 
solution)  might  be  substituted  instead.  Let  us,  however,  reducd 
d)ese  expressions  to  numbers :  for  which  purpose  let  us  take  the 
age  of  B  15  years,  the  age  of  C  18  years,  the  rate  of  interest  4 
per  cent,  and  the  probabilities  of  living  as  at  Northampton.     In 

this    case  we   should    haxe =  •0(52  ;  but  the  value  of 

be  ^^  0-^f) 

BCA- r r  is  equal  to  13566  -  12  614  ='052  only:  a 

/  ,     he        (1-ff) 

drtFerence  which  arises  from  the  want  of  more  enlarged  tables  of 
the  value  of  annuities  on  two  joint  lives,  and  which  will  have  i| 
considerable  effect  upon  the  proper  solution  of  ihe  problem.  This 
remark  extends  to  all  the  formul.-c  inserted  by  Mr,,  Morgan  in  the 
several  volumes  of  the  Philosophical  Traiisactlons ;  and  will  show 
that  those  formulae,  however  correct  in  principle,  are  of  little  or 
po  use  in  practice. 
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211,  except  as  to  the  substitutiaii  of  the  second  terai 

"i"  L^^^y^  ~  -^5C  fz  J,  agreeably  to  what  I  hare 
said  in  the  note  in  page  210. 

From  this  it  will  be  readily  seen  that  Mr.  Morgan's 
formula  consists  of  double  the  number  of  terms  that 
are  requisite  for  solving  the  problem ;  whereby  it  is 
Tendered  not  only  unnecessarily  intricate  and  laborious, 
but  also  liable  to  considerable  error  in  the  arilhneticdl 
solution.  Indeed  it  i3  manifest,  from  the  nature  of  the 
series  in  page  207i  that  no  expression  involving  two  joint 
lives  can  properly  arise :  and  it  is  singular  that  this 
consideration  did  not  induce  Mr.  Morgan  (if  his  object 
were  perspicuity  and  information)  to  retrace  the  steps 
of  his  investigation^  in  order  to  render  the  process  at 
once  more  simple  and  clear* 

*  • 

%  254.  But,  there  is  anotHer  part  of  Mr.  Morgan^s 
investigation  on  which  I  think  it  equally  necessary  to 
make  some  observations.  He  states  that  the  theorem 
which  he^  has  deduced,  as  above,  '*  gives  the  exact 
^  value  when  either  B  pr  C  is  the  oldest  of  the  three 
^^  lives  \  but  when'  A  is  the  oldest,  it  will  be  necessary^ 

*  It  certainly  is  not  necessary  to  change  the  sjmbols  j  since,  io 
^whatever  manner  the  characters  are  varied,  we  must  come  to  the 
iame  gei>eral  series  at  last :  neither  does  such  a  measure  £icilitate 
the  means  of  investigaiion.  Indeed  I  am  at  a  loss  to  conceive 
why  Mr.  Morgan  should  have  attempted  to  render  so  ohscure  this 
ifiteresting  branch  of  the  subject.  As  a  display  of  ingenuity  it 
must  completely  fail :  since,  his  papers  will  be  read  with  veiy 
C''Tcrcnt  emotions  from  those  of  adtniration. 
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^  to  change  the  symbols  &c:''  and  he  has  deduced 
smother  formula,  for  the  solution  of  the  problem  in 
this  case,  involTing  other  characters  and  symix>ls  ix^hich 
render  the  investigation  still  more  confused.  From  all 
which  he  would  seem  to  imply  that  the  first  formula 
was  not  applicable  to  the  second  case. 

But  the  second  formula  which  he  has  deduced  is. 
still  the  same  ( mixed  however  with  the  useless  and 
extraneous  quantities  above  alluded  to)  as  that  which  I 
have  given  in  page  211;  except  as  to  the  exchange  of 

the  last  term  +  ±[^li±^?^  -^BC.cJ  for  its  equal 

-  -^[^^^^^'  -  r^f  ^-f  ?]•  ^g^^Jy  ^o  ^^^' 

I  have  said  in  the  note  in  page  210.*     And  it  may 

*  Mr.  Margan*s  formnla^  expressed  by  his  own  ambiemous 

a 

characters,  it  in  this  case  equal  to  S  xnaltiplied  into  -^  x 

-.CAB-H2ABC)]+  -^x  [^(BN-^BNC)  ^^aB--ABC)] 

+  ^  X  J^itZ^izZJiCL  _ (AP- APC)].    Where  H  and  N 

denote  the  value  of  an  annuity  on  a  life  one  year  younger  and  one 
year  older  than  A  respectively^  and  where  a  and  s  denote  the 
number  of  persons  living  at  those  ages  respectively:  the  other 
symbols  being  the  same  as  in  the  note  in  page  215. 

But  this  complejc  formula,  being  divested  of  those  useless  quan- 
tities which  express  the  values  of  annuities  on  two  yoint  lives,  may 
'be  reduced  to  the  nmple  term$  alluded  to  in  the. text.    See  the 
origin^  formula  in  Phil.  Trans,  for  1 79 1,  page  251 :  or  in  Price's 
OBs.anBev.  Pay.  ProUepi  I  in  note  (P).  • 


\ 
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\>e  here  useful  to  remark  that  the  formula,  which  I 
^ave  given  in  page  211,  is  universally  true,  and  does 
Vot  depend  on  the  seniority  of  the  lives  concerned* 
The  substitutions  above  mentioned  are  mere  arbitrary 
arrangements  for  the  numerical  solution  of  the  pra« 
blem;  which  may  be  occasionally  used,  or  not,  at  the 
option  of  the  calculator. 

%  255.  It  is'  easy  to  perceive,  from  what  is  here 
said,  that  the  formula  (denoting  the  value  of  the  sum 
depending  on  the  contingency  in  this  problem)  may 
be  varied  in  /Ar^^e  different  ways,  merely  by  the  manner 
of  summing  up  the  several  collateral  series  given  ia 
page  207 ;  agreeably  to  the  method  laid  down  in  the 
note  in  page  209.  But  such  variation  is  by  no  means 
necessary  or  useful.  Mr.  Morgan  has,  in  a  very  cir- 
cuitous and  diffuse  manner,  demonstrated  only  two  of 
these  ways:*  but,  by  this  additional  attempt  at  eluci- 
dation, he  has  certainly  rendered  the  subject  still  more 
confused.  The  introducdon,  indeed,  of  unnecessary 
^antkies  into  any  investigation  (but  more  particularly 
the  retaining  of  them  in  any  resulting  formulae)  and 
the  capricious  changing  of  the  symbols  employed, 
•  ought  to  be  universally  reprobated ;  not  only  as  sub- 
versive of  the  true  ends  of  science  (whose  object  is 

*  That  is,  when  B  or  C  is  <he  oldest  of  the  three  lives,  and 
lichen  A  is  the  oldest  of  the  three  lives.  But,  in  non^  of  the  pro- 
blems (inserted  by  him  in  the  Phil.  Trani.  for  l/SB,  1769,  or 
1791 )  do  the  values  depend  on  the  seniority  of  the  lives  concerned-: 
for,  eitktr  of  the  formulae  deduced  by  him,  in  the  respective  pro« 
blcmsj  will  be  equally  correct  whether  A,  B,  or  C  be  the  eldest  life. 


\ 


Pr«  29.  ON  CONTIHOENT  AB8VRAKCBS*  92$ 

mfonxiation  and  not  mystery),  but  also  as  destructive 
of  all  good  taste  in  mathematical  reasoning. 

I  have  thought  it  proper  to  make  these  observations 
HI  this  place,  because  the  present  problem  is  of  consi* 
derable  importance  in  aiabling  us  to  determine  the 
value  of  many  of  the  subsequent  problems ;  and  is 
made  use  of  by  him  for  that  purpose :  therefore  the 
remarks  here  made  will  equally  apply  to  those  pro* 
blems  in  which  Mr.  Morgan  has  so  used  it.  Indeed-, 
I  believe  there  is  not  a  single  problem  inserted  by  him 
in  any  of  his  papers  in  the  Philosophical  Transactionfy 
respecting  the  value  of  Contingent  Assurances,  whereiA 
this  prolix  and  confused  method  has  not  been  adopted', 
in  order  to  determine  the  same. 


PROBLEM  XXX.* 

5  256.     To  determine  the  present  value  of  a  givert 
sum  payable  on  the  decease  of  A,  provided  he  be  the 

second  that  fails  of  three  given  lives  A,  B,  C. 

i 

! 

SOLUTION,  I 

The  sum  may  be  received  at  the  end  of  the  firsfc  i 

year,  on  the  happening  of  either  of  three  different  ' 

events :   l*^  that  all  the  three  lives  fail  in  that  year,  A 
having  died  second :  2°  that  A  and  B  fail  in  the  year, 

*  Morgan,  Prob.  20;  and  in  PhlL  Trans,  for  1791,  Prob.  7, 
page  253/ 
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A  having  died  last,  and  that  C  lives  to  the  end  of  it  i 
S^  that  A  ^d  C  fail  in  the  year,  A  having  died  last, 
and  that  B  lives  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  several  events  are  respectively 

(flt^fl),(g-»^).(c-c)     (fl— a).(^— i)c        ,   (a~g).(c— c)g, 
Sabc  '  2abc  iahc 

which,  being  added  together  and  multiplied  by 
*(  l+f  )"*,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
seven  different  events :  I^  that  all  the  three  lives  be- 
come extinct  in  the  year,  A  having  died  second :  2? 
that  A  and  B  both  £ail  in  the  year,  A  having  died 
last,  and  that  C  lives  to  the  end  of  it :  3^  that  A  and 
C  both  fail  in  the  year,  A  having  died  last,  and  that 
B  lives  to  the  end  of  it :  ^'^  that  A  and  B  both  fail 
in  the  year,  B  having  died  last,  and  C  having  £uled 
in  either  of  tlie  preceding  years:  S^  that  A  and  C 
both  fail  in  the  year,  C  having  <lied  last,  and  B  having 
failed  in  either  of  the  preceding  years:  6^  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and  C 
having  died  in  either  of  the  preceding  years:  7^  that 
only  A  dies  in  the  year,  C  living  to  the  end  of  it,  and 
B  having  died  in  either  of  the  preceding  years.  The 
probabilities  of  the  happening  of  these  several  events 

in  the  second  year,  are  respectively  ;^'T  ^'^^^.^\ 

2abc  *  2alc  ^  llob  ^        "^i» 
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(a~a).(c-cW  n         iiZfH  (1-,X),    and 

^^^^[l — f-):  which,  being  added  tdgethet  and 

mulriplied  by  ^(  1  +f  )"*,  will  glre  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year-  la 
like  manner  it  will  be  found  that  the  probabilities  of 
the  happening  of  these  several  events  in  the  third  year 

vill  be  regpectively  denoted   by  3^^  •^^'^^)  ^ 

B        M       It       fft  M        9       Mt       tt       W   HI       n        in      ti         v'  " 

{a-^a).{h^o)c     (a^a)  .(c-^c)  h     {a^d).{h'^  ^) f  \    '  £.) 
2alfC  '  2abc  ^  2ab  V  C'^ 

2ac  ^  6  /'•      fl»      V  c  /'  ac 

(1 — r)'  which,  being  added  together  and  multiplied 

byJ(l+f)^^  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  year :  and  so  on  for 
every  subsequent  year  to  the  utmost  extent  of  human 
life:  the  sum  of  all  which  yearly  expectations  will  be 
the  total  present  value  of  the  given  sum  to  be  received 
on  the  above  contingency. 


§  257.  Now  if  these  several  annual  expectations 
be  reduced  to  their  least  terms,  and  then  arranged 
under  each  other  as  in  the  preceding  problem,  they 
will  be  found  to  form  sixteen  collateral  series;  the 
sum  of  all  which  will  be  equal  to  s  multiplied  into 

l-rfi^fl        l-^AB    a    .    ^D  ?    ,   I— P^C        1+^C   a 


a.'    ,       2a  '  2(l  +  f) 


a(i  +  j)        2(l+f)    a.»    ,  ■'•2a  ^  2(l  +  f)       2(1+^) 
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A  having  died  last,  and  that  C  lives  to  the  end  of  it ! 
S^  that  A  and  C  fail  in  the  year,  A  having  died  last, 
and  that  B  lives  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  several  events  are  respectively 

(a^L).(l^i).(c-i)     (fl-a).(^-/)c        ,   (a-a).(c-cV, 
3abc  '  2abc  iale 

which,  being  added  together  and  multiplied  by 
«( l4-^)''9  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  yean 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
seven  different  events :  1^  that  all  the  three  lives  be- 
come extinct  in  the  year,  A  having  died  second :  2^ 
that  A  and  B  both  fail  in  the  year,  A  having  died 
last,  and  that  C  lives  to  the  end  of  it :  3^  that  A  and 
C  both  fail  in  the  year,  A  having  died  last,  and  that 
B  lives  to  the  end  of  it :  4^  that  A  and  B  both  fail 
in  the  year,  B  having  died  last,  and  C  having  failed 
in  either  of  the  preceding  years:  S^  that  A  and  C 
both  fail  in  the  year,  C  having  <iied  last,  and  B  having 
failed  in  either  of  the  preceding  years:  6^  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and  C 
having  died  in  either  of  the  preceding  years:  7^  that 
only  A  dies  in  the  year,  C  living  to  the  end  of  it,  and 
B  having  died  in  either  of  the  preceding  years.  Tbe 
probabilities  of  the  happening  of  these  several  events 

in  the  second  year,  are  respectively     '^    \Z       "^   , 

(g— a).(^  — o)c    (g  — a).(c>-c)^    (g  — fl).(A  — 3)y^         c  \ 
2abc  '  2al€  *  2at  ^  i"  /» 
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(;-2).(c-4  /         K         {a-a)i  li^l\     and 

2<ic  V  i  /•  ah         ^  €  i 

(jr-^^^j — ^_Y  ^hich,  being  added  tdgethet  and 

inultipKed  by  5(  1  +f )"%  will  give  the  expectation  o£ 
receiving  the  sum  at  the  end  of  the  second  yean  la 
like  manner  it  will  be  found  that  the  probabilities  of 
the  happening  of  these  several  events  in  the  third  year* 

Vfill  be  respectively  denoted   by    ^^^  ^iJ        '  t 

»      in     9      Iff  m       a      ttt      n      w  in      n      tft     n       r"  n 

(a  — a).(^  — />)c     (a'^a).(c-^c)b     (a  — a).(A  — *)/-    '  c\ 

2ahc  '  2abc  '  2a6  V  C'* 

v      ui     II     III  tt  M     m  m  n  n     mm 

2ac  ^  ^  /'•      ao      V  c  /'  ac 

(l  —  -r):  which,  being  added  together  and  multiplied 


by*(l+f)  ,  will  give  the  e^ectadon  of  receiving 
the  sum  at  the  end  of  the  third  year :  and  so  on  for 
every  subsequent  year  to  the  utmost  extent  of  human 
life:  the  sum  of  all  which  yearly  expectations  will  be 
the  total  present  value  of  the  given  sum  to  be  received 
on  the  above  contingency. 

§  257.  Now  if  these  several  annual  expectations 
be  reduced  to  their  least  terms,  and  then  arranged 
under  each  other  as  in  the  preceding  problem,  they 
will  be  found  to  form  sixteen  collateral  series ;  the 
sum  of  all  which  will  be  equal  to  t  multiplied  into 

a(i  +  f)        aa+fr'a."^  I       2a"^'2(l+j)       2(1+?)'  • 
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But,  the  first  three  terms  here  given  are,  by  Prob, 
XXVII,  equal  to  ^^;  the  next  three  terms  are,  by 
the  second  corollary  to  the  same  problem,  equal  to 
^^;  and  the  remaining  seven  terms  are,  by  Prob. 

XXIX,  equal  to  —  2*/^^  Consequently,  the  total 
present  value  of  the  given  sum  depending  on  this  con- 
tingency will  be  equal  ta  s  \^^  +  ^^  —  2^J^^\*^ 

COROLI.ART. 

§  258  •     If  the  three  lives  are  equal,  or  of  the  samre 

age  A,  then  ./l^  and  ^^  tvill  each  of  them  become 

Tas  in  Prob.  XXVII,  con  ,5)  equal  to  -^ — r;    and 

^BC  ^;i[  become  (as  in  Prob.  XXIX,  cor.  2)  equal  to 

rf.,  x"'     Consequently  the  present  value  of  the 

*  It  will  be  evident  from  an  inspection  of  the  several  quantities, 
whence  this  formula  is  deduced,  that  a  more  convenient  one  might 
have  been  formed  for  the  numerical  solution  of  the  problem:  si- 
milar to  the  method  pursued  in  the  39th  and  subsequent  problems. 
But  the  present  simple  foraiala,at  the  same  time  that  it  is  more  easily 
retained  in  the  memory,  has  also- the  additional  advantage  of  en- 
abling us  readily  to  discover  any  error  which  may  arise  in  the  pro^ 
cess.  I  have  therefore  on  this  account  inserted  it :  but  the  reader- 
may,  from  the  values  of  the  several  series  above  given,  arrange  the 
formula  in  such  other  manner  as  he  may  find  most  convenient  to 
himself.  The  same  observations  will  aj^ily  to  mar^  of  the  subse- 
qi^ut  problems  in.  tliLs  chapter. .  > 
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given  sum  will  in  such  case  be  represented  by  ^  X 

- — ^^/iVT '  ^^^     y  ^^^  present 

value  of  the  given  sum  payable  on  the  extmction  of 
any  two  out  of  the  three  given  lives. 


PROBLEM  XXXL* 

§  259.  To  determine  the  present  value  of  a  given 
5um  payable  on  the  decease  of  A,  provided  he  be  the 
last  which  fails  of  three  given  lives  A,B,  C. 

SOLUTION. 

It  18  evident  that  the  sum  can  be  received  at  the 
end  of  the  first  year,  only  on  the  extmcdbn  of  all  the 
fives,  A  having  died  last,  the  probability  of  which  is 

•^  xi --; — i^*^;  and  which,  being  multiplied  by 

*(l  +  f)"*,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  sum 
may  be  received  on  the  happening  of  either  of  four 
different  events :  1^  that  all  the  lives  fail  in  the  year, 
A  having  died  last :  2^  that  A  afad  B  fail  in  the  year, 
A  having  died  last,  and  that  C  fails  in  either  of  the 
preceding  years :  S^  that  A  and  C  fail  in  the  year, 
A  having  died  last,  and  that  B  fails  in  either  of  the 
preceding  years:  4°  tha£  only  A  dies  in  the  year,  B 

*.  Morgan^  Prob.  21;  and  in  Phil.  Trans,  for  1791,  Prob«  3j 
page  256.    Simpsofi^  Frob.  30. 

as 


€28  OK  CONTINGENT  ASSURANCES.  CL  8. 

and  C  having  failed  in  either  of  the  preceding  years. 
The  probabilities  of  these  several  events  happening  in 

the  second  year  are  respectively  \Ii  )-v^""^;^ 

(a-a).(^-t)  f^        c\      (o-^aMc-c)  /  fix  - 

2ab — :~(^-T^ 2^ K^-Th  ^* 


O— fl 


i 


(l — r)x(l ):  which  being  added  together 

and  multiplied  by  *(1  +p)"'%  will  give  the  expectadon 
of  receiving  the  sum  at  the  end  of  the  second  year. 

In  like  manner  may  be  found  the  expectation  of 
receiving  the  sum  at  the  end  of  the  third  and  every 
subsequent  year  to  the  utmost  extent  of  human  life : 
and,  if  these  several  yearly  expectations  be  reduced  to 
their  lowest  terms  and  arranged  under  each  other, 
they  will  form  eighteen  collateral  series,  the  sum  of  all 
which  will  be  the  present  value  required :  and  which 

will  be  found  to  be  equal  to  t  multiplied  into  tt-^  — 

,        2a    '      3(1 +f)  3(1 -hf)     a      '     ,  Sa    T 

i+_4^_^.  j  ^JBC.^  +  '-^A  -^BC-L  But 

6(1 +f)    ^  ,       6b    '    6(1 +f)    c  I  oc 

this  expression  is  equal  to  ^  1  .f?  n  ~  ./^^  —  •/i^  + 

^^^  |:  which  therefore  denotes  the  present  value  re- 
quired. 

COROLLARY. 

§  260.     If  the  three  lives  are  equal,  or  of  the  same 
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age  A,  the  present  value  of  the  given  sum  will,  agree- 
ably  to  what  has  been  said  in  the  corollary  to  the  last 

problem,  be  denoted  by  6  x  -—^ — STT  il ^*  ^^^ 

by  one  third  of  the  present  value  of  the  given  sum  to 
be  recehred  on.  the  extinction  of  the  longest  of  the 
three  lives. 

SCHOLIUlit. 

§  *!261.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXIX,  XXX,  and  XXXI,  be  added 
together,  they  will  be  found  equal'to  the  present  value 
of  the  same  sum  to  be  received  on  the  decease  of  A ; 
that  IS,  the  sum  of  those  three  values  will  be  equal 

to  ^  X  77-^-  which  proves  the  accuracy  of  the 
investigations. 

PROBLEM  XXXIL* 

§  262.  To  determine  the  present  value  of  a  given 
€um  payable  on  the  decease  of  A,  provided  he  be 
the  ^rst  or  second  that  fails  of  three  given  lives  Aj 
B,C. 

« 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  either  of  four  different 

*  Morgan^  Prob.  24  j  and  in  Pbil.  Trans,  for  179I,  Piob.  5, 
,  page  261.    Simpson  s  Sup.  Prob«  40. 
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events :  1°  that  all  the  three  lives  fail  in  the  year,  A 
having  died  first  or  second :  2^  that  A  and  B  both 
die  in  the  year,  and  that  C  lives  to  the  end  of  it : 
3°  that  A  and  C  both  die  in  the  year  and  that  B  lives 
to  the  end  of  it :  4°  that  only  A  dies  in  the  year,  and 
that  B  and  C  both  live  to  the  end  of  it.  The  proba- 
bilities of  the  happening  of  these  several  events  are  re- 

spectively  denoted  by  -^ Ll^^JS—>^  i i^- , 

/  t     I  Iff 

■   "^    ,  ,  and  ^^'^y  ^;   and  which  being  multir 

a  be  avc  ° 

plied  by  ^(l+f)"',  will  give  the  expectation  of  receiv*- 
jng  the  sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  givei^ 
sum  may  be  received  on  the  happening  of  either  of 
eight  diflFerent  events :  1°  that  all  the  three  lives  fail 
in  the  year,  A  having  died  first  or  second :  2°  that  A 
and  B  both  die  in  the  year,  and  that  C  lives  to  the 
end  of  it :  3°  that  A  and  C  both  die  in  the  year  and 
that  B  lives  to  the  end  of  it :  4°  that  only  A  dies  in 
the  year  and  that  B  and  C  both  live  to  the  end  of  it; 
5^  that  A  dies  before  B  in  the  year,  C  having  failed 
|n  either  of  the  preceding  years :  6^  that  A  dies  be- 
fore C  in  the  year,  B  having  failed  in  either  of  the 
preceding  years :  7°  that  only  A  dies  in  the  year,  C 
having  died  in  either  of  the  preceding  years,  and  B 
living  to  the  end  of  it :  8^  that  only  A  dies  in  the 
year,  B  having  died  in  either  of  the  preceding  years, 
and  C  living  tp  the  end  of  it.  The  probabilities  of 
the  happening  of  tl^ese  several  events  in  the  second 
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year  are  denoted  respectively  by  o  7  ^         , 


abc  abc  *         abc      '  2ab 


X 


/,       c\     (a— o).(c— c)  / ,        6\     {a—a.)b  I ,       c\         . 

""^^  ^  ( 1 — 7-):    which  being  added  together,  and 

multiplied  by  ^(1+^)"'%  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  la 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  succeeding 
year  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  expectations  will  be  the  total  present  value 
of  the  given  sum,  to  be  received  on  the  above  con- 
tingency. 

These  several  yearly  expectations,  being  reduced  to 
their  least  terms  and  arranged  trader  each  other,  will 
form  sixteen  collateral  series;*  the  sum  of  all  which 
is  the  present  value  required :  and  will  be  found  equal 

*  It  would  be  needless  for  me  to  swell  the  present  work  by  in- 
serting the  several  values  of  these  series,  since  (from  the  examples 
which  have  preceded)  they  may  be  readily  discovered  by  an  in- 
spection of  the  resulting  formnla.     Few  persons,  perhaps,  who 
v^ead  this  part  of  the  treatise,  will  be  satistied  without  going  tbrocigh 
the  aeveral  steps  of  the  process :  ia  which  case,  such  a  measoi^ 
would  not  be  requisite.     Aad  I  cannot  here  avoid  the  opportunity 
of  recommending  the  rea^  to  adopt  this  plan  through  all  the 
%,       subsequent  problems  3  as  he  will  find  it  an  excellent  prasis  fw 
^Ihis  species  of  analysts. 

f  It  may  be  here  useful  to  remark  that  tliis  formula  may  be  ob« 
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COROLLARY, 

§  263*  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  this  eacpression  (agreeably  to  what 
has  beepL  said  in  the  corollary  to  Prob.  XXX )   will 

become  equal  to  s  X  ""^  an  jFp —  •  ^^'  equal  to 
(he  diflFerence  between  the  value  of  an  assurance  of  the 
given  sum  on  the  two  joint  lives,  and  one  third  of  the 
value  of  an  assurance  of  the  same  sum  on  the  thr^Q 
joint  lives. 


PROBLEM  XXXIIL* 


§  264.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
second  or  third  that  fiails  of  three  given  lives  A,  B>  Ct 


SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 

tained  by  taking  the  sum  of  the  values  deduced  from  Prob.  XXIX 
and  XXX:  or.  by  takintt  the  difference  between  s  x  z — ^—r-  and 

the  va^ne  dedooed  from  Prob.  XXXI :  which  is  evident  from  the 
nature  of  the  questions*  For,  the  sum  is  to  be  received  on  the 
death  pf  A  provided  he  diesjirst  or  second :  or  (wliich  is  the  same 
thing)  it  is  to  be  received  qa  the  death  of  A  provided  he  does  no< 
4ie  third. 
*  Morgan,  F^b.  25j  and  in  Phii.  Trans,  for  1791^  Prob.  6^ 
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first  yeat,  on  the  happening  of  either  of  three  different 
events:  1^  that  all  the  three  lives  become  extinct  in 
the  year,  A  having  died  the  second  or  third :  2^  that 
• .  A  and  B  both  fail  in  the  year,  A  baring  died  last,  and 
that  C  hVes  to  the  end  of  it :  3*  that  A  and  C  both 
fail  in  the  year,  A  having  died  last,  and  that  B  lives 
to  the  end  of  it.  The  probabilities  of  the  happening 
of  these  several  events  in  the  first  year,  are  respectively 

g(a-a).(/)-i).(c^c)     (a^.(**-i)£        ,  (a-.g).(g-c)/^ 

Siibc  •  2al'c         »*"^  2(ibc 

which  being  added  together  and  multiplied  by  ^(1  +f)~', 

will  give  the  e;cpectatioo  of  receiving  the  siim  at  the 

^nd  of  the  first  yean 

But  in  the  second  and  following  years,  the  sum 

lyiay  be  received  on  the  happening  of  either  of  eight 

difierent  events:  f  that  all  the  three  lives  fail  in  the 

year^  A  having  died  second  or  third :  12^  that  A  and 

B  both  fail  in  the  year,  A  having  died  last,  and  that 

C  lives  to  the  end  of  it :  3^  that  A  and  C  both  fail  in 

the  year,  A  having  died  last,  and  that  B  lives  to  the 

end  of  it :  4^  that  A  and  B  both  die  in  the  year,  C 

having  died  in  either  of  preceding  years :  5°  that  A 

and  C  both  die  in  the  year,  B  having  died  in  either 

pf  the  preceding  years ;  6^  that  only  A  dies  in  the 

year,  B  living  to  the  end  of  it,  and  C  having  died  in 

either  of  the  preceding  years :  1^  that  only  A  dies  in 

the  year,  C  living  to  the  end  of  it,  and  B  having  died 

'  in  either  of  the  preceding  years :  8°  that  only  A  dies 

94  th^  year,  B  and  C  having  both  failed  in  either  of 

(he  preceding  years.    Th^  probabilities  of  the  hap- 
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•  •  •  « 

peni&g  of  tbeee  several  events  in  the  second  year 
are  respectively -^^^^ ,  ^-^ , 

'  ^"^  { I  — r)*(^"*"~)*  which,  being  added  together 

and  multiplied  by  ^(l+f)*%  will  give  the  expectation 

of  receiving  the  sum  at  the  end  of  the  second  year. 
In  like  manner  we  may  find  the  expectation  of  receiv- 
ing the  sum  at  the  end  of  the  third  and  every  subse- 
quent year  to  the  utmost  extent  of  human  life :  the 
sum  of  all  which  expectations  will  be  the  total  present 
value  of  the  given  sum,  depending  jon  the  above  con- 
tingency. 

These  several  yearly  expectations,  being  reduced  to 
thar  least  terms  and  arranged  under  each  other,  will 
form  ten  collateral  series :  the  sum,  of  all  which  wHl 
be  found  equal  to  s^  .^^   ■  — c4®^  [.* 

COROLLARY. 

S  265.     When  all  the  lives  are  equal,  or  of  this 

♦  The  value  of  the  sum  depending  on  the  contingency  mentioned 
in  this  problem  is  manifesUj  equal  to  the  difference  between  the 
value  of  such  sum  to  be  received  on  the  decease  of  A,  and  its 
value  depending  on  the  contingency  that  A  shall  be  the  Jirst  that 
fails :  or,  it  is  equal  to  the  sum  of  the  two  values  found  by  Prob, 
XXX  and  XXXL 


*\ 
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same  age  A«  the  last  term  in  this  formula  becomes 

equal  to  -^ (agreeably  to  what  has  been  already 

$aid  in  Prob.  XXIX,  con  2),  consequently  the  whole  ex- 

pression  is  m  this  case  reduced  to  ^  X  — ^an  J"! • 

that  is,  equal  to  the  difference  between  the  value  of  an 
assurance  of  the  given  sum  on  a  single  life,  and  one 
third  of  the  value  of  an  assurance  of  the  same  sum  on 
the  three  joint  lives. 


PROBLEM  XXXIV.* 

§  266.  To  determine  the  present  value  of  a  given 
6um  payable  on  the  decease  of  A,  provided  he  be  the 
first  or  last  that  Fails  of  three  given  lives  A,^B,  Cf 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year  on  the  happening  of  either  of  four  different 
events:  1®  that  all  the  three  lives  fail  in  the  year,  A 
having  died  first  or  last :  2^  that  A  and  B  both  fail 
in  the  year,  A  having  died  first,  and  that  C  lives  to 
the  end  of  it :  3®  that  A  and  C  both  fail  in  the  year, 
A  having  died  first,  and  that  B  lives  to  the  end  of  it: 
4^  that  only  A  dies  in  the  year,  and  that  B  and  G 
both  live  to  the  end  of  it.  The  probabilities  of  the 
happening   of  these    several   events  are  respectively 

*  Morgau,  Prob.  25;  and  in  Phil.  Trans,  for  1791,  Prob.  7, 
page  26d. 


226  ON  CONTINGENT    ASSURANCES.  CA.  8. 


Sabc         •     '  2abc  '  2abc 


and 


,    ^;  which,  being  added  together  and  multiplied 

by  ^(1+f)""*,  will  give  the  expectation  crfrecdving 
the  sum  at  the  end  of  the  first  year. 

But  at  the  end  of  the  second  and  followkig  years 
the  given  sum  may  be  received  on  the  happening  of 
either  of  seven  differpt  events :  1®  that  all  the  lives 
fail  in  the  year,  A  havmg  died  first  or  last :  2^  that 
A  and  B  both  fail  in  the  year,  A  having  died  first, 
and  that  C  lives  to  the  end  of  it :  S**  that  A  and  C 
both  fail  in  the  year,  A  having  died  first,  and  that  B 
lives  to  the  end  of  it :  4^  that  only  A  dies  in  the  year 
and  that  B  and  C  both  live  to  the  end  of  it :  5^  that 
A  and  B  both  fail  in  the  year,  A  having  died  last,  and 
C  having  failed  in  either  of  the  preceding  years :  6® 
that  A  and  C  both  fail  in  the  year,  A  having  died  last, 
and  B  having  failed  in  either  of  the  preceding  years : 
7^  that  only  A  dies  in  the  year,  B  and  C  having  both 
failed  in  either  of  the  preceding  years.  The  proba- 
bilities of  the  happening  of  these  several  events  in  the 

second  year,    are  respectively  ij"  ^^^—^y  ^ 

(a—a).(f>^t)c      (g— fl).(c— c)^     (a^a)bc    (a^a).(b^b) 


%abc        '  2abc         ^        abc      '  2ab 


X 


(■4)-^— c-t). -i^t'-lix 


f 


(l ):  which,  being  added  together  and  multiplied 

by  ^(1  +f )"%  will  give  the  expectation  of  receiving 
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the  sum  at  the  end  of  the  second  year.  In  Hke  manner 
we  may  find  the  expectation  of  receiving  the  sum  at 
the  end  of  the  third  and  every  subsequent  year  to  the 
utmost  extent  of  human  life:  the  sum  of  all  which 
yearly  values  will  be  the  total  present  value  of  the 
given  sum  to  be  received  on  the  above  contingency. 

These  several  yearly  expectations,  being  reduced 
to  their  least  terms  and  arranged  under  each  other, 
will  form  eighteen  collateral  series:  the  sum  of  all 

which  will  be  found  equal  to  *  X  1,7!  y.—%^^—jl^ 

COROLLARY. 

§  267.  When  the  three  lives  are  equal,  or  of  the 
same  age  A,  this  expression  (agreeably  to  what  has 
been  ssud  in  the  corgllary  to  Prob.  XXX)  will  become 

equal  to  ^X  — — —  .    .  . :  that  is,  equal  to 

the  difference  between  the  value  of  an  assurance  of 
the  given  sum  on  a  single  life  and  on  two  joint  lives, 
added  to  two  thirds  of  the  value  of  an  assurance  of 
th^  same  sum  on  the  three  joint  lives. 

SeHOLIUM. 

%  268.    If  the  present  values  of  the  given  sum,  as 

*  This  formula  may  be  obtained  by  taking  the  sum  of  tho 
values  deduced  from  Prob.  XXIX  and  XXXI :  or^  by  taking  the 

£fference  between  s  x  .*"/ ,    and  the  value  deduced  from  Prob; 

TL&X. 


\ 
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found  by  Prob.  XXXII,  XXXIII,  and  XXXIV,  be 
added  together,  they  will  be  found  equal  to  twice  th^ 
present  value  of  the  same  sum  to  be  received  on  the 
decease  of  A :  that  is,  the  sum  of  those  three  values 

will  be  equal  to  2s  x  7~-v. 
^  (i  +  f) 


PROBLEM  XXXV.* 

§  269.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  ^rst  that  fails  of  three  given  lives  A, 
B,C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  any 
one  year,  on  the  happening  of  either  of  six  different 
events :  1°  that  all  the  lives  fiail  in  the  year,  A  or  B 
having  died  first :  2**  that  A  and  B  both  die  in  the 
year,  and  that  C  lives :  S^  that  A  and  C  both  fail  in 
the  year,  A  having  died  first,  and  that  B  lives  to 
the  end  of  it :  4°  that  B  and  C  both  fail  in  the 
year,  B  having  died  first,  and  that  A  lives  to  the  end 
of  it :  5®  that  only  A  dies  in  the  year,  and  that  B 
and  C  both  live  to  the  end  of  it :  6^  that  only  B 
dies  in  the  year,  and  that  A  and  C  both  live  to  the 
end  of  it.  The  probabilities  of  the  happening  of 
which  several  events  in  the  first  year  are  respectively 

*  Phil.  Trans,  for  1791,  Prob.  8,  page  267. 
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2(a-a).(^-^).(c-c)      (a^a).{h-hc     (fl-a).(c-f)^ 
''  3abc  *  abc  '  2abc         * 

kh-i,Uc-'c)k    («^^    3„^  Mj«i.  „hich,  being 

2abc        '        a^f     '  abc  '  o 

added  togeAer  and  multipKed  by  «( I  +?)"'»  will  give 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
first  yeai*. 

In  like  manner  may  be  fomid  the  expectation  of  re- 
eling the  swn  at  the  lend  of  the  second,  third  and 
every  subsequent  year  to  the  utmost  extent  of  human 
life :  which  several  yearly  values,  reduced  to  their  least 
terms  and  being  arranged  under  each  other  as  in  Prob* 
XXIX,  will  form  the  following  series, 

I      [  4a&c       Aabc       abc    .    abM a^c    .   abc    .   labc  _    2ahc\  , 

|(J+f)  L  o,bc  abc        ab<{     '    abc         abc    •    abc  """    abe  a^c  J*" 

r"    til  Wfifff  /// ;         I  Hi*  "I  #         ///  n  tin         u  ti  /*n 

I  4alc       4^dc         abc ^^  abc        abc    .abc,2abc       2abc    \  , 

1+£)*L  a3c  abc         abc         abc         abc        abc         abc  abc ^* 

f   H  It  It  til  in  m        III  ti  It         It  m  lu         ii  m  n         m  ti  tt/  ii  tiut  m  m  n  "n 

*      I  Aabc       Aabc        abc    ,    abc        abc   .abc    ^^2abc        2abc   \  , 

l+f)'Loic    abc         abc  ^  abc  abc  ~  abc    *  abc   ""  abc  J 

kc  kc         ^  ^    &c  &c  &c, 

the  sum  of  all  which  will  be  the  total  present  value 
required. 

§  27(X  But^  if  we  compare  this  general  series  with 
the  one  inserted  in  page  207,  it  will  be  found  that  the 
sereral  collateral  series,  of  which  it  is  composed,  are 
for  the  most  part  the  same  as  those  which  are  there 
given:  and  that  the  only  difference  between  them  is  in 
the  common  muliipley,2nd  in  the  ^n  prefi3:ed  to  the 
fifth  and  sixth  collateral  aeries.  Consequently,  the  sum 
of  these  several  perpendicular  and  collateral  series  may 
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be  readily  obtained  from  the  process  there  laid  down# 
For,  the  first  and  second  collateral  series  v^iil  be  thus 

found  equal  to  —  X  -~-.--r ;  the  third  and  fourth, 
equal  to  -  -^^^'1]^^^"  -f^^^-f  J5  *^**^^  ^°^ 


the  seventh  and  eighth,  equal  to  ■^\   ■  ^      — 

jiBC.c  L     Therefore  the  total  value  of  the  general 
series  above  given  will  be  equal  to  s  multiplied  into 


2^ 
3 


s.    Intuit  I     fo+jBOd'         ^I>rr^n_ 

^*L       (1  +  f)  I        iJ  3cL       0 


^b6c 


0+f) 
jiBC. 


C.c\. 


-  As  we  shall  have  occasion  to  refer  again  to  -this  for- 
mula in  some  of  the  following  problems,  it  will  be 
convenient  to  denote  it  by  a  more  simple  expression; 
therefore  let  it  be  represented  by  j^^:  that  is,  let 
^^^  denote  the  present  value  of  c£l  to  be  received 
oa  the  above  contingency;  consequently  sXjS^  will 
denote  the  present  value  of  the  given  sum  under  the 
same  circumstances.* 


*  By  comparing  this  formula  with  the  second  formula  in  Probw 

XXIX,  cor.  1,  it  will  be  seen  that  jB^=  l±d^  -  C^, 

0  +  «) 
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COROLLARY. 


§  271 .  Wheii  the  three  lives  are  equal,  or  of  the 
«ame  age  A,  the  last  three  terms  in  the  above  expres- 
sion destroy  each  other ;  and  the  whole  is  then  re- 
duced to  -—  X  T^,\  •  or,  to  two  thirds  of  the  pre- 
sent value  of  the  given  sum  payable  on  the  extinctioa 
of  the  three  joint  lives. 


Obxgrvations  oh  Mr.  Morgan's  Method  of  investU 

gating  this  Problem. 

^  372.  I  canxtot  omit  the  present  opportunity  of 
recalling  the  reader's  attention  once  more  to  the  sin- 
gular and  confused  manner  which  Mr.  Morgan  hais 
^opted,  in  this^  case  also,  for  finding  the  value  of  the 
general  series  in  page  239:  and  lam  the  more  in- 
duced to  do  this,  because  it  appears  that,  the  further 
Mr.  Morgan  proceeds  in  his  subject,  the  more  disorder 
and  irregularity  seems  to  run  through  the  whole  of  his 
investigations.  1  would  previously,  however,  intreat 
the  reader's  patience  whilst  I  conduct  him  through  this 
mathematica,l  labyrinth. 

The  sum  of  the  several  expectations  of  receiving 
tSe  given  sum,-  on  the  contingency  mentioned  in  this 
problem,  Mr.  Morgan  makes  equal  to  the  following 
series 
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$  273.  Now,  the  last  six  collateral  series  in  the 
above  general  expression  may  be  reduced  to  the  two 
following  ones:  viz. 

s  (b^l)ac   .   (l^h)h€ 

+ 


>*L     2a^<^      "*"      2abc    J 
*       J    (^--P)flc    I    {b^b)ac 


r—  ff      w  «/ «  »/     /»/ ;//  wr~| 

&C  &C  &C,  ' 

in  which  case,  that  expression,  instead  of  being  com« 
posed  of  twenty*  different  series,  might  have  been  re- 
duced  to  twelve.  Or,  "had  the  whole  of  these  colla- 
teral series  been  reduced  to  their  simplest  terms,  they 
would  have  formed  the  very  same  expression  as  that 
given  in  page  239 ;  and  which  consists  of  only  eight  dif- 
ferent  terms!!!  But,  owing  to  this  careless  and  diffuse 
mode  of  treating  the  subject,  it  follows  that  the  formula, 
which  denotes  the  value  of  the  given  sum  depending 
on  the  contingency  mentioned  in  this  problem,  con- 
tains (upon  Mr.  Morgan's  method  of  solution)  no  less 
than  twenty  different  terms  :t  and  when  it  is  considered 

*  Each  of  the  ten  collateral  series  in  page  242,  evidently  forms 
two  distinct  series  wheti  expanded  by  multiplication  3  ilie-  sum  of 
loth  which  it  is  necessary  to  find. 

-f  Lest  1  should  Ije  cliarged  with  misrepresentation  I  shall 
here  insert  Mr.  Morgan's  formula  in  his  own  characters :  viz  S 
i,to  ^^[/3(FK-AFK)  ^  (BK- ABK)]-.  m=^^^  + 

2(r-r).(BC-ABC)      ^(PO-APC) ^    d    r^BT-ABT)^ 
3r  Qbr  Zcr  L 

^ — '^ L  I  -f  2  (2  denoting  the  value  of  S  on  the  con- 

R  2 
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<hat,  in  order  to  obtain  those  terms,  it  is  necessary*  to 
ium  up  between  thzrti/  and  forty  different  series,  the 
reader  is  equally  struck  with  surprise  and  indigna- 
tion; and  is  left  in  doubt  of  the  motive  which  could 
have  induced  the  author  to  pursue  so  anomalous  a 
course. 

§  274.  There  is,  however,  still  another  part  of 
Mr.  Morgan's  investigation  on  which  I  consider  myself 
equally  obliged  to  make  some  comment.  He  says 
that  the  formula  (above  alluded  to)  gives  the  exact 
value  when  C  is  the  oldest  of  the  three  lives;  "  but  if 
A  be  the  oldest,  the  symbols  must  he  changed:*^  and 
the  value  of  the  given  sum  he  has,  in  this  case,  de- 
noted by  another  formula ;  which  (being  introduced 
m  a  new  dress,  and  in  new  characters)  appears  ma« 
terially  different  from  thp  former  one.t  It  is,  how- 
ever, (when  divested  of  all  its  useless  and  extraneous 
Quantities)  precisely  the  same  as  that  which  I  have 

tingency  of  C's  surviving  B).  The  other  symbols  being  the  same 
as  already  explained  in  the  note  in  page  215.  See  the  original  for- 
mula in  Phil.  Trans,  for  1791,  page  267  f  or  in  Price's  Obs.  m 
Rev,  Pay.  Note  (P),  Problem  VIII. 
*  I  mean  upon  Mr.  Morgan's  principles^  as  explained  in  page  217* 
f  Take  Mr.  Morgan's  own  words.  "  The  general  rule  express- 
ing the  value  of  the  reversion  will  be  =  S  into  ^ ^^t ^ 

jx^r  ^(HF»-HFC)         HB -  HBC  1  _  /3(AF-AFC) 
^  3al  b  "^  2  J  6^  "*" 

2<f-l).(AB--ABC)       m(AP-APC)   .     *    r(BB^-^^C)    > 
"■"  Jr        :        "^  «;  +  Bar  L  i  "** 
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given  in  page  240,  except  as  to  the  substitution  of 

—        ^       V—  —  ABCx    ;  agreeably  to  the  princir 
pies  explained  in  the  note  in  page  2 10« 

§  275*  It  surely  cannot  be  unknown  to  Mr. 
Morgan  that  the  value  of  the  given  sum  does  not  in 
this  case  depend  upon  the  seniority  of  the  lives  con- 
cerned.* For,  let  the  ages  of  A,  B,  and  C  be  what 
they  may,  and  let  him  change  his  symbols  as  often  as 
h^  pleases,  he  must  still  come  to  the  same  general 
series,  at  last,  as  that  given  in  page  239 :  the  sum  of 
which  may  be  expressed  in  three  different  ways,  ac- 
'  cording  to  the  method  of  summing  up  the  several  col- 
lateral series  of  which  it  is  composed.!  And  either  of 
these  formulae  will  denote  the  value  of  the  given  sum, 
whether  A,  B,  or  C  be  the  oldest  of  the  three  lives. 

M  (PN — PNC)  T 

— i^ '  |.'*    Where  V  deiK)tes  the  perpetuity;  and  the 

lemaining  letters,  the  same  quaotities  as  already  explained  in  the 
n<>tein  pag3  221.  Seethe  original  formula  in  PkiL  Trans,  for 
1791,  page  266  J  and  in  Price's  Obs,  on  Rev,  Pay,  Note  (P),  Pro- 
blem Vlil. 

*  This  observation  will  apply  to  the  whole  of  the  Problems  in- 
lerted  by  Mr.  Moigan  in  the  PkU.  Trans,  for  1788^  1789  and  1791. 
See  the  note  in  page  222. 

.  f  See  what  has  been  already  said  on  .this  subject  in  page  222, 
and  in  the  note  to  page  220, 
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These  observations  are  the  more  necessary  to  be  at- 
tended to,  because  the  solutif»n  to  the  present  problem 
is  of  use  in  enabling  us  to  determine  the  value  of  sums 
depending  oa  the  contingencies  mentioned  in  several 
of  the  subsequent  problems.  Consequently,  the  more 
simple  we  render  the  present  formula,  the  more  easily 
we  may  obtain  the  solution  to  those  problems.  This 
motive,  therefore,  will  be  a  sufficient  apology  for  the 
present  digression. 


PROBLEM  XXXVL* 

§  276.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  second  that  fails  of  three  given  lives 
A,  B>  C* 

SOtUTION, 

^  The  given  sum  may  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  either  of  four  different 
events :  1^  that  all  the  three  lives  fail  in  that  year,  A 
or  B  having  died  second :  2®  that  A  and  B  both  die 
in  that  year,  and  C  lives  to  the  end  of  it:  3^  that  A 
and  C  both  fail  in  that  year,  A  having  died  last,  and 
th^t  B  lives  to  the  end  of  it ;  4"^  that  B  and  C  both  fail 
in  that  year,  B  having  died  last,  and  that  A  lives  ta 

♦  Phil,  Trans,  for  1791,  page  26g. 
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the  end  of  it.  The  probabilities  of  the  happening  vof 
these  several  events  are  respectively       '     l  l      "9 

(.-«')(>-%'    ia-kUc-i)h    ^a  (t>-i).Xc-'c)a .    ^^j^^ 
aac  2atc  2avc 

being  added  together,  and  multiplied  by  ^(l+f)~'> 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

£ut  at  the  end  of  the  second  and  following  years, 
the  sum  may  be  received  on  the  happening  of  either  of 
eleven  different  events :  1^  that  all  the  lives  fail  in  the 
year,  A  or  B  having  died  second :  2°  that  A  and  B 
both  die  in  the  year,  and  that  C  lives  to  the  end  of 
it:  3^  that  A  and  C  both  fail  in  the  year,  A  having 
died  last,  and  that  B  lives  to  the  end  of  it:  4^  that 
B  and  C  both  fail  in  the  year^  B  having  died  last,  and 
that  A  lives  to  the  end  of  it:  5"^  that  A  and  B  both 
die  in  the  year,  C  having  died  in  either  of  the  pre- 
ceding years :  6^  that  A  and  C  both  feil  in  the  year, 
A  having  died  last,  and  B  having  died  in  either  of 
the  preceding  years :  7^  that  B  and  C  both  fail  in  tl|e 
year,  B  having  died  last,  and  A  having  died  in  either 
of  the  preceding  years:  8**  that  only  A  dies  in  the 
year,  B  living  to  the  end  of  it,  and  C  having  died  in 
either  of  the  preceding  years:  9°  that  only  A  dies 
in  the  year,  C  living  to  the  end  of  it,  and  B  having 
died  in  either  of  the  preceding  years:  10®  that  only 
B  dies  in  tlie  year,  A  living  to  the  end  of  it,  and  C 
Jiaving  died  in  either  of  the  preceding  years:  11*^  that 
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only  B  dies  in  the  year,  C  living  to  the  end  of  it,  and 
A  having  died  in  either  of  the  preceding  years.  The 
probabilities  of  the  happening  of  these  several  events 

I      /'       in       '     'I 

in  the  second  year  are  respectively  -^ s^f^ ' 

{a^a).(l''~h)c  (^a^a)XC'-c)l)    {V'-b),{c--c)a  (a^a).{h—h) 
'  ahc  ^         2alc  ^  2ahc         '  ab 


ab     ^         c/'       _  ac      ^  h  '^         ab     ^  e 

n  I 

k  /.       a 


(i-h: 


and       ,       (1 ):    which  being  iwJded  together, 

and  multiplied  by  ^(l+f)"*%  will  give  the  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year#  In 
like  manner  may  be  found  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  yearly  values  will  be  the  total  present  v^Iue 
of  the  given  sum,  to  be  received  on  the  above  cou; 
dngcijcy. 

Now  these  several  yearly  expectations,  being  reduce^ 
to  their  lowest  terms  and  arranged  under  each  other, 
will  form  eighteen  collateral  series;  the  sum  of  all 

which  will  be  found  equal  to  s  f  7'^       +€/^^  + 

COROLLARY. 

§  277.     When  all  the  lives  are  equal,  or  of  th(j 
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same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob,  XXX)  will  become 

equal  to  —  X  — -'    ,  .   . <  or,  to  two  thirds  of 

the  present  value  of  the  given  sum  payable  on  the 
extinction  of  any  two  out  of  three  given  lives. 


PROBLEM  XXXVIL* 

> 

§  278.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  last  that  fails  of  three  given  lives  A, 
3j  C. 

SOLUTION. 

The  given  sum  can  be  received  at  the  qid  of  the 
first  year,  on  the  happening  of  one  event  only ;  viz. 
the  extinction  of  all  the  lives  in  that  year,  C  having 
been  the  first  or  second  that  failed.    The  probability 

of  this  event  is  3  "I  ^^"*— ;  which  being  mul- 

tiplied by  ^(l  +  f)'"\  will  give  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given  sum 
may  be  received  on  the  happening  of  either  of  six 
different  events :  1°  that  all  the  three  lives  fail  in  the 
year,  C  having  digd  first  or  second :  2®  that  only  A 
and  B  fail  in  the  y§ar,  C  having  died  in  either  of  th^ 

*  Phil.  Trans,  for  l^pl^^^Prob^  10,  page  272. 
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preceding  years:  S®  that  A  and  C  both  fail  in  the 
year,  A  having  died  last,  and  B  having  died  in  either 
of  the  preceding  years :  4*^  that  B  and  C  both  fail  in 
the  year,  B  having  died  last,  and  A  having  died  in 
cither  of  the  preceding  years:  5^  that  only  A  dies  in 
the  year,  B  and  C  having  both  failed  in  either  of  the 
preceding  years:  6^  that  only  B  dies  in  the  year,  A 
and  C  having  both  failed  in  either  of  the  preceding 
years.  The  probabilities  of  the  happening  of  these 
several  events  in  the   second  year  are  respectively 

3abc  *  ab  vV     ci»         2ac         ^ 

(1-4)'  «^di^(l-4).(i-i):  which  bdng 
added  together  and  multiplied  by  *(l+f)"%  will  give 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
second  year.  In  like  manner  we  may  find  the  expec- 
tation of  recdving  the  sum  at  the  end  of  the  third 
year.  And  so  on  for  all  the  subsequent  years  to  the 
utmost  extent  of  human  life :  the  sum  of  all  which 
yearly  values  will  be  the  total  present  value  of  the 
given  sum,  payable  on  the  above  contingency. 

These  several  yearly  expectations,  being  reduced  to 
their  lowest  terms  and  arranged  under  each  other, 
will  form  twenty-two  collateral  series :  the  sum  of  all 

which  will  be  found  equal  to  jf  ""    /,  .  T — -  •-• 
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COROLLARY. 

■ 

§  279.  "When  the  three  lives  are  equal,  or  of  the 
$ame  age  A,  this  expression  will  become  equal  to 

4^  X  ^"^      7t^.  v^ ''  ^^>  ^o  thirds  of  the  pre- 

sent  value  of  the  given  sum,  payable  on  the  extinction 
of  the  longest  of  the  three  lives. 

SCHOLIUM. 

§  280.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXXV,  XXXVI,  and  XXXVII,  be 
added  together,  they  will  be  found  equal  to  the  present 
value  of  the  same  sum  to  be  received  on  the  decease 
of  A,  added  to  the  present  value  of  the  same  sum  to 
be  recdved  on  the  decease  of  B :  that  is,  the  sum 

of  such  three  values  will  be  equal  to  s  I    7/  \  + 

PROBLEM  XXXVIII.* 

§  281.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  them  be  the^r^^  or  second  that  fails  of  three 
given  lives  A,  B,  C. 

SOLUTION. 

It  is  evident  that  in  this  case  the  payment  of  the 
given  sum  at  the  end  of  any  one  year  depends  wholly 

*  f^hil  Trans,  for  1800^  Prob.  1,  page  22. 
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on  the  extincnon  of  the  joint  lives  AB  in  that  year, 
independent  of  C:  its  present  value  therefore  will,  by 

Prob.  XXII,  be  in  all  cases  equal  to  ^  X  -y—^—yr  • 

U  +  V 


.^  »    r  ■■»    't' 


SCHOLIUM. 


§  282.  In  the  preceding  problems  I  have<]educed 
correct  expressions  for  the  value  of  reversionary  sums 
depending  on  the  several  contingencies  therein  men- 
tipned :  but  the  rem^umng  problems,  for  the  most  part^ 
involve  a  comingency  for  which  it  is  very  difScuk  to 
find  such  an  expression  as  will  denote  the  true  value 
of  the  same,  and  be  likewise  fit  for  general  use.  The 
contingency,  to  which  I  allude,  is  the  probability  that 
one  life  in  particular  will  die  before  or  after  another, 
during  ^y  given,  period  of  their  joint  lives.  This 
subject  has  been  already  discussed  in  the  fifth  chapter, 
where  it  is  applied  to  the  method  of  determining  the 
present  value  of  certain  reversionary  annuities:  and  I 
now  come  to  consider  it  again  in  its  application  to  the 
method  of  determining  the  present  value  of  rever- 
sionary sums.  In  the  investigation  of  the  following 
problems,  the  contingencies  above  mentioned  will  be 
expressed  in  italics.  And  since,  by  means  of  the  two 
Lemmata  in  Chapter  V,  we  may  obtain  a  more  con- 
venient expression  for  the  expectations  of  receiving  the 
given  sum  after  the  extinction  of  the  oldest  life  in- 
volved, I  shall  divide  the  investigation  into  two  distinct 
parts;  the  fir^t  of  vithich  ^  denote  the  value  of 
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all  the  expectations  for  the  first  n  years^*  or  during 
the  continilance  of  the  oldest  life  involved;  and  the 
second  will  denote  the  value  of  all  the  expectations 
after  that  period. 

PROBLEM  IXXIX.t 

§  283.  To  determine  the  present  value  of  a  giveii 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  second  or  third  that  fails  of  three  given 
lives  A9  B,  C. 

SOLUTION. 

The  given  snm  may  be  received  at  the  end  of  the 
first  year  on  the  happening  of  either  of  four  different 
events :  1^  that  all  the  lives  fail  in  that  year :  2^  that 
A  and  B  fail  in  that  year^  and  that  C  lives  to  the  end 
of  it :  S°  that  A  dies  aftet  C  in  that  year,  and  that  Bl 
lives  to  the  end  of  it :  4°  that  B  dies  after  C  in  that  year> 
and  that  A  lives  to  the  end  of  it.  The  probabilities  o^ 
the  happening  of  these  several  events  are  respectively 

(a— a).(^  — ^').{c  — c)     (a— a).(^  — i)c    {a^a).{c^c)i         - 
ahc  •  ahc  *  2ahc         ' 

"^  W~^*  which,  being  adided  together  and  multi- 

*  I  shall  here  observe^  once  for  all^  that  I  take  n  to  denote  the 
mimber  of  years  between  the  age  of  the  oldest  life  and  that  agi 
ka  the  tal^e  of  observations  when  hanian  life  becomes  extinct : 
consequently  the  value  of  n  will  vary  in  each  problem  accordi 
to  the  seniority  of  the  lives  concerned. 

t  Phil.  Trans,  for  1800,  Prob.  2,  page  2a. 
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i 

plied  by  5(l+p)~',  will  give  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  during  the  ex- 
istence of  the  oldest  life,  the  given  sum  may  be  received 
on  the  happening  of  either  of  thirteen  different  events: 
1°  that  all  the  lives  fail  in  the  year:  2®  that  A  and  B 
fail  in  the  year,  and  that  C  lives  to  the  end  of  it : 
3°  that  A  and  C  both  fail  in  the  year,  A  having  died 
last,  and  that  B  lives  to  the  end  of  it :  4^  that  B  and 
C  both  fail  in  the  year,  B  having  died  last,  and  that  A 
lives  to  the  end  of  it :  5^  that  A  and  B  die  in  the 
year,  C  having  failed  in  either  of  the  preceding  years : 
6°  that  A  and  C  die  in  the  year,  B  having  failed  in 
either  of  the  preceding  years :  7°  that  B  and  C  die  in  the 
year,  A  having  failed  in  either  of  the  preceding  years: 
S°  that  only  A  dies  in  the  year,  B  living  to  the  end 
of  it,  and  C  having  died  in  either  of  the  preceding 
years:  9°  that  only  A  dies  in  the  year,  C  living  to 
the  end  of  it,  and  B  having  died  in  either  of  the  pre- 
ceding years:  10°  that  only  B  dies  in  the  year,  A 
living  to  the  end  of  it,  and  C  having  died  in  either 
of  the  preceding  years:  11°  that  only  B  dies  in  the 
year,  C  living  to  the  end  of  it,  and  A  having  died  in 
either  of  the  preceding  years:  12°  that  only  A  dies 
in  the  year,  and  that  B  and  C  both  fail  in  either  of 
the  preceding  years^  B  Jiaving  died  first :  1 3°  t^iat 
only  B  dies  in  the  year,  and  that  A  and  C  both  faii 
in  either  of  the  preceding  7/ears  J  A  having  died  first. 
^e  probabilities  of  the  happening  of  these  several  events 
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in  the  second  year,  are  respectively  v^^^^M  —  mc-^c)^ 

(fl--g).(5~6)c  (g--n).^-c)^  (b^b),ic-'C)a  {a^a).{h^V) 
abc         '         2aOc         '         2a^f  '    .      oA  ^ 

■ 

'~'J~\^'^ch      ~ir"V^        bJ'  ab      ^^      TJ> 

I  t 

( I  —  — ] .  ( 1 )  :•  which  being  added  together  and 

multiplied  by  ^(l+f)"%  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year:  and,  if  these  several  annual  expectations  be  re* 
duced  to  their,  lowest  terms  and  arranged  under  each 
other,  they  will  form  sixteen  collateral  series;  the  sum 
of  which,  continued  to  the  utmost  extent  of  human 

*  In  these,  and  all  similar  cases,  throughout  the  remaming  part 
of  this  chapter^  I  suppose  it  to  be  an  equal  chance  which  of  the 
two  lives  dies  before  or  after  the  other  dunng  the  probable  term 
•of  their  joint  existence.  Now,  though  this  is  not  stricdy  correct^ 
(and  I  have  on  that  account  pointed  out^  in  page  i3g>  a  method 
of  finding  an  approximate  value  of  such  chance  in  order  to  deter* 
mine  the  value  of  contingent  AnnuUies,)  yet  in  the  case  of  Assu^ 
ranees  the  contii^ncies  are  so  involved  that  no  material  error  will 
probably  arise  in  any  practical  cases  by  thus  indiscriminately  8up« 
posing  the  chances  to  be  even.  The  resulting  fbrmuls&are  hereby 
rendered  mora'  simpk  and  esof,  and  are  sufficiently  acconrte  for 
general  use.  / 
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life,  would  be  equal  to  s  multiplied  into  x^^rv  '^'' 

2{H-f)  ■*"  2(1 +f)'  a  "*"  2(l+f)  '  ^  "^  2(1+}) 

2(1+7)"  a  "^2(1  +  ?)       2(1 +f)'^  (1+^)         f^^^ 

^^ ABC'^  +ABC'—.     But  this  expression,  in- 

dependent  of  the  common  multiple  s,  may  be  reduced 

2'^d(.4-^B^2ABC)+AC+BC       jj.  .    1  r(AB--Jc)a 
^  2(l+f)  ^^+2aL     (1+/J) 

(  /  J   '    2*L     (1  +  f)  /       /  J  *     ^ 

and  which,  for  the  sake  of  a  more  convenient  re- 
ference, I  shall  denote  by  ID- 


§  284.  Now,  since  only  part  of  the  several  collateral 
series  above  mentioned  (and  which  series  are  repre-* 
sented  by  the  quantities  here  given)  is  to  be*  continued 
to  the  utmost  extent  of  human  life,  and  as  that*  part 
will  depend  on  the  seniority  of  the  lives  concerned ;  it 
will  be  necessary  to  divide  the  subsequent  investigation  ^ 
of  the  problem  into  thre^  distinct  cases,  according  to 
the  seniority  of  the  three  lives.  For,  in  each  case 
those  several  collateral  series  must  be  continued  only 
during  the  existence  of  the  oldest  of  such  lives :  be- 
cause, after  that  period,  we  tnay  obtain  a  taaore  correct 
value  of  all  the  subsequent  eiq^ectatioosy  by  means  of 
the  first  Lemma  in  the  fifth  chapter. 


Pr.iSB.  oil  dOKTlNGENt  ASSt^RANCfiS.  S5^ 

S  285.  Case  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  all  those  collateral  series  in  vfhiiSi 
the  life  A  is  involved  must  of  course  be  continued  to 
the  utmost  extent  of  human  life:  but  all  those  series 
in  which  the  life  A  b  not  involved  must  be  conti* 
nued  for  n  terms  only.     Consequently,  the  quantities 

li  1  +f )""    1  •*  whence,  the  sum  of  the  first  n  teltns 


*  See  the  method  of  |)roceeding  in  these  cases  explained  Iq 
Prob.  XXIt,  cor.  2,  and  Prob.  XXVII^  con  4.  I  ahall^  however, 
here  take  the  opportunity  of  noticing  dh  ert^or  on  this  subject,  into 
which  Mr.  Morgan  has  Inadvertently  fallen ;  and  which  pervades 
the  two  papers  inserted  by  h!kn  in  the  84  th  and  poth  volumes  of 
the  Philosophical  TransactwHSi  In  pointing  but  the  method  of 
finding  the  value  of  the  first  n  terms  of  the  several  series  above 
alluded  to,  in  which  the  oldest  life  is  not  involved,  he  directs  us 
to  convert  the  quantities,  expressing  the  value  of  annuities  on  the 
whole  life,  into  similar  expressions  for  the  given  ttrm.  This  how- 
ever is  certainly  incorrect :  for,  it  is  not  the  annuities  on  those 
lives  which  are  to  be  continued  for  n  year?,  but  the  series  from 
which  those  annuities  arise  |  and  which  will  in  most  cases  make 
the  value  of  the  annuities,  resulting  therefrom,  equal  to  a  term  of 
«—  1  years  only. 

Thus,  in  the  investigation  of  the  present  problem  in  the  Philoso^ 
phkal  Transactions  (for  J 800,  part  I,  page  25)  he  says  that,  when 
B  h  the  oldest  of  the  three  lives,  the  annuity  on  the  joint  lives 
AC  must  be  continued  for  x  years;  ^^hcreas  it  should  bC' continued 
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of  the  several  collateral  series  abore  mentioned  (that 
is,  the  sum  of  all  the  expectations  for  the  first  n  years) 

will  become  equal  to  s  multiplied  into  E)  —    7"^  >  X 

But,  after  the  decease  of  A,  the  expectations,  arising 
from  the  several  contingencies  on  which  the  sum  de* 
pends>  may  be  more  correctly  expressed  for  all  the  sub* 
sequent  years  by  means  of  the  first  Lemma  in  Chap« 
ter  V.  For,  since  the  chance  of  receiving  the  sum  at  the 
end  of  any  one  of  those  years  depends  on  B's  dying 

for  x^l  yean  only}  as  will  readily  appear^  by  attending  to  the 
steps  of  the  process.  The  annuity  on  the  life  A,  he  also  saySj 
should  be  continued  for;r  years :  whereas  neither  x  nor  j— 1  will 
give  the  correct  value  in  his  formula }  fbr^  the  true  value  whicli 

ought  to  be  ihere  substituted  for  A  is  A'  + x  ~i-.  As  thii 

r— 1  Or 

error  runs  tkroagh  the  whole  of  the  investigations  inserted  by 
Mr.  Morgan  in  the  two  papers  above  mentioned^  I  have  thought  it 
necessary  to  advert  to  it  in  this  place.  In  order  to  explain  any  dif« 
ference  which  might  be  observed  between  his  formubs  and  those 
which  are  here  given. 

I  cannot  dismiss  tliis  subject  without  censurmg  the  cardest 
manner  in  which  Mr.  Morgan*s  papers  in  the  PhUonphical  TVsits* 
actions  have  been  printed.  Were  a  proof  of  this  chaige  roquiredf 
.1  could  not  give  a  more  convincing  one  than  the  two  formate  in 
the  page  above  referred  to,  and  which  are  too  erroneous  to  be  of 
any  public  utility.  I  at  fint  imagined  that  these  mistakes  might 
be  errmrs  of  the  press;  but,  when  I  observe  them  fatthftilly  copied 
into  the  last  edttioa  of  Dr.  Price's  treatise^  I  caa  be  At  oo  Joss  ia 
attributing  them  to  th^r  prefer  source. 


I 

I 
I 
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JQ  the  year,  and  on  A  having  died  before  C  in  eith^ 
of  the  preceding  years  (the  probability  of  which  lattet 
contiiigency  is,  by  the  Lemma,  denoted  by  -nr*)  it 
follows  that  the  sum  of  the  expectations  for  those 
years,  continued  to  the  utmost  extent  of  human  life^ 

will  be  equal  to  s.^  x  f— ^"^TT  +  n*1  -H 


-|-  &c  |:  an  expression  which,  by  Pi^gblem 


*  Mr.  Morgan  hai  given  two  separate  tabled  for  detentxiniii^ 
the  piobabUkies  of  aurvirorship  between  two  lives:  tbe  first 
(which  is  inserted  in  Phil,  Trans*  for  1788^  page  337)  shows 
the  probability  of  one  life  dying  before  another  j  and  the  second 
(which  is  inserted  in  Phil,  Trans,  for  1794>  page  22g)  shottrs  tht 
probability  of  one  life  dying  after  the  other*  They  are  both  giveti 
in  the  last  edition  of  Dr.  Price's  Obs,  on  Rev,  Pay.  vol.  1,  page 
406,  &c. 

These  tables  Are  dedat:ed  frotn  the  principles  laid  down  in  the 
first  and  secobd  Lemma  in  the  fiflh  Chapter  of  the  present  work. 
^V)ae  first  table,  here  alluded  to,  will  occasionally  be  fboxid  usefhl 
in  determining  tlie  values  of  ^  and  f ,  which  al'e  frequently  intro« 
Vinced  in  the  ensuing  problems.  But  as  that  table  is  veiy  limited 
in  its  extent,  I  have  (in  the  note  in  page  1 14)  laid  down  a  method 
of  approximating  to  those  probabilitiesi  which  in  most  probable 
Cases  will  be  found  sufficiently  correct* 

Mr.  Morgan  might  have  saved  himself  the  trouble  of  calculating 
the  second  table  above  alluded  to;  Since  its  application  to  any 
practical  cases  may  always  be  avoided :  dnd  ziloteaver,  the  values 
in  that  table  are,  in  my  opinion,  incorrectly  deduced.  It  is  cer- 
tain that  the  solutions  to  the  etisuing  problems  tnay  be  more  simply 
expressed  by  referring  only  to  the  first  table)  as  any  person  will 
leadily  discover  by  compjtring  the  formulae  in  the  present  work 
with  those  given  by  Mr.  Morgan.  See  what  has  been  already  ob- 
served on  this  subject  in  tbe  note  in  page  118. 

82 
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XXII,  cor.  1,  is  equal  to  s.tat  X  TfiL  \ "T^^"'"?^"""** 
Consequently  this  value,  added  to  the  sum  of  the 
first  n  terms  of  the  several  collateral  series  above 
mentioned,  will  express  the  total  present  value  of 
the  given  sum  in  this  case  required;  and  which 
will  be  found  equal  to  /  multiplied  into 

(4^tir)x(i-fF)^+^[(i+ir(?)^--(i+FC^)j3] 


B- 


*(i+f) 


n-k-l 


§  286.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives*  In  this  case  all  those  collateral  series  in  which 
the  life  B  is  involved  must  be  continued  to  the  utmost 
extent  of  human  life :  but  all  those  series  in  which  the 
life  B  is  not  involved  must  be  continued  for  n  terms 

only.     Consequently,  the  quantities  ^j^y  i^TT) ' 
and  27i4ri*T    ^^'   respectively   become  equal  .to 

whence,  the  sum  of  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to  « 

But  after  the  decease  of  B,  the  expectations,  arising 

*  See  the  note  in  page  147. 


.JPr<39.  ON  COVTIKGENT  ASSURANCES.  .261 

from  the  several  contingencies  on  which  the  sum  de« 
pends,  may  be  more  correctly  expressed  for  all  the 
subsequent  years  by  means  of  the  first  Lemma  in 
Chapter  V.  For,  since  the  chance  of  receiving  the 
sum  at  the  end  of  any  one  of  those  years  depends 
on  A's  dying  in  the  year,  and  on  B  having  died  before 
C  in  either  of  the  preceding  years  ( the  probability  of 
^hich  latter  contingency  is,  by  the  Lemma,  denoted 
by  (p)  it  follows,  from  what  has  been  said  in  the  last 
case,  that  the  sum  of  all  the  expectations  for  those 
years,  continued  to  the  utmost  extent  of  human  life, 

will  be  equal  to  s.(p  X  j^^  X  -~(l+e)"^*-  Con- 
sequently this  value,  added  to  the  sum  of  the  first  n 
terms  of  the  several  collateral  series  above  mentioned, 
will  express  the  total  present  value  of  the  given  sum 
in  this  case  required ;  and  which  will  be  found  equal 
to  s  multiplied  into 


§  287.  Case  3.  Let  C  be  the  oldest  of  the  three 
fives.  In  this  case,  all  those  collateral  series  in  which 
the  life  C  is  involved  must  be  condnued  to  the  utmost 
extent  of  hun^an  life :  but  all  those  series  in  which  the 
life  C  is  not  involved  must  be  continued  for  n  terms 
only.*     Consequently  the  quantities  ^^^  y  2ii+fi)^ 

*  Mr.  Morgan^  in  his  investigation  of  these  several  cases^  has 
£)lloy/cd  his  general  practice  of  changing  the  symhols  in  tjbe  last 
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•^^9  ^/.  .   x'— >  and  ^,,  .    *T  will  respectively  beconle 

tl+JfB    a        l+A'B'-dfi,,   .    ^-^^       J  r^+^S    i 

-^^•^-(1 +?)■""]:  ^^hence,  the  sum  of  the 

first  n  terms  of  the  several  collateral  series  above  men^ 
tioned   will  be  equal  to    s  multiplied    into    JD)  — 

pase,  and  of  infrodacing  another  formula  for  the  solution  thereof^ 
Buf  these  new  formulse  will  always  be  found  to  be  the  same  as 
those  which  he  has  before  inserted,  disguised  under  different  dlA- 
faciers.  They  arise  from  the  (Afferent  modes  of  summbg  up  the 
same  series :  agreeably  ^o  tyhat  I  have  before  remarked  ii^  ihe  note9 
in  page  186  and  21Q. 

In  the  notation  adopted  by  Mr.  Morgan  the  similarity  of  the 
^o  fbrmulse  is  pot  immediately  recognised :  and  it  is  possible 
that  he  himself  was  not  aware  of  it  Yet  it  js  singular  that  he 
should  ever  have  thought  it  necessary  or  useful  to  recur  to  another 
expression  for  the  value  of  the  different  series^  when  he  had  al- 
|!eady  obtained  a  formula  for  that  purpose^  which  (I  presume)  he 
must  well  know  was  a  general  one.  Ibis  remark  extends  to  most  . 
pf  the  subsequent  problems  in  the  present  chapter:  and  will  show 
that,  by  such  acts  of  supererogation,  he  has  rendered  the  subject 
pnneces&arily  tedious  and  confused.  See  tl^e  note  to  the  first  ca$Q  - 
fifProb.XLV.  .      .    .    ^        ..         . 
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But  after  the  decease  of  C,  tbe  chance  of  receiving 
the  given  sum  at  the  end  of  any  subsequent  year  vi\{\ 
depend  on  the  ha]^ening  of  either  of  three  events: 
1®  that  either*  A  or  B  dies  in  the  year :  2°  that  only 
A  dies  in  the  year^  B  having  died  before  C  in  either 
of  the  preceding  years:  3°  that  only  B  dies  in  the 
year,  A  having  died  before  C  in  either  of  the  prece- 
ding years.  The  sum  of  all  the  expectations  of  receiv- 
ing the  given  sum  on  the  first  contingency,  for  every 
i^bsequent  year  to  the  utmost  extent  of  human  life, 

is,  by  Prob.  XXII,  cor,  1 ,  equal  to  5  X  ■/;.    ,■  X 
^  U  +  f; 

■^(  1  +  f )  ;t  tod  the  sum  of  all  the  expectations 
on  the  other  tvtro  contingencies  is,  as  in  the  two  pre- 

ceding  cases,  equal  to  s.^  X  77^' f(^ +?)"*"  + 
^.-ar  X  f^f'\  •  ^( ^  +  ?)"""•  Consequently,  these  va- 
lues, added  to  the  sum  df  the  first  n  terms  of  the  se- 
▼end  collateral  series  above  mentioned,-  will  exjn^ess  the 
total  present  value  of  the  giv^njsum  in  this  case  required; 
and  which  will  be  found  equal  to  s  multiplied  into 


B- 


Hi+O 


n-f  1 


*  Mr.  Morgan  says  (Pkil.  Trans,  for  1800,  page  26)  that  this 
chance  depends  on  both  the  lives  becoinlng  extinct  within  thi$ 
jrear  j  which  is  evidently  erroneous* 
.  f  See  tbe  note  in  page  147* 
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COROLLARY. 

5  2^^*  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  the  last  three  quantities  in  the  for<- 
inula  denoted  by  ]D  vanish  entirely;  and  the  general 
expression  for  this  case  will  become  equal  to  ^  X 

(Iff)  ' 

SCHOLIUM. 

§  289.  As  the  expressions,  deduced  from  the  me* 
thod  of  investigation  pursued- in  these  three  cases,  will 
be  frequently  referred  to  in  thp  subsequent  problems, 
it  will  be  convenient  to  denote  theip  by  a  more  simple 
character.     Let  us  therefore  make 


X  = 


'  .  L 


■  2j   35    ■■!  ■-■■      '    ■?■  ■    I  .■■      I.I    .     .1     I     -  ^.-     ■  ■■ 

ail  +  if^' 

Then  will  the  present  value  of  the  given  sum  de- 
pending on  the  contingency  mentioned  in  this  probIen\ 
\k  respectively  expressed  by  these  several  formulae, 

« 

^ccQrdiog  f^  A,  %  or  C  is  the  old^  pf  the  throe  Bves. 


fr.  40»  OH  CONTINGENT  A8SURANC£St  S6^ 


PROBLEM  XL.* 

$'^90.  To  determine  the  present  value  of  a  giveq 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  them  be  the  fir^t  or  last  that  fails  of  three 
given  lives  A,  B,  Cf 

SOLUTION* 

The  payment  of  the  given  sum  at  the  end  of  the 
first  year  will  depend  on  the  happening  of  either  of 
fix  diflferent  events:  1°  that  all  the  lives  fail  in  the 
year :  2^  that  A  and  B  fail  in  the  year,  and  that 
C  lives  to  the  end  of  it :  3^  that  A  and  C  &il  in  the 
year,  A  having  died  first,  and  that  B  lives  to  the  end 
of  it :  4^  that  B  and  C  fail  in  the  year,  B  having  died 
first,  and  that  A  Ijves  to  x}m  end  of  it :  5^  that  only 
A  dies  in  the  year,  and  that  both  B  and  C  live  to  the 
^nd  of  it :  6^  that  only  B  dies  in  the  year,  and  that 
both  A  and  C  live  to  the  end  of  it.  The  probabilities 
pf  the  happening  of  these  several  events  in  the  first 

year  are  respectively  ^ h      ^'  ^ h ^> 

2abc         '  2ahc         '         ahc  abc 

which  being  added  together  and  multiplied  by  ^(1  +f)'*, 
fW  give  the  expectation  of  receiving  the  sum  at  the 
•  fnd  of  the  first  year. 

»  Phi).  Trans^for  1800,  Prob.  3,  page  2d. 
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But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
nine  different  events:  viz,  in  addition  to  the  six  just 
enumerated,  7^  that  A  and  B  die  ill  the  year,  C  hav- 
ing failed  in  either  of  the  preceding  years:  8^  that 
only  A  fails  in  the  year,  and  that  B  and  C  both  fail  in 
either  of  the  preceding  years^  C  having  diedjirst :  9° 
that  only  B  fails  in  the  year,  and  that  A  and  C  both 
fail  in  either  of  the  preceding  years,  C  having  died 
first.  The  probabilities  of  the  happening  of  these 
several  events  in  the   second  year  are  respectively 

(fl-a).(^--&).(c  — g)        (fl-fl).(^-/)c       (a-fl).(^-f)3 

'"""  oAc  '  abc  ^  lobe  ' 

I     It       tun        tuna        '      u  u  H      I      K     '     *f.  *' 

(o— ^).(c— c)a     (a— fl)i'c     {b'-h)ac    (a— a).(^— ^)/-        c\ 

iatc        *       abc     *       ale     *         ab         V*       c  I* 

^'{'-4)-('-l).  «*  •^(-4)-('-l)= 

^ich,being  added  togeth^  and  multipKed  by  j(1  +f  )^, 
will  give  the  expectation  of  receiving,  the  sum  at  the 
end  of  the  second  year.  In  like  manner,  we  may  find 
^he  expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subsequent  year:  and,  if  these  several 
annual  expectations  be  reduced  to  their  lowest  terms, 
and  ananged  under  each  other,  they  will  form  sixteen 
collateral  series ;  the  sum  of  which,  continued  to  the 
utmost  extent  of  human  life,  would  be  equal  to  s  mul- 
tiplied into    ^"^^    +   ^^^^  +  ^J5  -  i±^.-i 

^    '+^-^    } 1-f^g    ,     l-^Jc    a^  ^  l-firt7 

"^   2(1+^) '2*         2(l+f)  +  2(l+{)*"a  2(1 +f) 
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jiBC.—i  an  expresaon  which,  independent  of  the 
common  multiple  ^,  may  be  reduced  to  the  formula 

2{\^i)  "*"  2a  L      0  +  f) 

-ABC.r[-S^.^ffJ^  -ABC.b\-ABcX^ 

and  which,  for  the  sake  of  a  more  convenient  reference 
I  shall  denote  by  ]B» 

* 
§  291.     Coat  1.    Let  A  be  the  oldest  of  the  three 
lives.     In  this  case,  the  sum  of  the  first  n  terms  of  the 
,  several  collateral  series  above  mentioned  will,  by  pursu- 
ing the  same  steps  as  in  the  first  case  of  the  preceding 

problem,   be  equal  to  E— ^^^^.^-Cl+p)"*"  + 

^{T+^-^7(*+e)  -2(rT^-A^Cl+f)  •  After 
the  decease  of  A,  however,  the  expectations  arising 
from  these  contingencies  may  be  more  correctly  ex- 
pressed for  all  the  subsequent  years  by  means  of  the 
second  Lemma  in  the  fifth  chapter:  for,  since  the 
chance  of  receiving  the  sum  at  the  end  of  any  one  of 
those  years  dd^ends  on  B*s  dying  in  the  year  and  on 
A  having  died  after  C  in  either  of  the  preceding  years 
( the  probability  of  which  latter  contingency  is,  by  the 
Lemma,  denoted  byl— tsr),  we  shall  find  that  the 
$um  of  the  expectations  for  those  years,  continued  to 
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the  utmost  extent  of  human  life,  will  be*  equal  to 

<1— zsr)X  7nry*"f"(^+e)^'*-  Consequently  this 
value,  added  to  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned,  will  make  the 
total  present  value  of  the  given  sum  to  be  equal  to 


§  292.  Ctwtf  2.  Let  B  be  the  oldest  of  the  thre^ 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will,  by 
pursuing  the  same  steps  as  in  the  second  case  to  the 

preceding  problem,  be  now  equal  to  E  —  -  7f  .  X 


~(  ^+e)      •    -A^^  ^^^  decease  of  B,  however,  the 

expectation  arising  from  these  contingencies  may  be 
more  correctly  expressed  for  all  the  subsequent  years 
by  means  of,  the  Lemma  above  mentioned :  for,  since 
the  chance  of  receiving  the  sum  at  the  end  of  any  one 
of  those  years  depends  on  A's  dying  in  the  year,  and 
on  B  having  died  after  C  in  either  of  the  precedmg 
years,  (the  probability  of  which  is,  by  the  Lemma,  de- 
noted by  1—^)  we  shall  find  that  the  sum  of  the  ex- 
pectations for  those  years,  continued  to  the  utmost 
extent  of  human  life,  will  be  equal  to  ^.(1— ^)X 

rrl~)*    (l+f)      •     Consequently,  this  value  added 
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to  the  sum  of  the  first  n  terms  as  above  found,  wiU 
express  the  total  present  value  of  the  given  sum 
in  this  case  required.  Whence,  such  present  value 
will  be  equal  to  jflE  +  x\. 

§  293.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned,  wiU 
(agreeably  to  the  method  pursued  in  the  third  case 
to  the  preceding  problem)  be  equal  to  E 7~^~l  X 

after  the  decease  of  C,  the  expectations  arising  from 
these  contingencies  may  be  more  correctly  expressed 
for  all  the  subsequent  years  by  means  of  the  Lemma 
above  mentioned :  for,  the  chance  of  receiving  the 
sum  at  the  end  of  any  one  of  those  years  will  depend 
on  the  happening  of  either  of  three  events :  1^  that 

m 

A  and  Bboth  fail  in  the  year:  2°  that  A  fails  in  the 
year,  B  having  died  after  C  in  either  of  the  preceding 
years :  S*'  that  B  fails  in  the  year,  A  having  died  after 
C  in  either  of  the  preceding  years.  The  probabilities 
of  the  happening  of  these  three  events  in  the  (/i+l)*' 

year,  are  respectively -j ,  --  \i^(p^^y^ 

and   -~— (l  — or—  *):*  which  being  added  together 

*  See  ih&  Scholium  in  page  121. 


\ 
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^md  muldplied  by  ( 1 +?)"*  will  give  the  e3q>ectt- 

tion  of  receiving  the  sum  at  the  end  of  the  {n+iy^ 
year. 

In  like  manner,   the  probabilities  of  th6  happen- 
ing   of  these    events   in  the    (n  +  2)***   year  are 

respectively     (J^tlt^    «Z^(i-^- A)     and 

^^(l— ^— — ).  which  being  added  together  and 

multiplied  by  (1+f)  will  give  the  expectation 

of  receiving  the  sum  at  the  end  of  the  (n  +  2)****  year. 
By  the  same  method  of  reasoning  we  may  find  the 
expectation  of  receiving  the  sum  at ^  the  end  of  the 
(n+  ^y^  yeaLTi  and  so  oa  to  the  utmost  extait  of 
human  life ;  the  sum  of  all  which  annual  expectation^^ 
*when  reduced  to  their  lowest  terms,  will  be  found  equal 

to  s  multipUed  into  (l-.p)  x  Jf=?J-f  (1+e)"'  + 

+  jtlf*'^{\  +f)""  :  which,  beuig  added  to  the  sum 

of  the  first  n  terms  of  the  several  collateral  series  above 
mentioned,  will  express  the  total  present  value  of  the 
given  sum  in  this  case  required.    Whence,  such  pro^ 

sent  value  will  be  equal  to  ^jJB  +  ^  +  t]* 

COROLLARY. 

* 

t 

§  294.      When  all  the  lives  are  equals    or  of 
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the  same  age  A,  the  last  three  quantities  in  the 
formula  denoted  by  JES  vanish  entirely;  and  the 
general  expression  for  this  case  will  become  «  X 

(i  +  f) 

SCHOLIUM. 

§  295.  Since  it  appears  that  the  present  value  of 
4ie  given  sum,  payable  on  the  c(Mitingency  mentioned 
in  this  problem,  added  to  the  present  value  of  the 
same  sum,  payable  on  the  contingency '  mentioned  in 
the  preceding  problem,  are  together  equal  to  ^  X 

*"{.   ,    •:  it  follows  that,  the  value  of  one  of  them 

being  determined,  the  other  may  be  easily  obtained 
by  subtracting  such  value  from  the  general  expression 
here  given;  provided  the  ages  of  the  lives  are  the 
same  in  both  instances. 


PROBLEM  XL!.* 

S  296«  To  determine  the  present  value,  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  that  dies  of  three  given  lives  A,  B,  C, 
and  provided  C  dies  before  B.t 


I  *  SimpsoQ^s  Sup,  Ph>b.  38^  and  Frob.  4,  in  page  74.    Dodson^ 

vol.  iii.  Ques.  42  to  47.    Moigan,  Prob.  18;  and  in  Phil.  Trans. 

for  1789,  page  41. 

f  That  is,  provided  C  dies  firsts  and  A  second  qT  the  three  lives; 

or,  provided  C  be  then  dead  and  B  living:  but  I  have  thought  it 
I  best*  for  the  sake  of  uoiformi^,  to  preserve  the  oaode  of  expres* 

iion  adopted  in  the  text. 
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SOLUTION. 


The  chance  of  receiving  the  given  sum  at  the  end 
of  the  first  year  will  depend  on  the  happening  of  either 
of  two  events:  1®  that  all  the  lives  foil  in  that  year,  C 
having  died  first  and  A  next :  2^  that  A  and  C  both 
fail  in  that  year  A  having  died  last,  and  that  B  lives  to 

the  end  of  it.    The  probabilities  of  the  happening  of 

I         >         § 

these  two  events  are  respectively  kT  ^y'^^, 

and        \i^    ;  which,  bemg  added  together  and 

multiplied  by  ^(1+^)"',  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  first  year. 

But.  the  chance  of  receiving  the  gfven  sum  at  the 
end  of  the  second  and  following  years  will  depend 
on  the  happening  of  either  of  four  different  events : 
1^  that  all  the  lives  fail  in  the  year,  C  having  died  first 
and  A  next :  2^  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  that  B  lives  to  the  end  of  it: 
3^  that  both  A  and  B  fail  in  the  year,  A  having  died 
first,  and  that  C  dies  in  either  of  the  preceding  years  : 
4^  that  only  A  dies  in  the  year,  B  living  to  the  end 
of  it,  and  C  having  died  in  either  of  the  preceding 
yeanr.  The  probabilities  of  the  happening  of  these 
^veral  events  in   the  second  year  are  respectively 

6abc  '  2abc         ^  2ab  V  c>* 

and  ■  "",^    ( 1  — -):  which  being  added  together  and 
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multiplied  by  *(  1  +{>)'%  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year,  to  the  utmost  extent  of  human  life ;  the  sum  of 
all  which  yearly  values  will  be  the  total  present  value 
of  the  given  sum  to  be  received  on  the  aboVe  dort- 
tingency. 

These  several  yearly  expectations  being  reduced  to 
their  least  terms,  and  arranged  under  each  other,  will 
form  twelve  collateral  series:  the  sum  of  all  whicb^ 
or  the  present  value  required,  will  be  found  equal  to 

*  This  problem  is  one  of  frequent  occufrenco;  and  i»  the  first 
of  that  series  of  problems,  inserted  by  Mr.  Morgan  in  the  Philoso^ 
pkical  Transactions,  for  determining  the  val^  of  contingent  rtf^ 
versions  where  three  lives  are  involved  in  the  survivorship,  Mr. 
Morgan  has,  in  Iiis  usual  manner,  given  two  formulae  for  the  bo^ 
lution  of  the  problem  5  leading  at  thereby  to  imagine  that  the 
value  of  the  given  sum  depends  on  the  stniorUy  of  the  lives  con- 
cerned. This  however  is  not  the  fact :  for^  the  theorem  which 
I  have  given  in  the  text  is  a  general  one  >  and  will  apply  to  eithet 
case. 

As  it  may  be  satisfactory  to  the  reader  to  see  the  difieretit  results 
which  are  obtained  from  the  present  investigation  and. from  that 
pursued  by  Mr.  Morgan,  1  shall  liere  subjoin  his  formulae.  But 
since  tl>e  same  lives  are  not  involved  in  the  same  contingencies^  I 
shall  (in  order  to  prevent  any  misunderstanding  on  this  subject) 
prefix  his  own  statement  of  the  problem. 

"  Tp  determine  the  value  of  a  given  sum  payable  on  the  contin- 
gency of  C*&  snrriving  B,  provided  the  life  of  A  shall  be  then  extinct. 

*^  When  either  B  or  C  is  the  oldest  of  die  thvee  lives,  the 

T 
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COROLLARY. 

§  297.  When  the  lives  are  all  equal,  or  of  the 
same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob.  XXX)  will  become 

equal  to  s  X  -— ^.^. -:  that  is,  equal  to  one 

,       ^.1.     .                n,^       «.        ^'     r/3(FK-AFK) 
value  of  the  given  sum  will  be  =  S  into  -^  x  I  ^-^ 7 — 

(BK-ABK)l4-  ~  X  (FC-AFC)--^i  x  (BC-ABC)- 

^xCPC-AK:,^^  x[,BT-ABT,l=(r^^]. 

**  When  A  is  the  oldest  of  the  three  lives^  the  yalue  will  be  =  S 

X         ra(HK-H}^K)         AK-ABKl         a 

into  2  —  •--  X      -^ — ^  + —  73-  X 

3c        L  a  2         J        5a 

(HC-  HBC)  -  ''J  ^  X  (AC- ABC)  +  ^  X  (NC-NBC)  + 
.  3r  Oar 

d       rAT-ABT      5(NT-NBT)T  „     .         ^  ^ 

•— -  X  I  T +  ~ —  I:     where  2  denotes  the 

3cr       L         2  a  J 

same  as  B^  in  the  notation  used  in  the  present  treatise^  and  th6 
other  characters  the  same  as  already  explained  in  the  notes  in  page 
215  and  221. 

These  formulae  are  taken  firom  the  last  edition  of  Dr.  Price's 
Obs.  on  Rev.  Pay.  vol.  I,  page  392 :  the  gross  and  careless  erron 
therein  being  first  corrected.  It  is  hardly  necessary  to  remark 
(after  the  repeated  observations  that  I  have  made  of  a  similar  kind) 
that  all  those  expressions  in  the  second  formula^  and  some  of  those 
in  the  rirst,  which  involve  two  joint  lives  are  totally  useless :  since 
they  mii:lit  be  made  to  ^'anish^  in  the  manner  pointed  out  in  page 
216.  They  consequently  now  only  tend  to  make  the  arithmetical 
solation  unnecessarily  tedious  and  confused :  and  the  reader  per* 
haps  may  be  surprised  to  learn  that  these  two  formulae  are  precisely 
the  same^  disguised  under  difl'erent  symbols ! ! ! 


I 
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tixth  of  the  present  value  of  the  given  sum  payable 
on  the  extinction  of  any  two  out  of  the  three  given 


PROBLEM  XLIL* 

S  298.  To  determine  the  present  value  of  a  given 
t\xm  payable  on  the  decease  of  A ;  provided  he  be  the 
last  that  dies  of  three  given  lives  A,  B,  C,  and  pro- 
tided  C  dies  before  B.f 

SOLUTION. 

The  given  sum  cannot  be  received  at  the  end  of  the 
first  year  unless  all  the  three  lives  £ail  in  that  year, 
and  in  the  order  above  mentioned ;  the  probability  of 

which  is  QL  ^^^"^    }  which  being  multiplied  by 

^(1  +  ?)""^ J  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given  sum 
may  be  received  on  the  happening  of  either  of  three 
different  events :  l^  that  all  the  lives  fail  in  the  year, 
in  the  order  above  mentioned!  2®  that  A  and  B  both 
.  fail  in  the  year,  A  having  died  last,  and  C  having 
£ailed  in  either  of  the  preceding  years:  9®  that  only 

*  Morgan^  PTob.  295  and  \tk  Phil.  Tram,  for  lfQ4t,  Frob.  6g 
page  253. 
f  That  is^  provi«led  C  dies  firsts  B  next/  and  A  last. 

T  2 
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A  dies  in  the  year,  and  that  both  B  and  C  fail  in 
either  of  the  preceding  years j  C  having  died^rst. 
The  probabilities  of  the  happening  of  these  several  events 

in  the  second  year,  are  respectively  ■   "^  ^^g"^,  ^^^      , 

<±:I^h(,.}),   and  •^•(,_|).(,_i.): 

which, being  added  together  and  multiplied  by  ^(1  +f)"*, 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subsequent  year  during  the  continuance 
of  the  oldest  of  the  given  lives:  and,  if  these  several 
annual  expectations  be  reduced  to  their  lowest  terms 
and  arranged  under  each  other,  they  will  form  four- 
teen collateral  series;  the  first  n  terms  of  which  will 
vary  according  to  the  seniority  of  the  lives  concerned. 


§  299.     Case  1.     Let  A  be  the  oldest  of  the  three 

lives.     In  this  case  the  several  series  here  alluded  to 

must  be  continued  to  the  utmost  extent  of  human  life^ 

.  because  the  life  A  is  involved  in  each  collateral  series* 

Therefore  the  value  of  such  series  will  be  equal  to  s 

muWplied  m,o  ^l<  +^-  AB.I  -  iif^;  + 

l+iAk^.lL  +  ABO.l  ^\t^  an 

expression  which,  independent  of  the  common  multiple 
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s,  may  be  reduced  to  — "^^    6(1 +g) *"  "F"  + 

ABC.2C  k  and  which  I  shall  denote  by  IF.    There- 

fore  when  A  is  the  oldest  of  the  three  lives,  the  pre- 
sent value  of  the  given  sum  will  be  represented  by 

• 

§  300.  Case  2.  Let  B  be  the  oldest  of  the  thre^ 
lives.  In  this  case  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will  be 

fo«nd«iual  .0  F-  i=i^.i(  1  +e)-+  l±i^x 

f  C+e)-"-  lff|^-#<>+er'.  B«,,  .fin  .he 

extinction  of  the  life  of  B,  the  sum  of  the  expectations 
for  all  the  subsequent  years  may  be  more  correctly 
expressed  as  in  the  second  case  of  Prob.  XL,  by 

,.(1-(P)  X  J^'TO+e)""-      Therefore  if  this 

value  be  added  to  the  sum  of  the  first  n  terms  of  the 
several  series  just  found,  it  will  make  the  total  present 
value  of  the  given  sum,  when  B  is  the  oldest  of  the 

three  lives,  equal  to  ^fJF  +  ^  )• 
§  301.     Case  3.    Let  C  be  the  oldest  of  the  three 
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lives.  In  this  case  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  alluded  to  will  be  found 

,,„ai  .o  F-  ^'--i£.i(,  +e)--^F.5«  (,  +e)- 

4-  jfR.'^(l+^)     .    But,  after  the  extinction  of 

the  life  of  C,  the  chance  of  receiviag  the  given  sum 
at  the  end  of  any  one  year  will  depend  on  the  happenr 
jng  of  two  events  only:  1^  that  A  and  B  6oth  fail  in 
the  year,  A  having  died  last:  2"^  that  only  A  fails 
in  the  year,  B  having  died  after  C  in  either  of  the 
preceding  years:  the  probabilities  of  the  happening 
of  these  events  in  the  (72+l)*^-year  are  respectively 

<f^zi>and  ^(1-^-  1),  which  being  mul- 

mm      I       I 

tiplied  by  (1+f)  will  give  the  expectation  of 

receiving  the  sum  at  the  end  of  the  Cw+ 1)**  year.  In 
like  manner  we  might  procfeed  to  find  the  expectations 
of  receiving  the  given  sum  for  very  subsequent  year  tp 
the  utmost  extent  of  human  life:  and  the  sum  of 
all  those  expectations  will  be  found  equal  to  s  multi* 

_  a/3 

(1  +  f)    "-.^£',-J--^(i+f)    "".      Consequently  this 

value,  added  to  the  sum  of  the  first  ii  terms  of  the 
several  collateral  series  above  mentioned,  will  express 
jthe  total  present  value  of  the  given  sum,  in  this  case 


s 
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required.    Whence,  such  present  value  will  be  equal 

COROLLARY. 

S  302.      When  the  three  lives  are  equal,  or  all 
of  the    same  ^ge  A,  the  last   three    quantities  in 

the  formulae  denoted  by  JP  vanish  altogether,  and  the 
general  expression  in   this  case  will   become  ^   X 

^—^ — i7,  .  X '•  that  is,  equal  to  one  sixth  of 

6(1 +f)  ^ 

the  present  value  of  the  given  sum,  payable  on  the  ex- 
tinction of  the  longest  of  the  diree  lives. 

PROBLEM  XLin.t 

§  303.     To  determine  the  present  value  of  a  given 
sum  payable  .on  the  decease  of  A,  provided  he  be  the 
^rst  or  second  that  fails  of  three  given  lives  A,  B,  C  ; 
and  provided  C^  in  the  latter  case,  dies  before  B. 

*  Mr.  Morgan  has  divided  this  problem  (I  know  not  for  what 
reason)  into  four  distinct  cases:  and  in  his  investigations  of  these 
cases  he  has  ^Uen  into  the  same  errors  and  absurdities  that  I  have 
8o  frequently  noticed  in  the  preceding  pages.  But  as  it  is  not  lay 
wish  to  sweU  the  \)resent  work  with  those  disgusting  repetitions  $ 
and  as  the  remarks,  which  I  have  already  made,  ^Ppiy  with  nearly 
equal  propriety  to  all  Mr.  Morgan's  problems,  I  shall  not  here 
enter  more  into  detail.  It  may  however  be  useful  perhaps  for 
'Mr.  Morgan  to  know  (hat  it  is  imposs'ble  that  L  (or  the  value  of 
an  annuity  on  the  longest  of  the  three  lives)  can  properly  arise  in 
any  of  his  problems,  unless  those  lives  ai^e  equaL 

t  Phil.  Trans,  for  1800,  Prob.  4,  page  32. 


•  • 
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SOLUTION. 


The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happenifig  of  either  of  four 
different  events :  1®  that  all  the  lives  fjdl  in  the  y?ar, 
A  having-  died  first,  or  C  having  died^  first  and  A  se- 
cond :  2®  that  A  and  B  fail  in  the  year,  A  having 
died  first,  and  that  C  lives  to  the  end  of  it :  3°  that 
A  and  C  die  in  the  year,  and  that  B  lives  to  the  end  of 
it :  4°  that  only  A  dies  in  the  year,  and  that  B  and  C 
bpth  live  to  the  end  of  it.  The  probabilities  of  the 
happening   of  these  several   events   are   respectively 

(fl— fl).(^— /').(c— c)     (a^a).(b^l)c    (a— fl).(c— c)^         , 
2abc  *  T^bc  *  abc  ' 

LJIlJ — :  which,  being  added  together  and  multiplied 

by  ^(l+f)~^  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
six  different  events;  viz.  in  addition  to  the  four  already 
enumerated,  5°  that  A  and  B  fail  in  the  year,  A  hav- 
ing died  first,  and  that.  C  dies  in  either  of  the  pre- 
ceding years :  6^  that  only  A  dies  in  the  year,  B  liv- 
ing to  the  end  of  it,  and  C  having  died  in  either  of 
the  preceding  years.  The  probabilities  of  the  hap- 
pening of  these  six   different   events  in  the  second 

year  are  rcpecUvely  <'-°)(^V<^-5    (fzWrW 

(a-^a).(c^c)b         {a—a)b  c      (a— fl).(^— ^)  /  c  %  • 

'^c      '     ~abr''    — ^b — I^^T)'  ^'^^ 
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^^  ^  (l  —  ~] :  which  being  added  together,  and  mul- 
tiplied hys{l  +f)~*5will  givethe  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  And  so  for  every 
subsequent  year  to  the  utmost  extent  of  human  life :  the 
.sum  of  all  which  values  will  be  the  total  present  value 
pf  the  sum  reqirired :  and  which  will  be  found  equal 

to  5  X  •'4^ J  or  to  the  present  value  of  the  given  sum 
payable  on  the  decease  of  A  provided  he  be  the  first 
that  dies  of  the  two  lives  A,  B ;  as  found  by  Prob. 
XX VII.  The  truth  of  which  is  evident:  for,  the 
payment  of  the  given  sum  can  be  prevented  only  by 
the  event  of  B  dying  before  A.* 

PROBLEM  XUV.t 

§  SO^.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  or  third  that  fails  of  three  given  lives  A, 
B,  C ;  and  provided  C  dies  before  B. 

SOLUTION, 

The  given  sum  may  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  either  of  two  events: 
1®  that  all  the  lives  become  extinct  in  that  year,  C 

*  [t  may  be  here  useful  to  remark  that  the  present  value  found 
by  this  problem  is  equal  to  the  sum  of  the  two  values  found  by 
Prob.  XXIX  and  XLI :  and  their  agreement  in  this  particular  coqt 
^rms  the  accuracy  of  the  investigation, 

j  PhiU  Trans,  for  IQOO,  Prob.  5,  page  33. 
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having  died  first :  2°  that  A  and  C  both  fail  in  that 
year,  C  having  died  first,  and  that  B  lives  to  the  end  of 
it.     The  probabilities  of  the  happening  of  these  events 

are  respectively  ^^ ,    ■  ■ -^  and  ^ ^ — — : 

whichjbeing  added  together  and  multiplied  by^(l  +?)""> 
will  give  the  expectation  of  receiving  the  sum  at  the  end 
of  the  first  year. 

But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of  five 
diflFerent  events:  1°  that  all  the  lives  fail  in  the  year, 
C  having  died  first:  2°  that  A  and  C  both  fail  in  the 
year,  C  having  died  first,  and  that  B  lives  to  the  end 
of  it :  3°  that  A  and  B  both  die  in  the  year,  C  having 
died  in  either  of  the  preceding  years:  4°  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and 
C  having  died  in  either  of  the  preceding  years :  5^ 
that  only  A  fails  in  the  year,  and  that  B  and  C  both 
Jail  in  eitlier  of  the  preceding  years^  C  hqping  died 
first.  The  probabilities  of  the  happening  of  these 
several   events  in   the  second   year  are   respectively 

•  (a— a).(o— ^).(c— c)    (fl^a).(cr^r)^    (fl— «)(^-"^')  / ..        c% 
3aZc  '  2aTc  '  ab  ^  c'9 

^^(>4)-  and^(i-|-)-(>-i):  which. 

being  added  together  and  multiplied  by  5(l+f)~% 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of 
the  third  and  every  succeeding  year;  and  if  these 


I 
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eeveral  annual  expectations  be  reduced  to  their  lowest 
terms  and  arranged  under  each  other^  they  will  form 
fourteen  collateral  series;  the  sum  of  the  first  n  terms 
of  which  will  vary  according  to  the  seniority  of  tht 
jives  concerned^ 


§  305.  Case  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  terms  of  the  several  series  here 
alluded  to  must  be  continued  to  the  utmost  extent  of 
human  life,  because  the  life  of  A  is  involved  in  each 
collateral  series:  therefore  the  sum  of  it  will  be  equal 

to  s  mulnplied  mto  ^,,  .   ,  +  -  -  .  -r  —  -,r-^— : 

Ijr ^C    ,     l-h^C    a l-^^^BC    *     \+ABC   jt_ 

W+i)  2(l+f)"a"  0(1  ^i)     "^    0(1 4.f)  *T  ^ 


6a     •     (>(H-f)     b     '         ,        '6b  3(1+^)     c 

c 

ABC  A- 1,  an  expression  which,  independent  of  the 

/    oc 

common  multiple  s^  may  be  reduced,  as  in  the 
former  cases,  to  — ^ g^^^^^ +  -^  x 

nyhich  I  shall  denote  by  Oo  Therefore,  when  A  is 
the  oldest  life,  the  required  value  will  be  represente4 
J)y  J  X  Gr, 
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S  306-  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 

J±^. *^(1  +e)""".     But  after  the  decease  of  B  the 

2(1 4-f)     ^c^     '  ^^ 

expectations  for  all  the  subsequent  years  may  be  more 
correctly  expressed  by  means  of  the  first  Lemma  in 
the  fifth  Chapter:  for,  since  the  chance  of  receiving 
the  sum  at  the  end  of  any  one  of  those  years  depends 
on  A's  failing  in  the  year,  C  having  died  before  B 
in  either  of  the  preceding  years  (the  probability  of 
which  is,  by  the  Lemma  denoted  by  1  —  ^)  we  shall 
find  that  the  sum  of  the  expectations  for  those  years 
continued  to  the  utmost  extent  of  human  life,  will 

be  equal  to  s.{  1  -(p) x  TT?^- V ^^  +f)"*"*  ^^°^^' 
quently,  this  value  added  to  the  sum  of  the  first  n 
terms  of  the  series  above  found,  will  express  the  total 
present  value  of  the  given  sum  in  this  case  required ; 

and  which  will  be  found  equal  to  ^l  O  +  x  j. 

§  307.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned   will  be   equal  to 

L;»-J^.f^(l+.)-^    But,  after  the  decease  of  C, 

>(l+f)    ab^     ^  ^^  '  ' 


V 


Pr.  44.  ON  CONTINGENT  ASSURANCES.  285 

the  chance  of  receiving  the  given  sum  at  the  end  of 
any  subsequent  year  will  depend  solely  on  the  death 
of  A,  C  having  died  before  B  in  either  of  the  pre- 
ceding years ;  whence,  the  sum  of  the  expectations 
for  all  the  subsequent  years  will,  as  in  the  preceding 

case,  be  denoted  by^(l— (p)X  '^(l+f) 

Consequently,  this  value,  added  to  the  sum  of  the 
first  n  terms  of  the  series  above  found,  will  repre- 
sent the  total  present  value  of  the  given  sum  in  this 
case  required:  and  which   will  be  found  equal   to 

COROLLARY. 

§  308.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  G  destroy  each  other,  and  the 
general  expression  will  in  this  case  become  s  X 

2— f(3^— ^^^) 


eO+f) 


PROBLEM  XLV.t 


§  309.     To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
first  or  last  that  fails  of  three  given  lives  A,  B,  C ; 
and  provided  C,  in  the  latter  case,  di<fs  before  B. 

*  It  may  be  here  useful  to  remark  thai  the  present  value  found 
by  this  problem  is  equal  to  the  sum  of  the  two  values  found  by 
Prob.  XLI  and  XLII :  and  their  agreement  in  this  particular  is  a 
proof  of  the  accuracy  Qf  the  investigation. 

t  Phil.  Trans,  for  1800,  Prob.  (5,  page  3?. 
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SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year  on  the  happening  of  either  of  four  different 
events:  1°  that  all  the  lives  fail  in  that  year,  A  having 
died  first,  or  C  having  died  first,  B  second,  and  A 
last :  2^  that  A  and  B  fail  in  that  year,  A  having  died 
first,  and  that  C  lives  to  the  end  of  it :  S*^  that  A 
and  C  fail  in  that  year,  A  having  died  first,  and  that 
B  lives  to  the  end  of  it:  4^  that  only  A  dies  in  that 
year,  and  that  B  and  C  both  live  to  the  end  of  it.  The 
probabilides  of  the  happening  of  these  several  events 

{a^a).{l^h).{c^c)        {a^a),[h^h)c 
2ahc  *  2aic  ' 

to- 


are    respectively 


•^^ — ~^^- — ^,  and-^ — ~ — :  which,  being  added 

gether  and  multiplied  by  ^(l+f)"',  will  give  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  first 
year. 

But,  in  the  second  and  following  years  the  given 
8um  may  be  received  on  the  happening  of  either  of 
six  different  events :  1°  that  all  the  lives  fail  in  the 
year,  A  having  died  first,  or  C  having  died  first,  B 
second,  and  A  last :  2^  that  A  and  B  fail  in  the  year, 
A  having  died  first,  and  that  C  lives  to  the  end  of 
it :  3°  that  A  and  C  fail  in  the  year,  A  having  died 
first,  and  that  B  lives  to  the  end  of  it :  4°  that  only 
A  dies  in  the  year,  and  that  B  and  C  bctfh  live : 
5^  that  A  and  B  both  fail  in  the  yejir^  A  having  died 
last,  and  C  having  failed  in  either  of  the  preceding 
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years:  6^  that  only  A  fails  in  the  year,  and  that  B  and 
C  both  Jail  in  either  of  the  preceding  yearsy  C  having 
diedjirst.  The  probabilities  of  the  happening  of  these 
several  events  in  the    second  year  are  respectively 


•fc— 4> 


Zah  '  2abc  *  2alc  * 

I     n   ti  n         I      It      I     II  I  in  i 

(l^ ):  which,  being  added  together  and^  multiplied 

by  ^(l+cr*i  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner, we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year, 
during  the  continuance  of  the  oldest  of  the  given  lives: 
and,  if  these  several  annual  expectations  be  reduced 
to  their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  twelve  collateral  series ;  the  first  n  terms 
of  which  will  vary  according  to  the  seniority  of  the 
lives  concerned. 


§  310.  Case  1.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  several  collateral  series  here 
mentioned  must  be  continued  to  the  utmost  extent  of 
human  life,  because  the  life  A  is  involved  in  every 
term  of  it :  therefore  the  sum  of  it  will  be  equal  to 

,  multiphed  into  ^  +  —  -  ^fi.- -  5^^:^+ 

2(1 +f)    a    ^    a(I+f)  2(1 +f)    a   ^f^^-2a^ 
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—  -  . --T j4BC,^\    an   expression  which,  inde* 

pendent  of  the  common  multiple  Sy  may  be  reduced 

\^^{A-{-ABC)'-AC   I     ^jB     ,     1  V  {AC^JlBC)a  ^ 

fAB'^ABC)a\  +  \^-f^^.\^  ^ABC.l- ;  and  which 

I  shall  denote  by  M.  Therefore,  when  A  is  the 
oldest  of  the  three  lives,  the  value  required  will  be 

equal  to  ^  X  M.* 

♦  It  is  really  arousing  to  observe  the  manner  in  which  Mr.  Mor- 
gan has  summed  up  the  several  series  arising  from  this  problem : 
and  since  this  manner  is  by  no  means  unusual  with  him^  and  as  it 
gives  me  an  opportunity  of  explaining  more  fully  what  I  have  al* 
ready  said,  in  the  preceding  pages,  on  his  singular  and  confused 
method  of  investigating  such  cases,  I  sliall  here  (for  the  last  time) 
enter  once  more  on  the  subject. 

He  makes  the  total  value  of  the  series,  continued  to  the  utmost 

r—  1  "     AO 

extent  of  human  life,  equal  to  S  into (V— A— ABC)  H 

^^4.  J"l(l+APT)-.~(nAT+BT-ABT)^.f,^  x 

AFK  +  ^  (AF  +  FC- AFC) :  See  Pidl.  Trans,  for  1800,  page 
37.  Now,  this  is  certainly  the  correct  value  of  the  series :  but,  it 
is  necessary  to  remark  that  ^. —  is  equal  to  ~ — (1  -h  BT)  j  and, 

as  these  two  quantities  are  used  with  crmtrary  signs,  it  is  evident 

that  they  ought  not  to  have  been  introduced  into  the  equation. 

r — 1 
Consequently  the  formula  should  liavc  been  r^daced  to  -- —  x 

(AT-ABT)-  -^  X  AFK  +  -A(AF-AFC). 
The  reader  will  obserre  that  this  is  the  total  value  of  the  sepes^ 


^ 
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§311.  Case  2. '  Let  B  be  the  oldest  of  the  three 
li^es.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several   collateral  series  above  mentioned     will 

be  «,«J  .o  H  -  i=tg.i(:  +e)-  +  i±|^  X 

decease  of  B,the  value  of  the  expectations  for  all  the  sub- 


continued  tQ  the  utmost  extent  of  human  life  \  and  therefore  that 
it  will  truly  denote  the  value  of  the  given  sum  whtn  A  is  th^ 
oldest  of  the  thne  lives.    Mr.  Morgan,  however,  when  he  comes 

to  consider  that  case,  says  that  the  symbols  must  he  changed^  and 

r— 1 
he  then  makes  the  given  sum  equal  to  S  into  — — (V— A— ABC) 

AC   _  AB  _  kJ^        odfJBC  ^  _/  3 

2  2r  2c  2o  2cr  ^  ^  ^ 

*    ( 1  4-  NC  +  NB  -  NBC)—  t;^  (1 + NET).    Now,  a  mo- 


2ar  2acr 

meot's  attention  to  this  formula  will  show  us  that  it  does  not  hi 
reality  differ  from  the  preceding  one :  for 

^d  .       .  *^r«*        fl.HBC 

^^-(AF-^AFK)  =  ^(NB-NBC) 

'^  =  -%+NBT), 
2b  2acr^  '* 

whence,  these  values  may  be  safely  substituted  for  each  other, 
since  they  by  no  means  denote  different  quantities,  but  arise  merely^ 
from  the  different  methods  of  summing  up  the  same  series,  agree- 
ably to  what  J  have  before  remarked.  But,  as  tlie  fint  formoia 
had  been  already  deduced  by  him,  and  was  stated  at  lengtli,  ii  cer« 
tainly  did  not  become  necessary  to  confuse  the  subject  by  intra* 
dncing  a  second. 
The  most  remarkable  circumstance,  however,  attending  thia 

U 
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sequent  years  may  be  more  correctly  expressed,as  in  the 

second  case  to Prob.XL, by  ^(1  -*-^)ty~-y'~(^  +  P^"*"* 

and  which  being  added  to  the  sum  of  the  first  n  terms 
found  as  above,  will  make  the  total  present  value  of 
the  given  sum,  when  B  is  the  oldest  of  the^  three  lives, 

equal  to  jj  H  +  x\. 


investigation^  is  th^t  (after  discarding  the  two  useless  quantttiei 

fl.FC  d 

-^, — (1  +  BT)  from  this  second  formula)  he  sboold 

x.AK 

insert  in  their  stead  two  other  useless  quantities^  — '• and 

-- — (1 +NC) :  which,  being  equal  to  each  other,  and  a^  with 

contrary  signs,  ought  of  coarse  to  have  been  discarded  also.  Surely 
Mr.  Morgan  could  not  have  been  writing  either  for  the  con^ 
venience  or  the  information  of  mankind  ! ! ! 

I  shall  here  take  the  opportunity  of  repeating  the  observation 
made  in  the  note  in  page  219 ;  that,  although  the  quantities  here 
alluded  to  are  strictly  and  mathematically  equal,  and  being  used 
with  contrary  signs  destroy  each  other,  yet  (owing  to  the  imper- 
fection of  the  Tables  which  show  the  value  of  Life  Annuities) 
they  oftentimes  produce  a  real  expression  when  solved  arithme^ 

s  X  AK 

ticaUy.    Thus (1-f-NC) '■ (which,  expressed  by  the 

or  c  II 

characters  made  use  of  in  this  work,  becomes  tt r* —  "■ 

c  (^  +  f)     « 

AC,^\  is,  from  what  has  been  said  in  the  note  in  page  186, 

equal  to  O :  but  if  reduced  to  numbers  (taking  the  age  of  A  1 5  years, 
the  age  of  C  18  years^  the  rate  of  interest  4  per  cent,  and  the  pro« 
babilities  of  living  as  at  Northampton)  it  will  become  equal  to 
13*362— 13-348=  014.  This  fact  will  sufficiently  show  how 
necessary  it  is  to  discard  all  superfluous  quantities :  and  that  Mr. 
Morgan's  formulae  are,  at  best,  but  approximations. 


N 
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.  §312.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  <;ase,  the  first  n  terms  of  the  several 
collateral  series  above  mentioned   will   be  equal  to 

^5'.~(l+e)    ^'    But,  after  the  decease  of  C  the 

chance  of  receiving  the  given  sum  at  the  end  of  any 
subsequent  year  will  depend  on  the  happening  of 
either  of  two  events :  1°  that  A  dies  after  R  in  the 
year:  2°  that  only  A  dies  in  the  year,  B  having  died 
after  C  in  either  of  the  preceding  years.  The  sum  of 
the  expectations  on  the  happening  of  these  events  has 
been  already  found,  by  the  third  case  in  Prob.  XLII,  to 

U  equJ  to  (l-p)x  i^^.^(.+e)--  It^-x 

(l+e)"    -^^-^/l+e)      '   which,  being  added 

to  the  sum  of  the  first  n  terms  of  the  several  col- 
lateral series  above  mentioned,  will  make  the  total  pre- 

sent  value  required  equal  to  ^jIlL  +  ^J.^ 

COROLLARY. 

4 

.  §  3 IS.     When  the  three  lives  are  equal,  or  all  of 

*  It  may  be  useful  to  remark  that  the  present  value  fotmd  by 
this  problem  is  equal  to  the  sum  of  the  two  values  found  by 
Ftob.  XXIX  and  XLII  j  which  confirms  the  accuracy  of  the  in« 
vesiigauQa. 

U2 
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the  isami  age  A,  the  last  three  quantities  in  the  for- 
mula  denoted  by  H  destroy  each  other,  and  the  ge- 
neral expression  in  this  case  will  become  equal  to 

2(1 +f) 


PROBLEM  ILVI.» 

§314.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
they  be  ihe^rst  that  fail  of  three  given  lives  A,  B,  C. 

SOLUTION. 

In  order  to  receive  the  sum  at  the  end  of  the  first 
year,  either  of  these  two  events  must  happen:  1^  that 
all  the  lives  fail  in  that  year,  C  having  died  last: 
2°  that  the  two  lives  A  and  B  fail  in  that  year,  and 
that  C  lives  to  thef  eiid  of  it.  The  probabilities  of 
the  happening  of  these  two   events  are  respectively 

C^t^^Hf),  and  (iziMhlM:    ^hich,  being 

added  together  and  multiplied  by  ^(1+f)"^  will  give 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
first  year. 

But,  in  the  second  and  following  years,  (he  given 
^um  may  be  received  on  the  happening  of  dther  of 
six  diflFerent  events:  I*'  that  all  the  lives  fail  in  the  year, 

•  Simpson's  Sup.  Prob.  39-  Dodson,  vol.  iii.  Ques.  48.  Mor- 
jan,  Prob.  22}  and  in  Phil.  Trans,  for  1791,  Prob.  4,  page  25S. 


I 
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• 

C  haTing  died  last;  S^  that  A  and  B  both  M  in 
the  year,  and  that  G  lives  to  the  &a,d  of  it:  S^  that 
A  and  C  both  £ul  in  the  y^r^  A  having  died  first,  and 
chat  B  dies  in  either  of  the  preceding  years :  4°  that 
B  and  C  both  fail  in  the  year,  B  having  died  first,  and 
that  A  dies  in  either  of  the  preceding  years :  5^  that 
only  A  dies  in  the  year,  C  living  to  the  end  of  it,  and 
B  having  died  in  either  of  the  preceding  years:  6^  that 
only  B  dies  in  the  year,  C  livmg  to  the  end  of  it,  and 
A  having  died  in  either  of  the  preceding  years.  The 
probabilities  of  the  happenbg  of  these  several  events 

in  the  second  year  are  respectively  i^Z^iiLlliifZf!^ 

ode         *  2ac         \         ih  2bc  ^ 


W.  W  J  '         11   II 


(1-t).  ^'('-i).»^T?('-v)=  "^k 

being  added  together  and  multiplied  by  •f(l+f)"*»  wilt 
give  the  expectation  of  receiving  the  sum  at  the  end 
of  the  second  year*  In  like  manner  we  may  find  the 
expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subsequent  year,  to  the  utmost  extent 
of  human  life:  and  if  these  several  expectations  be 
reduced  to  their  lowest  terms  and  arranged  under  each 
other  they  will  form  sixteen  collateral  series,  the  sum  6i 

which  wai  be  found  equal  to  s\A^^B^^.4i^^. 


COROLLARY. 


^315,    When  the  lives  are  all  equal  to  eachother. 


S94  ON  CONTINGENT   ASSURANCES.  Ch.  8. 

or  of  the  same  age  A,  this  expression  (agreeably  to 
what  has  been  said  in  the  corollary  to  Prob.  XXX) 

will  become  equal  to  j  X  — ^rrrrT^ •    ^^^^  ^s, 

equal  to  one  third  of  the  present  value  of  the  given 
sum  payable  on  the  extinction  of  any  two  out  of  the 
three  given  lives. 


PROBLEM  XLVII.* 

§  816.  To  determine  the  present  value  oF  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
they  be  the  last  that  fail  of  three  giv^n  lives  A,  B,  C. 

SOLUTION. 

It  is  evident  that  the  given  sum  cannot  be  received 
Zl  the  end  of  the  first  year  unless  all  the  lives  become 
extinct^  C  having  died  first:  the  probability  of  which 

is  oT       ""^  •  ^^^  which,  being  multiplied  by 

*(l+f)"^  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
four  different  events:  1^  that  all  the  lives  fail  in  the 
year,  C  having  died  first :  2^  that  A  and  B  fail  in  the 
yeaf,  C  having  died  in  either  of  the  preceding  years: 

*  Morgan^  Prob.  23;  and  in  Phil.  Trans,  for  1794,  Prob.  5, 
page  247. 
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3^  that  only  A  fails  in  the  year,  and  that  B  and  C 
both  Jail  in  either  of  the  preceding  r/earsy  B  having 
died  last :  4^  that  only  B  fails  in  the  year,  and  that 
A  and  C  both  fail  in  either  of  the  preceding  years, 
A  having  died  last.  The  probabilities  of  the  happea- 
,  ing  of  these  several  events,  in  the  second  year,  are 

which,  being  added  together  and  multiplied  by  j(  1  +  f  )  9 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner,  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subs^uent  year :  and^  if  these  several 
expectations  be  reduced  to  their  lowest  terms  and  ar- 
ranged under  each  other,  they  will  form  nineteen  col- 
lateral series;  the  sum  of  which,  if  continued  to  the 
utmost  extent  of  human  life,  would  be  equal  to  s  mul- 

tiplied   mto  ^,,  y  <  +  ^,,  .   .  +  AB  —  ^.,  .     «  —  — 

l+AB    i        \+j1C   ,    l+jic    a        }+BC    ,     l  +  ic_ 


2(Hf)    b        2(1+0       2(1+0    a        2(1+0    '   2(1+0 
^h   '^     3(1+0    "*"  «(i  +  0~*«   "^/^' 3a "'"(5(1  +  0 

4-  -^ABC.^  -!+^  f-  ^  ABC.-^:    an    ex- 

b     ^         f       3b  3(1 +f)    c  I      3c 

pression  which,  independent  of  the  common  multiple 

u         J        J.     2-p(3j1  +  3B+2j1BC)-3AC-3BC 

Sy  may  be  reduced  to  — WTTl 
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+  AB+   1  r(iz±l£+il^4?^  +  ABC.2^ 

^  6»  L  (1+f)  '        'J       »« 

J  (H^^      ^BC.2c  I;  and  which  I  shall  denote 

byl 

$  Sl7. .  C««c  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  tliis  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will  be 

*vi^<o^-  i(iij5-rC"+e)     +  irf+T)  ^ 

-decease  of  A,  the  sum  of  the  expectations  for  all  the 
subsequent  years  will,  as  in  the  first  case  of  Prob.  XL, 

be  more  correctly  expressed  by  sCX—Tff)^  ,7^  .  X 
•j(l+f)""  :  and  which,  being  added  to  the  first  n 
terms  just  found,  will  make  the  total  present  value, 
when  A  is  the  oldest  life,  equal  to  ^f  J  -f-  u;l. 

§  818.  Case  2.  Let  B  be  the  oldest  of  the  three 
Kves.     In  this  case,  the  sum  of  the  first  n  terms  of 

the  several   collateral   series    above  mentioned  will 

» 

be  equal  to  I  -  -'pldL.'Ln^y^.   \±££  X 

^  30+?)    a^   ~f''       ~2(l+f) 


S(»  +er"-  5^^-f('  +  e)""-  But,  after  the 
decease  of  B,  the  sum  of  the  ezpectadcms  for  all  the 
si^sequent  years  will,  as  in  the  second  case  of  Prob# 
XL,  be  more  correcdy  exj^^essed  by  ^(1— tp)  X 

~l—.—i^  +f)""'*»  3iid  which,  being  added  to  the 

first  n  terms  just  found,  will  make  the  total  present 

falue,  when  B  is  the  oldest  life,  equal  to  ^Pl  4*  ^  |* 

$  319.  Case  S.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned  will  be  equal 

AU.^(^  ;f)-.'+  l±£J.:|c  +e)-+  ii^x 

^l+f)"*".    But,  after  the  decease  of  C,  the  sum 

of  the  expectations  for  all  the  subsequent  years  will, 
as  in  the  third  case  of  Prob.  ZL,  be  more  correctiy 

expressed  by  s  multiplied  into  (1— (p)  X    Trfr  ^ 

x-^Ci+er'+^^^-^Ci+e)""*-  a»d  wi»>'ch.  be. 

ing  added  to  the  first  n  terms  just  found,  will  make 
the  total  presoit  value,  when  C  is  the  oldest  Ufe,  equal 

tQ  «[I  +2/  +  z]. 


f&9  .OK  CONTINGENT  ASSCRAVCBi.  Ou$. 


COROLLARY. 


§  S20.    When  all  the  lives  are  equal,  or  of  the 
same  age  A,  the  last  three  quantities  in  the  formula  de« 

noted  by  I  destroy  each  other,  and  the  general  ex- 
pression   in  this    case   will   become   equal   to  ^  x 

—  — Q/1  »   ^ •  ^"^^  ^^9  equal  to  one  third  of 

the  present  value  of  the  given  sum  to  be  received  on 
the  extinction  of  the  longest  of  the  three  lives. 


PROBLEM  XLVm.* 

§  321.  -To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided  they 
be  the^rj^  and  last  that  fail  of  three  given  lives  A, 
B,  C.  • 

SOLUTION. 

The  given  sum  cannot  be  received  at  the  end  of  the 
first  year,  unless  all  the  three  lives  are  extinct,  C 
having   died  second;    the    probability  of  which  is 

(flrfH^^iMiUfl:   and  which  being  multiplied  by 

^(1+f)**,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

*  This  case  appears  to  have  been  omitted  by  &ir.  Morgan: 
and  no  solution  of  it^  prior  to  the  present  one,  has  hitherto  beea 
published. 

8 
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But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of 
five  different  events :  1^  that  all  the  lives  fail  in  the 
year,  C  having  died  second :  2^  that  A  and  C  both 
fail  in  the  year,  A  having  died  last,  and  B  having 
failed  in  either  of  the  preceding  years:  3°  that  B  and 
C  both  fail  in  the  year,  B  having  died  last,  and  A 
having  failed  in  either  of  the  preceding  years:  4^  that 
pnly  A  dies  in  the  year,  and  thai  B  and  C  both  fail 
in  either  of  the  preceding  years^  B  having  died  first: 
5^  that  only  B  dies  in  the  year,  and  that  A  and  C 
both  fail  in  either  of  the  preceding  yearsy  A  having 
died  first.  The  probabilities  of  the  happening  of  these 
several  events   in  the  second   year  are  respectively 

(a-a>.fi-.^).(c-c)     (a— o).(<:— c)/_        l\    (^-Z).(c-c) 


3abc  '  2(ic  V  b'^  20c 

I  1      n 


is    ,.        L       *./-? 


I 

(l ):  which  being  added  together,  and  multiplied 

by  *(l+p)~*,  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year: 
and  if  these  several  annual  expectations  be  reduced  to 
their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  nineteen  collateral  series ;  the  sum  of 
which,  if  continued  to  the  utmost  extent  of  human  life, 

9x>uld  be  equal  to  $  multiplied  into  ~^  +  -r^^^ 


2 
+ 
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(1  +  f)  "*"  2(1 +f)'  a   "*'2(l  +  f)*  A  "•"    a         ,       2a  "*" 
*^        pr-  ^    I   i-f^BC        i+ABC     a  jT>n  * 

3(l+f)     *  ,       6&    '     3(l+f)     c     '  I    3c 

But  this  expression^  independeat  of  the  common  multi* 
pie  .,  may  be  reduced  to  '^-^^^^-^^l-^l^BO-QAB  _^ 

ro+^C)25  _^  ABC.c\,  and  I  shall  denote  it  by  K. 

§  322.  Case  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  n  terms  of  the  sevend 
collateral  series,  here  alluded  to,  will  be  equal  to 

BC^^ri}  +e)     •     But,  after  the  decease  of  A,  the 

chance  of  receiving  the  sum  at  the  end  of  any  sub- 
sequent year  will  depend  on  the  happening  of  two 
different  events:  1^  that  B  and  C  both  fail  in  the  year, 
B  having  died  last :  2^  that  only  B  dies  in  the  year, 
C  having  died  after  A  in  either  of  the  preceding  years. 
The  probabilities  of  the  happening  of  these  two  events 

in  the  (n+ 1)**  year,  are  respectively  »xH^'^  ^^ 


rr:r(^^  JJlJj*    which  being  added    tog^her  and 

maldpUed  by  *(1  +f)""^"       will  give  the  eicpectatton 

of  receiving  the  sum  at  the  end  of  the  (n+1)**  year* 

In  like  manner,  the  probabilities  of  the  happening  of 

these  two  events  in  the  (71+2)°**  year,  are  respectively 

^^^lij^'^^ ,  and   ^'(tp—  ^)i  which  being  ad- 

ded  together  and  multiplied  by  6(1+ p)  will 

give  the  expectation  of  receiving  the  sum  at  the  end  of 
the  (n-f-2)^^  year:  and  so  on  for  all  the  subsequent 
years  to  the  utmost  extremity  of  human  life*  But, 
the  sum  of  all  these  annual  expectations  will  be  found 

to  be  equal   to   s   multiplied  into  7t  X    ttt^  X 

-^(l+f)      •  and  which,  being  added  to  the  first  n 

terms  of  the  several  collateral  series  above  mentioned, 
will  make  the  total  present  value  of  the  given  sum^ 

when  A  is  the  oldest  life,  equal  to  ^T  JK— m/ J. 


§•  323.  Case  2.  Let  B  be  the  oldest  of  the  thre^ 
lives.  In  this  case,  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 

^  See  the  Scholium  in  page  122. 
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""y  -^n 


^C^-^(l  +f)      .     But,  after  the  decease  of  B,  the 

chance  of  receiving  the  sum  at  the  end  of  any  subse- 
quent year  will  depend  on  the  happening  of  two  dif- 
ferent events:  1°  that  A  and  C  both  fail  in  the  year, 
A  having  died  last :  2°  that  only  A  dies  in  the  year, 
C  having  died  after  B  in  either  of  the  preceding  years. 
The  probabilities  of  the  happening  of  these  two  events 

in  the  (w+1)**  year,  are  respectively  If^ZlfL^iZz^l^ 

and  ^^^  (cp — ^] ;  which  being  added  together  and 

multiplied  by  ^(1  +f)  will  give  the  expectation 

of  receiving  the  sum  at  the  end  of  the  (n+0^*  yean 

In  like  manner,  we  might  find  the  expectation  of 
receiving  the  sum  at  the  end  of  the  (w+S)*^**  and 
every  subsequent  year,  to  the  utmost  extremity  of  hu- 
man life;  the  sum  of  all  which  annual  expectations 

will  be  found  equal  to  s  multiplied  into  0  X   .,      ^  X 

-^ — (1+f)      •  ^^^  which,  being  added  to  the  first  n 

terms  of  the  several  collateral  series  above  mentioned, 
will  make  the  total  present  value  of  the  given  sum, 
when  B  is  the  oldest  of  the  three  lives,  eqiial  to 


[K  -  4 


J 
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§  S24.  Case  S.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned  will  be  equal  to 

■  .  *  ^C^^"?)""***     ^^^>  ^^^''  ^^^  decease  of  C, 

the  chance  of  receiving  the  sum  at  the  end  of  any  sub* 
sequent  year,  will  depend  on  the  happening  of  two 
different  events:  1°  that  only  A  dies  in  the  year,  C 
having  died  after  B  in  either  of  the  preceding  years 
(the  probability  of  which  latter  contingency  will  now 
be  denoted  by  (f)) :  2°  that  only  B  dies  in  the  year, 
C  having  died  after  A  in  either  of  the  preceding  years 
•  ( the  probability  of  which  latter  contingency  will  now 
be  denoted  by  tst).  Consequently,  the  sum  of  the 
expectations  on  the  happening  of  these  events,  con- 
tinued to  the  utmost  extent  of  human  life,  will  be 

equal  to  s.(p  X  ir;t^.^(l+e)-''+.,.^  X  ^  X 

-j-(l +  {►)""":  and  which,  being  added  to  the  sum  of 
the  first  n  terms  of  the  several  collateral  series  above 
mentioned,  will  make  the  total  present  value  of  the 
given  sum,  when   C    is  the  oldest  lif<^  equal    to 

*  It  may  not  be  improper  here  to  remark  that  the  present  values 
of  the  sums,  found  by  Prob.  XLVI,  XLVII,  and  XLVIII,  are  to- 

gether  equal  to  *  x  ^ — --t -i  or  to  the  present  valut 

of  the  given  sum  after  the  longest  of  the  two  lives  A,  B. 


$0^  OK  CONTINOEKT  ASSt7ftAKC£S.  Cfut^ 


COROLLARY. 


$  325.  When  the  lives  are  equal^  or  all  of  the 
same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  K.  destroy  each  other,  and  tbe 
general  expression  in  this  case  \eill  become  s  x 

—      sci4^  ) ^^^*  '^>  equal  to  one  third  of 

the  present  value  of  the  given  sum  to  be  received  on 
the  extincticm  of  the  longest  of  the  three  lives. 


PROBLEM  XLIX.* 

§  326.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided  B 
dies  before  another  life  C. 

SOLUTION. 

The  payment  of  the  sum  at  the  end  of  the  fii-st 
y^r  will  depend  on  the  happening  of  either  of  two 
events :  1°  that  all  the-  lives  foil  in  the  year,  B 
having  died  before  C:  2*^  that  only  A  and  B  die 
in  that  year,  C  living  ta  the  end  of  it.  The  proba* 
bilicies  of  the  happening  of  these  two  events  are  re- 

speclivelvi^ --^f-^ r  and  ^ — r-^, — —:  which 

*  '  2avc  ate 

being  added  together,  and  multiplied  by  ^(l+f)"'* 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

•  Morgan,  Ptob.  283  and  in  Phil  Trans,  for  1794,  Prob.  B, 
page  242. 
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But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of  seven 
different  events:  1^  that  all  the  lives  fail  in  the  year, 
B  having  died  before  C :  2°  that  A  and  B  fail  in  the 
year,  and  that  C  lives  to  the  end  of  it :  3^  that  A  and 
C  both  fail  in  the  year,  and  that  B  dies  m  either  of  the 
preceding  years:  4^  that  B  and  C  both  fail  in  the 
year,  B  having  died  first,  and  that  A  dies  in  either  of 
the  preceding  years :  if  that  only  A  dies  in  the  year, 
*  B  having  failed  in  either  of  the  preceding  years,  and 
C  living  to  the  end  of  it :  6^  that  only  B  dies  in  the 
year,  C  living  to  the  end  of  it,  and  A  having  died  in 
either  of  the  preceding  years:  7^  that  only  A  dies  in 
the  year,  and  that  B  and  C  both  fail  in  either  of 
the  preceding  years^  B  having  died  first.  ITie  pro- 
babilities of  the  happening  of  these  several  events  in 

the  second  year  are  respecuvely  ^ -—r , 

"""  f  1 «  i-^ .  ( 1  —  i- v.  which,  being  added  together 

and  muhipUed  by  ^(l+e)"'*  ^*^^  S'^^^  *^  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  may  be  found  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year,  during  the  continuance  of  the  oldest  life :  and  if 
these  yearly  expectations  be  reduced  to  their  lowest 

X 
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terms  and  arranged  under  each  other,  they  will  form 
fourteen  collateral  series;  the  first  n  terms  of  which 
will  vary  according  to  the  seniority  of  the  lives  con« 
cemed« 

§  327-  Case  I .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several  col- 
lateral series  above  mentioned  will  be  equal  to  the  sum 
of  the  terms  condnued  to  the  utmost  extent  of  human 
life;  because  the  life  of  A  is  involved  in  each  colla- 
teral series:  therefore  its  value  will  be  equal  to  s  muU 

tiplied  mto  ^,,  ^  V-  —  ^,,  .   .  +  -xTTT-x  • h  ■;       v- 

2(l+f)*a    "^  2(l+f)  2{l^^y  h     ■^"\      '2b 

Izidi^  -  JBC.ij:  +  ABcX.  But  this  expression 
may  be  reduced  to  — ^-^ .    + 

c 

ABC. -I- :  and  which  I  shall  denote  by.  JL ;  conse- 
quently,  when  A  is  the  oldest  life,  the  present  value 
required  will  be  represented  by  ^  X  ]L« 

§  328.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  severaF 
collateral  series  above  mentioned  will  be  equal  to 


I 
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-7- v~r  •^"C 1 +f )""•    But  after  the  decease  of  B  the 

8am  of  the  expectations  for  all  the  subsequent  years, 
continued  to  the  utmost  extent  of  human  life,  will 
(as  in  the  second  case  of  Prob.  XXXIX )  be  equal  to 

^•^  X  (Tl  \  *^(^4"g)""^*  which  being  added  to  the 

sum  of  the  first  n  terms  of  the  several  collateral  series 
above  mentioned,  will  make  the  total  present  value  of 

the  given  sum  equal  to  ^1  JL  -*  x  1. 

§  329.  Case  S.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  alluded  to  will  be  equal  to 

■-r-—-; •'"HI +?)"""•     But,  after  the  decease  of  C, 

the  sum  of  the  expectations  for  all  the  subsequent  years 
may  be  more  correctly  expressed  as  in  the  preceding 

case,  by  s.(p  X  77T-y'~(l+e)      •  ^^^  which  being 

added  to  the  first  7%  terms  of  the  several  collateral 
series  above  mentioned  will  make  the  total  present 
value  of  the  given  sum,  in  this  case  required,  equal  to 

[I.  -  q. 


s 


COROLLARY. 


§  330.    When  the  three  lives  are  equal  to  each 
other,  or  of  the  same  age  A,  the  last  three  quantities 

X2 
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in  the  formula  denoted  by  IL  destroy  each  other,  and 
the  general  expression  will  in  this  case  become  equal 

to ,  X  l:zlid±A±:;^. 


•« 


PROBLEM  L.t 

§  831,  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
another  life  C  dies  before  B. 

SOLUTION. 

The  payment  of  the  given  sum  at  the  ^id  of  the 
first  year  will  depend  on  the  happening  of  one  event 
only ;  viz.  the  extinction  of  all  the  lives  in  that  year, 
C    having  died  before  B:    the  probability   of  this 

2^'  }  which  being  multiplied  by 

^(l-J-p)"*,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years>  the  given  sum 

*  Mr.  Morgan  makes  the  value  of  the  sum  in  this  case  equal  to 

^^"^  '  X  (V— CC— C— CCC)  3  that  is,  in  the  present  notation, 

\,            l-^iA^AA-^-AAA)  , .  ,    ,        , 

equal  to  5  X   — -^ : -:    an  error  which  has  also 

been  faithfully  transcribed  into  two  successive  editions  of  Dr.  Price's 
treatise.  See  Phil.  Trans,  for  1794,  part  II,  page  245:  and 
Dr.  Price's  Ohs.  on  Rev.  Pay,  vol.  1,  page  395. 

f  Phil.  Trans,  for  1794,  Prob.  4,  page  245  j  and  for  1800, 
Prob.  7,  page  40:  which  two  might  have  been  comprised  in  ont 
problem. 


event  is  ^  , 

2alc 
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may  be  received  on  the  happemng  of  either  of  five 
different  events :  I®  that  all  the  lives  fail  in  the  year, 
C  having  died  before  B :  2^  that  A  and  B  fail  in  the 
year,  and  that  C  fails  in  either  of  the  preceding  years: 
S^  that  B  and  C  both  fail  in  the  year,  C  having  died 
first,  and  that  A  dies  in  either  of  the  preceding  years : 
4^  that  only  B  dies  in  the  year,  and  that  A  and  C 
both  die  in  either  of  the  preceding  years :  5°  that  only 
A  fails  in  the  year,  and  that  B  and  C  both  fail  in 
either  of  the  preceding  y^ars,  B  liaving  died  last.  The 
probabilities  of  the  happening  of  these  several  events  in 

the  second  year  will  be  respectively  7'h    ^^ ^ ^ 

I       If        r       «  I  1     n       I     n  r  '.     n 

s? — i^-"T)'  — ^. — 1^-t)'  ~r  ^ 

which,being  added  together  and  multiplied  by  ^(1  +f)*^> 
will  give  the  expectation  of  receiving  the  sum  at  the 
•  end  of  the  second  year.  In  like  manner  may  be  found 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
tliird  and  every  subsequent  year  during  the  conti- 
nuance of  the  oldest  life:  and,  if  these  several  ex- 
pectations be  reduced  to  their  lowest  .terms  and  ar- 
ranged under  each  other,  they  will  form  seventeen 
collateral  series;  the  sum  of  the  first  n  terms  of  which 
will  vary  according  to  the  seniority  of  the  lives  con- 
cerned. 

§  332t     Case  1 .     Let  A  be  the  oldest  of  the  three 
lives.     In  this  case,  the  several  collateral  series  here 
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mentioned  must  be  continued  to  the  utmost  extent  of 
human  life ;  because  the  life  of  A  is  involved  in  each 
perpendicular  series:  whence,  its  value  will  be  equal 

to  s  multiplied  into   ^^  +  j^—^  -  ^^^+7)  + 

2(1+^)"  a        2(l+p)"'"2(l+p)'a        2(l+f^)"^' 

1±1^.|  _  £C..  V    +  il^  +  ABC.l  - 

2(1 +f)     ^  ,         2^       *        2(1 +f>)       '  ,         2b. 

c 

ABC.-^.    But  this  expression  may  be  reduced  to 

2(1 +f)  2(l  +  f)a'' 

+ h  X  [  w  -  (f'^-^?'^?]  -  ^^H- 

and  which  I  shall  denote  by  M«  Consequently, 
when  A  is  the  oldest  life,  the  required  value  will  be 

represented  by  ^  X  M« 

§  SS3.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  alluded  to  will  be 

equal  to  M  -  ir^.  «  (i+f)-"  +  ;4-^.^  X 

^  2(l  +  f)    «^        *•  2(1  fp)     ac    ^ 

(1 +?)■"-  ail^-f  (l+e)""-    But  after  the  de- 

cease  of  B,  the  sum  of  the  expectations  for  all  the 
subsequent  years  will  be  more  correctly  expressed,  as 
in  the  second  case  to   Prob,  XL,  by^(l  — ^)    x 

-~^---~(l+f)"""j  and  which,  being  added  to  the 


Pr.SO.  OV  CONTIKGBNT  AS$URANC£S.  811 

sum  of  the  first  n  terms  of  the  several  collateral  series 
above  mentioned,  will  make  the  total  present  value  of 
the  given  sum,  when  B  is  the  oldest  life,  equal  to 

S  334.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  n  terms  of  the  several 
collateral  series  above  alluded  to,  will  be  equal  to 

X-~^(l+e)     •    But,  after  the  decease  of  C,  the 

chance  of  receiving  die  given  sum  at  the  end  of  any 
subsequent  year  will  depend  on  the  happening  of  three 
diflferent  events:  1°  that  A  and  B  both  fail  in  the 
year:  2°  that  only  B  fails  in  the  year,  A  having  died 
in  either  of  the  preceding  years:  3^  that  only  A  fails  in 
the  year,  B  having  died  after  C  in  either  of  the  prece- 
ding year^  The  probabilities  of  the  happening  of  these 
Several  events  in  the  (n+1)**  year  are  respectively 

which,    being    added    together    and    multiplied   by 

s{  1  +f)""  ,  will  give  the  expectation  of  receiving 

the  sura  at  the  end  of  the  ( w + 1 Y^  year. 

In  like  manner  we  may  find  the  (n-f-2)™*,  and  all 
the  subsequent  expectations  to  the  utmost  extremity 
of  human  life :  the  sum  of  all  which  will  be  equal  to 
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s  multipUed  into  (l-(p)  X  ^f^)4(l+e)"""  + 

— wl+f)      J  and  which,  being  added  to  the  first  n 

terms  of  the  several  collateral  series  above  found,  will 
make  the,  total  present  value  of  the  given  sum,  when 

C  is  the  oldest  life,  equal  to  sVM,  +  zT 

COROLLARY. 

§  335.     When  all  the  lives  are  equal,  or  of  the  same 
age  A,  the  last  three  quantities  in  the  formula  denoted 

by  Bff  destroy  each  other,  and  the  general  expression 

in  this  case  will  become    s  X  -—^ — "^      . < 

that  is,  equal  to  half  the  present  value  of  the  given 
sum,  to  be  received  on  the  extinction  of  the  longest 
of  the  three  lives. 

SCHOLIUM* 

§  336.     Since  the  present  values  of  the  sum,  as 
found  by  the  preceding  problem,  and  by  the  present 

problem,  are  together  equal  to  ^  X  (Zl  7" — '^ 

or  to  the  present  value  of  the  given  sum  to  be  received 
on  the  extinction  of  the  longest  of  the  two  lives  A«  B: 
it  follows  that  the  present  value  of  one  of  them  being 
found,  the  present  value  of  the  other  may  be  easily 
determined  by  subtracting  such  value  from  the  general 
expression  here  given. 
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CHAPTER  IX.  ' 
On  M.  De  Moivre^s  Hypothesis. 

5  837.  If  the  decrements  of  life,  in  any  table  of  ob* 
servations,  were  equal  and  uniform  from  birth  to  the 
utmost  extent  of  human  life,  the  number  of  persons 
living  at  every  succeeding  age,  as  shown  by  that  table, 
would  be  the  terms  of  a  decreasing  arithmetical  pro- 
gression. Now,  though  this  fact  does  not  take  place 
throughout  the  whole  duration  of  life;  yet,  in  se* 
veral  of  the  tables  of  observations  (particularly  in  the 
Northampton  table)  it  will  be  seen  that,  towards  the 
middle  ages,  the  decrements  are,  for  many  years  to- 
gether, constant  and  uniform ;  or  at  least  very  nearly 
so:  and  it  was  upon  this  view  of  the  subject  that 
M.  J)e  Moivre  founded  his  ingenious  hypothesis  that 
the  decrements  of  life  are  in  arithmetical  progression.^ 
For,  he  imagined  that  the  deficiencies  in  one  part  of 
his  scale  would  be  compensated  by  the  excesses  of 
the  other  part :  and  that  though  the  values  deduced 
from  this  principle  might  not  be  strictly  true,  yet  the 
error  could  not  be  very  material.     In  order  to  accom- 

*  The  same  author  also  assumed  as  aa  bypothesrs  that  the  de- 
crements of  life  were  is  a  geonheirical  ratio:  a  principle  which  he 
applied  to  the  valuation  of  annuities  on  joint  lives.  But  this  theory 
18  too  erroneous  to  be  insisted  on» 
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modate  this  hypothesis  to  the  method  of  determining 
the  value  of  Life  Annuities,  it  was  necessary  to  sup- 
pose the  extent  of  life  confined  to  a  certain  period  of 
time,  which  he  (for  reasons  which  subsequent  obser- 
vations have  shown  not  to  be  sufficiently  well  founded) 
has  taken  at  86:  remarking,  however,  at  the  same 
time,  that  the  instances  of  persons  living  beyond  that 
period  are  so  few  as  not  to  be-  worth  notice  in  such  a 
general  view  of  the  subject. 

Much  obloquy  has  of  late  years  been  thrown  on 
this  hypothesis  by  Dr.  Price  and  Mr.  Morgan ;  the 
latter  of  whom  has  been  particularly  severe  in  his 
comments  on  its  use  and  application.  It  is  true  that 
more  recent  discoveries  have  shown  that  it  cannot 
always  be  depended  upon  :  and  the  great  share  which 
these  gentlemen  have  had  in  deducing  the  values  of 
annuities  from  real  observations^  and  thereby  super- 
seding the  use  of  the  hypothesis,  may  be  some  ex- 
tenuation for  the  high  tone  they  have  assumed  on 
this  occasion.  Nevertheless,  the  hypothesis  itself  is 
still  of  great  and  extensive  use  in  the  doctrine  of 
annuities ;  and  will  ever  remain  a  monument  of  the 
ingenuity  and  abilities  of  its  illustrious  inventor. 

§  338.  The  reader  must  be  readily  aware  that 
the  great  advantage  of  M.  De  Moivre*s  hypothesis  is 
the  remarkable  facility  which  it  affords  for  determining 
the  present  value  of  annuities  on  any  single  or  joint 
lives.  The  method  of  deducing  such  values  from  the 
first  problem  of  the  present  work  (see  page  29)  is 
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extremely  laborious ;  since  the  numerator^  of  the 
fractions^  which  form  the  series  there  given,  do  not 
decrease  in  any  regular  manner.  But,  when  such 
numerators  are  in  arithmetical  progressioii,  the  sum  of 
the  whole  series  may  be  expressed  in  .a  general  for- 
mula ;  and  its  value  may  then  be  found  almost  as  soon 
as  one  term  only  of  the  other  series  just  alluded  to. 

Although  M.  De  Moivre,  in  the  application  of  his 
principles  to  practical  purposes,  has  assumed  86  as. 
the  extreme  period  of  human  life,  ( that  is ;  that,  out 
of  86  persons  bom,  one  of  them  will  die  annually  till 
they  are  all  extinct)  yet  this  number  does  not  neces- 
sarily follow  from  his  hypothesis:  for  any  other 
number,  which  might  be  found  more  agreeable  to 
real  observations,  may  be  substituted  in  lieu  thereof. 
Assuming,  however,  the  same  period  as  De  Moivre, 
it  is  evident  that  the  number  of  persons  living  at  any 
age  will  be  equal  to  the  number  of  years  between  that 
age  and  86 :  this  number  he  calls  the  complement  of 
life.  Consequently  a,  ft,  c,  &c  will,  upon  this  hypo- 
thesis, be  equal  to  the  complement  of  the  lives  A, 
B,  C,  &c,  respectively:  or,  equal  to  the  difference 
between  their  respective  ages  and  86» 


§  339.     This  being  premised,  it  will  be  readily 
seen  that  the  expression  —    -r— -r-  +    .    ^    ,   + 

■     ^  y  +  &c      which,   by  Prob.  I,  cor.  1,  denotes 
the  value  of  an  annuity  on  the  life  A»  will  become 
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J-.rjt=±^  +    «-»    J.     "-^^    4.  «-«! 

a  L(l+f)   ^  (1+f)*  ^  (l+?>*  ^ (1+P)'J  * 

Now,  this  series  may  be  divided  into  two  others,  the 
first   of  which  is    [^  +  ^+-^  + 

«••«•••  .       v^  I }  and  the  second,  which  is  to  be 

subtracted,  is  -l[^j  +  j^  +  j^  +  . . . 

fi-T  y  T  "^^^  ^^^  former  <rf  these,  which  I 
shall  denote  by  i/y  is  equal  to  the  present^alue  (^  an 
annuity  certain  for  the  term  a ;  and  the  latter  is  equal 


•  •  •  •  • 


—a 


to  1  X  '+y-(^+')-Sl+ii—'*  consequently  the  to- 
tal  present  value  of  the  annuity  is,  upon  this  hypotheas, 


equal  to  y  -  l±LlS-±M:(l±lLl  =  fz±±£>3L.t 


S  340.    In  like  manner,  the  expression  — rt  ;,^.   ;  + 

;.^  .^-  +  ^,^.  .,  +  &c  I,  which  denotes  the  value 

of  an  annuity  on  the  two  joint  lives  A  B,  will  become, 

upon  this  hypothesis,  equal  to  -yf     -^^  .   x"—  + 

(1+p)*    "•"     (!+?)»     "•" (l+gy    J' 

*  S|ee  my  Doctrine  of  Interest  and  Annuities,  page  89:  vhere 
the  method  of  summing  this  and  the  following  series  is  pointed 
out. 

f  See  Dodson,  vol.  ii.  Ques«  56.  Simpson^  Prob.  1^  cor.  5* 
De  Moivre^  page  310. 


k\ 
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a  series  which  is  to  be  continued  for  b  terms  only,  B 
being  the  oldest  of  the  two  lives.  But^  if  the  nu- 
merators of  the  fractions  composing  this  series  be 
expanded  by  multiplication^  the  whole  expression 
may  be  divided  into  three  other  distinct  series :  viz« 

L(i+f)  ^  0+'?)'  ^  0+f)*  ^ (M-f)*J 

The  first  of  these  is  equal  to  the  present  value  of  an 
annuity  for  the  term  b^  and  I  shall  denote  it  by  y:  the 
second  is  (from  what  has  been  said  above)  equal  to  — 

!!+*  y.  'W-O+D  (■+()"'■  ^ ,hj ,hM  is ajual to 

(1+f)  J:  consequently  the  total  present  value  of 
the  annuity  for  two  joint  lives  is  equal  to ^  x 

§  341.     By  a  similar  method  of  reasoning  it  will 

r~   >  '  /  1/  //  w 

be  found  that  the  expression  ^\j^:^  +  (^.  + 

Hi  w  m  "^ 

TTT^  +  &c  I,  which  denotes  the  value  of  an  an- 


*  See  Dodson^  vol.  ii.  Ques.  64.  Sioipson,  Prob.  1,  cor.  5. 
Price,  note  (L).  I  shall  here  take  the  opportunity  of  observing 
that  the  strictures  of  Dr.  Price  on  M.  De  Moivre's  rules  for  caku- 
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nuity  on  the  three  joint  lives  ABC,  will  become,  upon 
this  hypothesis,  equal  to  -J-  p-i)>(^-J)  (^-i)  ^ 

(o-2).(^.~2).(c-2)     ,    (a~3).(^->-3).(c~3)     , 

■  ^  y   *"     j;  a  series  which  is  to  be  continued 

for  c.  terms  only,  C  being  now  the  oldest  life.  But 
the  whole  of  this  series  may,  by  expansion,  be  con- 
verted into  the  four  following  series:  viz.  f.       ■  + 

LoTpT  "*■  (1+77  "^  (TTfT  "^ oTfFj  "*■ 

a±b±cr_\ ,  4  9 

ale      L(H-f)   "^  (l  +  f/    "^   (1  +  f)'  "^ 


•  •  • 


7  j.  'Now,  the  first  of  these  series  is 


(i+f)' 
equal  to  the  present  value  of  an  annuity  certain  for 

the  term  c ;  and  I  shall  denote  it  by  y ;  and  the  re- 
maining ones  may  be  summed  in  the  same  manner  , 

lating  the  value  of  annuities  on  joint  lives  (inserted  in  the  4th 
Chapter  of  his  Ots.  on  Rev.  Pay,)  allude  altogether  to  an  approxu 
fnatton  given  by  De  Moivre  as  deduced  from  his  hypothesis  of 
a  gewnehical  ratio,  and  not  to  the  correct  expi^ession.  The 
formula  in  the  text  will  oftentimes  give  the  same  values  as 
those  deduced  from  the  Northampton  Table ;  as  may  be  seen  by 
a  comparison  with  the  Tables  at  the  end  of  the  present  work:  and 
I  shall  show  in  the  sequel  tiiat  these  formulae  may  be  used  with 
good  effect  in  determining,  with  a  tolerable  degree  of  correctness, 
the  value  of  annuities  deduced  from  the  real  prohalUitiet  of  life. 
See  §  346. 
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as  in  the  preceding  cases:  whence  the  total  present 
value  of  an  annuity  on  the  three  joint  lives  is  equal 

'07-^[7N+2"-'-''-7)-f  («  + 

a_2c-3-i)+i(6-c-l).(o-c-I)]." 

§  342.  But,  since  the  publication  of  so  many 
accurate  tables  of  the  values  of  annuities,  deduced 
from  real  observations^  these  formulae  have  become 
of  little  or  no  use;  and  are  seldom  resorted  to,  unless 
it  is  required  to  find  a  near  value  of  an  annuity  oa 
any  given  lives  whose  ages  are  not  inserted  in  those 
tables.  Nevertheless  the  hypothesis  itself  is  still  of 
great  use  in  the  doctrine  of  annuities ;  and  facilitates 
very  much  several  calculations  arising  from  this  sub- 
ject :  particularly  in  those  cases  where  the  contingency 
continues  for  a  given  term  only;  as  will  evidently  ap« 
pear  from  the  following  problem. 


PROBLEM  LLt 

§  343.  To  find  the  value  of  an  annuity  on  a  given 
iife,  during  part  of  whose  existence  the  decrements  of 
life  may  be  considered  as  equaL 

*  See  Dodson,  vol.  li.  Ques.  69.     Simfison^  Prpb.  1,  cor.  5. 

f  De  Moivre^  page  341.  Simpson^  Prob.  1^  cor.  8.  Price^ 
note  (N).  DodsoD^  vol.  ii.  Ques.  68.  This  last  author  has  also 
given  a  method  of  solution  (Questional)  provided  the  decrements 
of  life  be  divided  into  several  arithmetical  progressions^  each  dif« 
fering  from  one  another. 


\ 
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SOLUTIOW, 

Let  A  be  the  given  life,  and  n  the  interval  of  equal 
decrements:  also  let  a  be  the  numba*  of  persons 
living  at  the  age  of  A,  and  a  the  number  of  persons 
living  at  an  age  n  years  older ;  and  let  the  uniform 
decrements  of  life  be  denoted  by  o.  Theln  will  the 
talue  of  an  annuity  on  this  life  be  denoted  by  the 

4-  — ^^^  H ^TTi  H ^4tu  +  &c    ;  which 

may    be   divided   into   two    parts:    •wz.   the   series 

«  L(^^)  "•■  (» +f )"•  ■*"  0+7)*  "•" 'o+efj 

I  tt  in 

+-r—"-Tr +—*—,  +  — ^+&c  1  The 
-Lo+fr       O+f)"**     0+?)"^         J 

htter  of  these  is,  by  Prob.  I,  cor.  3,  equal  to  (^A)  ^  or 

equal  to  the  value  of  an  annuity  on  the  life  A  deferred 

for  n  years:  and  the  former  may  be  divided  into  two 


others;  viz.  [^^  +  _-L-  +  ~L_,+ 

1  "I    i  r  1     ,     2     ,     3 
(1  +7)" J     « L(i + f )  "^  (I +?)•  "^  (1 + f ) 

<>+p)  J 


•  •  •  •  • 


s  T  •  • 


*  •  * 


the  sum  of  which  may  be  readily  found, 

from  what  has  preceded,  to  be  equal  to  y  — 
'^X  {}'\'  i)y  ~''^iy'^  p)"""  1  •  Consequently  the  total 
value  of  the  annuity  will  be  y r(l+p)^"* 


—  « 


Pr.  51*        ON  M.  BB  M01VRE*S  HTPOTHISIS.  321 

ti(l  +  f)^*l  +  (-^)  •    But,  rince  S  is  always  equal 

to  ^^  J*  and  since  (A)   is  equal  to  -^  x  — (1+f)"""; 

this  expression  may  be  rendered  more  convenient  for 
practice  by  making  those  substitutions :  whence  the 

value  will  become  i-  -  (^"'^)('+g>y  _  <1±?> 

f  ang  ag 

ec[ -^)*(l  +  f)       I-    Now  it  appears  by  the 

Northampton  table  of  observations  that  the  decre* 
nients  of  life  are  nearly  uniform  during  the  whole  in* 
terval  from  the  age  of  20  to  the  age  of  80:  if  there-* 
fore  the  value  of  an  annuity  on  a  life  aged  80  be  once 
calculated,  the  value  of  an  annuity  on  a  life  of  any 
intermediate  age  may  be  easily  deduced  from  the  for* 
mula  here  given ;  and  will  agree  very  nearly  with  the 
true  values. 

Example.  Let  the  rate  of  interest  be  5  per  cent; 
in  which  case  the  value  of  an  annuity  on  a  life  of  80 
years  of  age  will  be  8*515:  and,  if  from  this  we 
wkh  to  deduce  the  value  of  an  annuity  on  a  life  of 
90  years  of  age^  the  formula  will  become  20  — 

^[^"^  X  1-0^  X  18  9298-469  X  (20- 
8 '5 15)  X  ^0585  I  =  14'061 :  and  which  is  very  near 
14*0079  or  the  true  value  as  shown  by  the  tables. 

*  This  may  generally  be  awmmed  aa  the  true  valoe^  without 
material  enor^  even  when  the  decrements  are  not  exactly  regular. 

Y 
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Now,  when  it  is  considered  that  the  Yatue,  here 
found,  could  not  have  been  deduced  from  the  corol- 
lary in  page  29,  without  the  actual  calculation  of  sixty 

terms  of  the  series  there  given,  the  utility  of  this  for- 
mula will  be  manifest. 


COROLLARY, 


§  344.  If  the  value  of  the  annuity  is  required  for 
a  given  term  ( =  n)\  and  that  term  happens  to  be 
wholly  within  the  interval  of  equal  decrements  as 
shown  by  any  given  table  of  observations  j  the  series 

~L 0^  ^  uT^'  "^  OTTP  + (77^7 J 

=  jy  —  ^ L(l  +  f)i/ -  «(l  +  f)""  J    will  denote 

the  ^xact  value  in  such  case;  and  is  a  formula  of 
considerable  utility  when  we  are  not  possessed  of  any 
tables  of  the  value  of  annuities  deduced  from  such 
observations.  Or,  if  the  decrements  are  very  nearly  . 
equal,  the  formula  will  not  differ  materially  from  the 
true  expression. 

Example.  Suppose  it  were  required  to  find  the 
value  of  an  annuity  for  20  years  on  a  life  aged  20j 
reckoning  interest  at  5  per  cent  and  the  probabilities 
of  living  as  at  Northamptoru     In  this  case  the  formula 

would  become  12-4622 .rL^   ^^    L  X  l^'O^  X 

5132X20X05         L  ^ 

12-4622  —  20  X  -3769]  =  10'844:  which  is  the  cor- 
rect value  of  a  temporary  annuity  for  20  years  on  a 
life  aged  20 ;  because  it  will  be  seen,  by  Table  XXV,' 


\ 
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that  from  the^age  cF  20  to  the  age  of  40  the  decre-* 
ments  of  life  are  equal*  The  value,  deduced  from  ^ 
the  rule  in  page  46,  is  10'847« 

§  54^.  This  problem  and  its  corollary  will  serve 
to  show  the  useful  purposes  to  which  M.  De  Moivre's 
hypothesis  m^y  be  occasionally  appropriated^  and  the 
method  of  applying  it  whenever  an  opportunity  occurs. 
But  since  the  decrements  of  life  are  most  irregular 
in  the  younger  and  in  the  latter  periods  of  existence, 
and  are  uniform  (or  nearly  so)  during  the  middle  ages 
only }  it  will  be  found  that  this  hypothesis  canhot  in 
all  cases  be  safely  used,  unless  in  deducing  the  value 
of  annuities  or  assurances  for  terms.  In  this  respect 
it  b  of  singular  utility,  and  will  be  often  found  to  save 
a  laborious  calculation,  as  I  have  already  pointed  out 
in  the  notes  to  some  of  the  preceding  problems :  and, 
therefore,  it  will  be  unnecessary  to  enlarge  more  upon, 
the  subject  in  this  place.  It  is  in  this  manner  that 
Mr.  Morgan  has  condescended  to  use  it:  but  it  is  done 
clandestinely,  and  (I  know  not  for  what  reason)  by  a 
jHrevious  denial  of  the  fact.* 

I  would  here  observe  that  the  rule  for  determining 
the  value  of  such  annuities  as  depend  on  the  whole 
continuance  of  any  number  of  lives  out  of  any  other 
number  of  lives,  or  such  as  are  in  reversion  or  de- 
pending upon  survivorships,  and  in  general  for  deter- 

*  See  Price's  Obs.on  Rev.  Pay.  vol.  1,  page  61^  note  e:  also 
the  note  in  page  ig2  of  the  present  work. 

y2 
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mining  such  problems  as  are  contained  in  the  second^ 
third  and  fourth  Chapters  of  this  work  are  the  same 
on  M.  De  Moivre*s  hypothesis^  as  where  they  are  de« 
duced  from  real  observations.  For,  in  each  case,  the 
solutions  to  such  questions  are  obtained  from  Tables 
which  show  the  values  of  annuities  on  suigle  and  joint 
fives :  and  therefore  the  merit  or  demerit  of  M.  De 
Moivre^s  hypothecs,  as  &r  as  regards  the  value  of  an- 
nuities,  will  rest  on  the  fundamental  propositions  above 
given. 

But  in  deducing  the  value  of  assurances^  or  rever- 
Nonary  sums^  his  rules  are  certamly  much  more  simple 
than  when  deduced  from  real  observations:  and  it 
would  be  a  fortunate  circumstance  if  his  hypothesis 
could  be  depended  upon  throughout  the  whole  dura'- 
tion  of  life.  As  this,  however,  is  not  the  case,  we 
must  be  content  with  the  facility  which  it  oftentimes 
afibrds  us  of  determining,  in  many  cases,  a  very  near 
value  of  such  assurances  for  terms:  as  I  have  already 
fully  explained  in  the  sixth  and  eighth  Chapters.* 


On  the  Method  of  approximating  to  the  Value  of  Life 

Annuities. 

%  S46«    I  cannot  dismiss  this  chapter,  however, 

without  nbtidng  the  utiMty  and  convenience  of  the 

formulie  arising  boBH  M.  De  Moivre*s  hypothesis,  in 

enabling  us  also  to  deduce  (from  the  values  of  an« 

«  See  the  ootea  iB  psgei  1^  192,  205  and  213. 
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nuities  on  single  or  joint  lives  at  any  one  rate  of  in* 
terest)  the  values  of  annuities  on  the  same  lives,  at 
any  ottijer  rate  of  interest.  In  order  to  explain  this 
method,  I  would  observe  that,  according  to  M.  De 
Moivre's  hypothesis,  the  expectation  of  any  life  is 
equal  to  half  the  complement  of  such  life  :*  conse* 
quehtly,  the  complement  of  any  life  is  equal  to  twice 
its  expectation*  If,  therefore,  we  substitute  twice  the 
expectation  of  any  life  deduced  from  real  observations, 
instead  of  the  quantities  a,  £,  or  c,  in  the  general  for- 
mulae in  pages  316,  317  and  319,  the  values  thence 
arising  will  in  most  cases  be  much  nearer  the  true  values 
of  annuities  deduced  from  such  observations,  than  when 
a,  bj  or  c,  is  taken  equal  to  the  complement  of  such 
life  according  to  M.  De  Moivre's  hypothesb.f  Or, 
(which  is  all  that  is  required  in  the  present  instance) 
the  difference  between  the  values  of  an  annuity  on 
any  single  or  joint  lives,  deduced  in  this  manner  from 
the  expectations  of  life,  at  any  two  rates  of  interest, 
will  be  nearly  •  the  same  as  the  difference  between 
the  correct  values  of  a  similar  annuity,  at  the  same 
rates  of  interest,  deduced  from  real  observations. 
Consequently,  when  the  value  of  an  annuity  according 
to  any  one  rate  of  interest  is  given,  we  may  readily 
obtam  a  very  near  value  of  a  similar  ammity  at  any 
other  rate,  by  means  of  the  first  difference  here  al- 
luded to:  as  will  be  evident  from  the  following  general 
rule. 

*  See  the  note  in  page  50. 

f  See  the  observations  at  the  end  of  the  following  note* 
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. .  Call  the  correct  value,  computed  at  any  one  rate 
of  interest,  the  first  value. 

•  Call  the  value  deduced  from  the  expectations  of 
Ufb,  at  the  sa?ne  rate  of  interest,  the  second  value- 
Call  the  value  deduced  from  the  expectations  of  life, 
^t  any.o^W  r^te  of  interest,  the  third  value. 

Thep,  the  difference  between  the  second  and 
THIRD  values  subtracted  from,  or  added  to,  the  first 
value  (according  as  the  second  is  greater  or  less  than 
the  third)  wijl  be  the  near  value  of  the  annuity  a( 
the  other  rate  of  interest  required. 

Example  1 .  What  is  the  near  value  of  an  annuity 
qn  a  life  aged  20  yj^ilp  at  4  per  cent  interest,  deduced 
fpm  the  correct  value  at  5  per  cent,  and  according 
to  the  Northampton  observations  ? 

The  Jirstj  or  correct  value  at  S  per  cent  is,  by 
Tat)le  XX VIJ,  equal  to  1 4^007,  The  second  value, 
deduced  at  the  same  rate  of  interest  from  the  expectar- 
tion  of  that  life  by  the  fornjula  in  page  316,  is  equal 

to  .6i:2^2^J^^±  =  13.959.*    The  third  value. 

66-86  X  05  .  ' 

deduced  from  the  same  formula,  at  4  per  cent,  is  equaj 


*  When  twice  the  expectation  is  equal  to  a  whole  number  with 
a  depimal  added  (as  is  commonly  the  case),  the  value  of  an  anouitjF 
for  that  term  may  be  best  computed  in  the  following  manner. 
Suppose  the  number  of  years  (as  in  the  present  case)  to  be  66*86, 
The  valud  of  an  annuity  for  ^  years  is,  by  Table  LIX,  equal  to 
J9'201 5  and  the  value  of  an  annuity  for  dj  years  is  19'23(>.  The 
difference  between  these  two  values  is  "038 ;  which,  being  multi-; 
plied  by  the  decimal  "86^  and  the  product  '033  adde^  to  the  ^st 
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65*80_  1*04x23' 183  ^  r.^        *. 

to         )^lr  .^^^-^  =^^'98^*   Therefore  14-007+ 

00*8o  X  '04  ' 

(15-9S4— iS-959)  =  1 6*032  will  be  the  near  value 
required :  and  which  differs  .only  an  unit  in  the  last 
figure  from  the  true  value  as  given  in  Table  XXVI!. 


S  347.  The  same  principles  will  apply  to  the  case 
of  two  joint  lives :  and  it  will  be  found  that  in  both 
cases  the  deduced  values  are  sometimes  nearly  the 
same  as  the  correct  values ;  that  generally  they  do  not 
differ  more  than  a  20*  or  30*  part  of  a  year's  pur- 
chase ;  that  in  joint  lives  they  difler  less  tlian  in  single 
lives;  and  that  they  come  equ^Iy  near  to  each  other 
whatever  the  rates  of  interest  are'.* 


of  the  two  valaefy  will  give  19*234  for  the  value  of  the  annuity 
for  06  86  years. 

The  second  and  third  values  lure  obtained  (that  \i,  13*9^9  and 
J  5*984)  will  be  found,  on  a  comparison  witli  the  values  in  Table 
XXVI  [y  to  be  much  nearer  the  true  values  than  those  obtained 
from  M.  De  Moivre*s  hypothesis,  as  given  in  Table  XLIX.  Con- 
•eqoently  this  first  step  of  the  process  will  show  that  M.DeMoivre*s 
formula  (as  given  in  page  3  J  6)  may  sometimes  be  applied,  witli 
good  effect^  to  find,  in  an  expeditious  manner  by  one  operation,  a 
near  value  of  an  annuity  deduced  from  real  observations. 

*  See  a  variety  of  examples^  in  proof  of  these  assertions,  in 
Dr.  Price's  Ohs»on  R§v.  Pay,  vol.  1,  page  231.  The  same  author 
remarks  that  "  these  deductions,  in  the  case  of  single  lives  paiti- 
"  cularly,  are  sq  easy,  and  give  the  true  values  so  nearly,  that  it 
**  will  be  scarcely  ever  necessary  to  calculate  the  exact  values  (ac- 
*'  cording  to  any  given  observations)  fur  more  than  one  rate  of 
*'  interest."  But,  however  convenient  the  above  rules  may  be 
in  our  present  dearth  of  useful  Tables,  they  by  no  means  remove 
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On  the  Value  of  increasing  Life  Annuities. 

§  S48*  The  hypothesis  of  M.  De  Moivre  furnishes 
tts  likewise  with  a  convenient  and  useful  formula  for 
determining  the  value  of  increasing  Life  Annuities : 
that  is,  of  ^ I,  X2,  £3 J  &c  (or  any  multiples  of  those 
sums)  payable  at  the  end  of  I » 2,  3,  &c,  years  re- 
latively, if  the  given  life  A  be  then  in  existence. 
For^  the  series  expressing  such  value  will  (from  what 
has  been  said  in  page  316)  be  evidently  equal  to 

1  r  fl— 1     ,    2(a— 2)    .    3(a— 3)    .  ala^a)  1 

a  L(i+f)  "*■  (!+?)•  "^  (i+f)*  "^ (l+fV  J* 

and  which  may  be  divided  into  the  two  following  series, 

LoTf)"  "*"  OTsY  "^  (iT??  + (r+pT  J  ~ 

1  r    i"       ,       a*       I      3*       I  ^    1 

a   L(l+f)   "^  (!+?)•   "^(l+f)'"^ 0+f)'J* 

In  order  to  abridge  the  subsequent  process,  let  U3  make 

Lo+IT  '^0+?r"^(r+7F"^ {iHTJ^ 

L O+pT  "^  (i+lr  "^  (T+ fY  + (r+J- J  == ' 

L(i+p)  "^  (i+?)*"^(i+f)'  "^ /•(i+frJ"^"' 

then  will  the  sum  of  the  two  series  above  given,  or  the 
value  of  the  annuity  required,  be  denoted  by  or-*  — . 

the  necessity  of  calculating,  at  several  rates  of  interest,  anj  new 
Tables  that  may  be  hereafter  formed:  and  I  should  hope  that  no 
one,  who  may  at  any  future  time  undertake  this  laborious  task, 
will  be  influenced  by  so  weak  and  so  ill-judged  an  excuse.  The 
object  and  real  utility  of  Tables,  of  any  kind>  is  to  save  time  «nd 
labour,  and  to  prevent  the  occurrence  of  errors. 
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Butf  from  what  has  beea  said  in  §  SS9,  it  vnH  be 
seen  that  the  value  of  an  annuity  on  a  single  life  A  is 
denoted  by  ^  —  — ;  and,  from  what  has  been  said 
in  §  340,  that  the  value  of  an  annuity  on  two  equal 
joint  lives  jiA  is  denoted  by  tf^ 1-  — .     There- 

fore  A'^AA^y uA —  ^ —  5-— — 

-^i  consequently  a^A-^AA)  =  or  —  —  will  be  the 

value  of  the  increasing  annuity  required  :  whence  we 
deduce  the  following  rule. 


§  349,  From  the  value  of  an  annuity  on  the 
given  life  subtract  the  value  of  an  annuity  on  two 
equal  joint  lives,  of  the  same  age  with  the  given  life; 
multiply  the  difference  by  the  complement  (or  twice 
the  expectation)  of  the  given  life:  and  the  product 
will  be  the  answer  required. 

§  350.  Example*  Let  the  given  life  be  40  years 
of  age ;  and  let  the  annuity  be  <£l  the  first  year, 
£2  the  second  year,  £s  the  third  year,  ajsd  so  orx 
according  to  the  order  of  the  natural  numbers :  what 
is  the  present  value  of  this  annuity,  reckoning  interest 
at  4  per  cent^  and  the  probabilides  of  living  as  ob** 
served  at  Northampton  ? 

Here  we  shall  have  ^=13-197,  AAz=2.  9*820j, 
and  a  (or  twice  the  expectation)  =  46*16:  conse* 
qu»tly  46a6X(lS-197— 9-820)  =  155-882  will  be 
the  value  required* 


If  the  annuities  had  been  £\0^  ^20,  <£so,  &c, 
the  present  value  would  be  155*882X10.  Or,  if 
they  had  been  ^15,  ,£30,  c£45,  &c,  the  present  value 
^ould  be  155-882  X  15. 

But,  if  the  annuity  commences  with  a  larger  sum 
than  c£l,  and  yet  increases  only  by  ^1  in  every  year, 
we  must  add  to  the  value,  above  found,  the  value 
of  an  annuity  on  the  given  life  multiplied  into  the 
first  payment  lessened  by  unity;  and  the  sum  will  be 
the  answer.  Thus,  if  the  annuities  in  the  first  case 
above  mentioned,  had  been  c£l5,  ,£l6,  <£l7,  &c,  we 
must  multiply  13*197  by  14;  and  the  product,  or 
184*758,  added  to  155*882  will  give  S40'64O  for  the 
answer  in  this  case  required. 

%  351.  These  and  many  other  instances  (in  ad- 
dition to  those  already  mentioned  in  various  parts  of 
this  treadse)  might  be  adduced  to  show  the  great  utility 
and  convenience  of  M.  De  Moivre's  hypothesis  in  a 
general  point  of  view.  The  most  common  cases  will 
convince  us  that  it  may  always  lay  claim  to  a  consi- 
derable share  of  merit ;  but  that  it  is  particularly  en- 
titled to  our  approbation  in  enabling  us  to  conduct 
our  inquiries  into  many  branches  of  this  science  where 
the  common  analysis  is  not  only  exceedingly  intricate 
but  sometimes  entirely  fails:  and  that  it  is  by  no 
means  deserving  of  the  false  and  ignominious  epithets 
of  ^  wretched*'  or  "  absurd.*' 
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CHAPTER  X. 


On  the  Value  of  Annuities  payable  Half-yearly j  &c^ 
On  Half-yearly  &c  Assurances  y  and  on  Annuities 
fecur^d  by  Land, 

§  352.  In  the  preceding  chapters,  the  values  of  an* 
Quities  have  been  deduced  on  the  supposition  that 
they  are  all  payable  yearly:  this  is  the  most  usual 
case.  But,  as  others  may  occasionally  occur,  it  will 
be  useful  to  know  the  limits  of  the  differences  which 
arise  in  those  cases ;  therefore,  that  nothing  might  b^ 
wanting  on  this  subject,  I  shall  make  no  apology  for 
introducing  the  following  investigations.* 

If  a,  a,  a,  a^  &c  represent  the  number  of  persons 
living  at  the  age  of  A^  and  at  the  age  of  1,  2,  3,  &c 
years  older  than  A,  agreeably  to  what  has  been  said 

*  ^  person  who  receives  a  life  annuity  half-yearly  has  a  double 
advantage  over  one  whp  receives  (he  same  annuity  yearly :  for^ 
besides  tlie  interest  of  each  half-yearly  payment  for  six  montlis^ 
*he  has  a  chance  of  receiving  one  half  year's  payment  more  tliaii 
if  he  were  paid  yearly.  In  like  manner,  a  person  who  receives  a 
life  annuity  quarterly  has  a  double  advantage  over  one  who  re- 
ceives the  same  annuity  half-yearly:  &c,  &c.  See  this  subject 
detailed  at  full  length  in  Bnron  Masercs's  Doctrmc  of  Life  An^ 
ftuities,  pages  233—260. 
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in  5  23,  then  will  !^,  ^~^  ^^,  &c  denote  the 

number  of  persons  living  at  the  end  of  ^,  i^-,  2^,  &c 
years  from  the  age  of  A :  which,  though  perhaps  not 
in  all  cases  strictly  true,  will  serve  our  present  purpose, 
and  be  as  near  the  real  value  as  we  could  hope  for. 
Ck>nsequently^  the  present  v^lue  of  an  annuity  on  the 


a 
"1 


life  A,  payable  Half-yearly^  is  equal  to  — -I  — ^ 

t  t      n  It  It      III  tn 

,  a       ,        a-fa        ,  a  ,       a+a       ,         a 


(^+f)    '     2(l+f)i  0+f)*         2(l+f)i    •    (l+f)' 

-{-&c  1:*  a  series  which  may  evidently  be  divided  into 
die  two  foUoMing  ones ;  viz.  •— -      ^    ^  ,  +    ^"^^  , 

2aL2{l+f)*         2(1 +f)* 
ff     i»>  --  —       »  //  m 

°+«         t  fcc   U-—      — ^       I  <«  ,  g 

+  2(l+p)i  ^'^''J^   2aL(l-hf)  ^  (l-hf)*^  (l+f)» 

+  &c    .    The  latter  of  these  is  equal  to  —  j  and  the 
former,  which  may  be  divided  again  into  the  two  fol- 

^°^''"S  series  :j;^L«  +  ^rlj)  +  oTiF  + 

(1+?)'  ^^"-J^       4a      L(A+?)  ^  0+?r   ^   (!+?)• 


+  &c  I,  is  equal  to  — ^^-y  +  -^^-    Whence 
-J  4(1+^)*  4 

*  The  reader  is  supposed  to  be  acquainted  with  the  method  of 
deducing  the  present  value  of  an  annuity  certain  payable  half- 
yearly  &c,  as  explained  in  my  Daetrine  qf  Interest  and  ^mattes, 
Chapter  X. 
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the  total  present  value  of  the  annuity  is  equal  to  —  -|* 

4(1+?)*  4(1+^)* 

But,  since  the  quantity  ^^^-^^^^ — r-^  seldom  much 

exceeds  unity/  this  expression  may  be  taken  (without 
material  error)  equal  to  -^^  -| ] rj  and,  since 

1  .  4(1 +  5)* 

,  IS  seldom  much  below  i.t  the  expression 

may  be  still  be  further  reduced  to  ^  -f  i*  ThdX  is, 
if  to  the  value  of  the  annuity  payable  yeariy  we  add 
a  quarter  of  a  yearns  purchase^  the  sum  will  be  very 
nefir  the  value  of  the  same  annuity  payable  Half-yearly. 
The  exact  values  however  may  be  easily  determined 
from  the  general  expression  above  given* 


$  SS3.    If  we  wish  to  determine  the  present  value 
of  a  similar  annuity  payable  Quarterly,  we  must  take 


*  When  the  rate  of  interest  is  2  per  cent  per  annnm,  the  quan- 
titj,  hese  alluded  to^  is  equal  to  r0O0(X25;  and  when  the  rate  of 
interest  is  10  per  cent  per  annum,  it  is  equal  to  1*00056^:  whence 
a  judgment  may  be  tbrmed  of  its  value  at  any  intermediate  rate. 

f  When  the  rate  of  interest  is  2  per  cent  per  annum,  this  quan- 
tity is  equal  to*2475$  and,  when  the  rate  of  interest  is  10  per 
cent  per  annum,  it  is  equal  to  '2384:  but,  it  wilt  be  seen  that 
at  this  quantity  decnasts,  the  one  mentioned  in  the  hst  note  in^ 
ertasti:  whence  A  ^  \  will  seldom  much  exceed  the  true  value. 
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•;  I        1     n     I       n       ft    w     «      m 

3a+a     a4-3a     Za-^-a     a-f3a    3a+a     a+3a      o       .      j 

— -,  -— ,  — -,  — -,  -— ,  — -,  &c  to  de- 
note the  number  of  persons  living  at  the  end  of  ^^  f , 
1  J»  l|>  24»  2|,  &c  years:*  whence,  the  present  value 
of  an  annuity  on  the  life  A  payable  Quarlerlt/  will  be 

equal  to -J-f  ^'^^   +    "^'^    +   "+^'    +-K 

I       II  I       It  in  It  T 

But,  ttiis  series  may  be  divided  into  the  four  following 

r"  ;  t      a  n     til  ""i 

1  Sa+a    ,    3a  +  a    ,    3a+a    ,  «       I 

ones:  viz.  r    -— — h7;-r^+7rr-vi+&c  | 


16(1 +  pr  ^^  8a(l+f) 

IT      l/f 


.  +  &c1  =   ^+^  4-  ^ii>!-  _i_-  V 

r"         ;  /      tf  II      in  ~n 

L    1      ^    (l+f)   ^  (l+f)*^*'''J         I6(l  +  f)*^ 

=  — .      Whence,  the  total  present  value  of   the 

V     •  1   *       3(1+-^)       .     ^(1+?^*     ,         l  +  A 

annuity  is  equal  to  — ^ r  H -tt r r 

^(1+?)*     ,1+^  ,     3^(1 +f)*    J.     ^       - 

8  ^    16(1 +f)*     ^  Iti  ^     4 


.  *  These  are  the  arithmetical  means  between  the  number  of 
persons  liviog  at  the  age  of  A  and  at  the  several  ages  of  ^,  1^,  %^, 
^i»  &e«  years  older :  and  are  sufficientlj  near  for  the  purposes  lierc» 
intended. 
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4Cl  +  £)*+.(4.t-g).(l+g)*4-2(2+f).(l+g)*+4.h3g  '^  j    , 

16(1 +f)*  "^ 

gO-fg)*+2(l+f)*+l 
16(1 +e)* 

But,  since  the  fractional  quantity,  by  vrhich  ^  is  mul- 
tiplied, seldotn  much  exceeds  unity,*  this  expression 
may  be  taken  (without  material  error)  equal  to  .^  + 

3(lH-g)^+2(l-f-g)^-H^   ^^j    ^.^^^  3(l+p)^+2(l+f)^^-l 
16(1 4-f)*  '  16(1 +p)*' 

IS  sddom  much  below  f  ,t  the  expression  may  be  still 
further  reduced  to  -^  +  §•  That  is,  if  t6  die  value 
of  the  annuity  payable  yearly  we  add  three  eighths  of 
a  yearns  purchascy  the  sum  will  be  very  near  the  value 
of  the  same  annuity  payable  Quarterly.  The  exact 
values,  however,  may  be  easily  determined,  as  in  the 
former  case,  from  the  general  expression  above  given* 

§  354.     Upon  M»  De  Moivre's  hypothesis  the  pre-^ 

sent  value  of  a  life  annuity  payable  Half  yearly  will 

1  r  ^-^i      I     fl->       , 
be  denoted  by  the  series  -^Ld+j)*  "^  (i+f)    "^ 

♦  When  th6  rate  of  interest  is  2  per  cent  per  annum,  the  quan- 
tit7>  bete  alluded  to,  is  equal  to  1  000037  i  and  when  the  rate  of 
interest  b  10  per  cent  per  annum,  it  is  equal  to  1  0007105  whence 
il. tolerably  correct  opinion  may  be  formed  of  its  value  at  any  in- 
termediate rate. 

f  When  the  ratei  of  interest  is  2  per  cent  per. annum,  this 
quantity  is  ^ual  to  '37 1$  3  -  and  when  the  rate  «f  interest  is  10  per 
cent  per  annum,  it  is  equal  to  '3605:  but,  as  this  value  decreases 
the  one  snentioned  in  the  last  note  increases  i  whence  A  +  |  will 
seldom  much  exceed  the  true  value. 
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ft 

^j'"*?,  I :  wliich  may  be  divided  into  the  two  foliov- 

— i^  +  — i_  + -r-^l-    The  first 

of  these  is  equal  to  *  X  ^""      /  —  =  A  i*  and  the 

(i+f)*-i 

second  is  equal  to  ^  -J,  x  ^^ti-hf)*--2a(i  +  gL,!:t 
consequendy  the  total  present  value  of  the  annuity  h 

equal  to —X  —^^. 

In  like  manner,  the  present  value  of  a  life  annuity 
payable  Quarterly  will,  upon  the  same  hypothesis^  be 

equal  to  -^f— -*  +  —K  +  — ^  +  ^+ 

,*'"'*■-  I :  which  may  be  divided  into  the  two  fol* 

(I  +f "  J 

1  r_jL_  4-    *    J.   '    J i__ 

lowing  ttries  4-|_(i+^)«  "^  (i+f)*"^  (1+,)^  ^  (i+f) 
*  _  +  _t_.  + -T-^-H*    Bttt,  the  first 


0+f) 


*  See  zny  Doctrine  ofBtt^resi  ditd  AftttnAetg  fsge  jff* 
t  Airf.  pige  89* 


I 
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of  these  series  is  equal  to  i  X  — ^ — — —  =9;*  and 

the  second  is  equal  to  -  -i-  X  ^J^l±^^^}I^t 

consequently  the  total  present  value  of  the  annuity  is 

in  this  case  equal  to  -7-  X  ^^     j.      • 

By  a  similar  process  we  might  find  the  present 
value  of  such  annuities  payable  at  any  other  intervals: 
but  it  will  be  sufficient  to  show  the  extreme  limit  of 
the  increase  which  arises  from  thus  suppo^g  the  an- 
nuity to  be  payable  at  such  smaller  intervals:  this  limit 
rakes  place  when  the  annuity  is  considered  as  being 
paid  moTrtentii/i  in  which  case  the  expression  becomes 

^KNlTo+g)-  ""^^^  «  is  equal  to  '  "^^^.o +f '^  *'*"'  *» 
-Ae  jsresent  value  of  an  anooity  certain  far  tbe  term 
My  payaUe  momeutb/.f 

§  "555.  If  the  numerical  value  of  these  expressions 
for  half-yearly  and  quarterly  annuities^  according  to 
the  hypothesis  of  M.DeMpivre,  be  compared  with  those 
deduced  from  real  observations,  they  will  be  found  to 
confirm  the  accuracy  of  each  other;  and  to  justify  the 
rule  which  I  have  before  given :  namely,  that  the  value 
of  annuides  payable  yearly  must  be  increased  nearly 

*  See  my  Doctrine  of  Interest  and  Annuities ^  page  56. 

f  Ibid,  page  58.  And  I  would  here  observe,  that  I  take  NL 
to  denote  the  Nfpettan  logsitKixi  of  the  quantity  immediately  fol- 
lowing it. 

Z 


t 
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J  of  a  year's  purchase  in  order  to  show  the  value  of 
the  same  annuities  payable  Imlf- yearly ;  and  that  they 
must  be  increased  nearly  §  of  a  year's  purchase  in  * 
^rder  to  show,  the  value  of  the  same  annuities  payable 
quarterly;  and  also  that  they  must  be  increased  by  ^ 
a  year's  purchase  in  order  to  show  the  value  of  the 
same  annuities  payable  momently. 

%  356.  The  reader  must  observe  that,  in  all  these 
cases,  I  have  had  regard  only  to  the  true  rate  oi  annual 
interest,  agreeably  to  the  principles  which  I  have  laid 
down  in  another  work*  for  determining  the  value  of 
annuities  in  general.  But  such  annual  rate  may  al- 
ways be  expressed  in  terms  of  the  nominal  rate,  by 
making  the  substitutions  there  alluded  to,t  according 
as  the  interest  is  payable  half-yearly,  quarterly,  &c : 
whereby  we  shall  find  that,  on  M.  De  Moiyre*s  hypo- 
thesis, the  present  value  of  an  annuity,  on  the  life 
whose  complement  is  cr,  payable  yearly ^  half-yearly j 
quarterly^  and  momently^  and  on  the  supposition  that 
the  interest  is  also  payable  at  the  same  periods,  will 

be  denoted  respectively  by   ^^^ — —^   — ^  , 

and  :  where  y.   A,  ^,  and  m  will 


ar  '  or 


now  respectively  denote  the  present  values  of  annuities 


■  • 


*  See  my  Doctrine  of  Interest  and  Annuities,  page  55.  41- 

f  That  is,  by  substituting  fl+^j    —1    forp:  agreeably  to 

what  I  have  said  in  my  Doctrine  of  Interest  and  Annuities,  ^77» 
page  54. 
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2 
10 

about 


certaki  for  the  term  a,  payable  yearly y  half-yearly; 
quarterly  and  momently^  and  on  the  supposition  that 
the  interest  also  is  payable  at  the  same  periods. 

If  the  numerical  value  of  these  expressions  be  com^f 
pared  with  each  other,  it  will  be  found  that  the  half- 
yearly  annuities  will,  upon  this  principle,  be  about 

of  a  year'^    purchase,  and  quarterly   annuities 

~  of  a  year's  purchase,  more  than  the  value 

of  the  same  annuities  payable  yearly ;  and  this  is  the 
rule  given  by  Dr.  Price  'for  such  purpose.*  But  as 
the  periods  of.  the  payments  of  the  annuity  are  totally 
independent  of  the  periods  of  the  payment  of  interest^ 
and  ought  not  to  be  confounded  together  (as  I  have 
more  fully  explained  in  the  tenth  Chapter  of  my 
Doctrine  of  Interest  and  Annuities)^  we  shall  find  that 
the  addition  to  the  tabular  values  of  ^  and  §  respec- 
tively, as  stated  in  pages  333  and  335,  will  be  the  most 
correct  j-ule  for  general  use :  agreeably  to  what  has  been 


•fc 


*  See  his  Observations  on  Rev,  Pay,  vol.  ],  page  246;  and  the 
investigations  which  are  there  annexed.  The  two  following  ex-» 
amples^  given  by  him^  will  show  the  real  difference  which  arises 
in  these  cases. 


Age. 


36 
6i 


Value  of  an  Annuity  on  a  Single  Life, 
Interest  4  per  cent. 


Payable 
Yearly. 


13-829 
8753 


Payable 
Half-yearly. 


14  010 
8973 


Payable 
Quarterly. 


Payable 
Momently. 


14-101 
9072 


14191 
9199 


X  2 
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already  advanced  by  Mr.  Simpson  in  his  Doctrine  of 
Annuities  and  Reversions^  page  79» 

As  the  two  methods  of  investigation  are  however 
liow  before  the  public,  the  computist  may  adopt  that 
rule  which  he  conceives  to  be  best  suited  to  the  cir« 
eumstaoces  of  the  case.  Dr.  Price  had  endeavoured 
to  overturn  Mr.  Simpson's  rule  without  stidng  the 
grounds  of  his  dissent,  and  to  substitute  his  own 
without  explaining  the  nature  and  cause  of  their 
difference. 


S  S57«  liitherto  I  have  consid^ ed  the  differences 
in  the  value  of  annuities  on  single  lives  only:  but  it 
will  be  evident  that,  on  the  suppoation  that  money 
is  improved  at  a  given  anntiai  rate  of  interest,  the 
differences  will  be  nearly  the  same  on  two  joint  lives^ 
tirhose  value  is  deduced  from  real  observations,  and 
whose  probabilities  of  living  to  the  end  of  every  half- 

>       » i        »  '      » « 

year  are  respectively  denoted  by  — — r — ,  — r-r — 9 


n»       n 

i-^^,  &c :  which  probabilities,  though  not  strictly 

correct,  may  answer  the  present  purpose. 

On  M.  De  Moivre's  hypothesis,  however,  and  on  the 
sui^osition  that  money  can  be  improved  at  interest 
payable  at  the  same  periods  as  the  annuity,  the  value 
of  an  annuity  on  the  two  joint  lives  whose  comple- 
ikients  are  a  and  b^  payable  half-yearly ^  is  accurately 

Ixpressed  by  the  following  series  ^^"y  [     "^f\,  rT  "+ 


.  » 
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C^-l).(g-l)    ,     (a-m^-i)     .    (a-2).(^^2)  . 


/14>M^    1  •  ^^^  ^^"^  ^^  which  may,  from  what  has 
preceded,  be  easily  found  equal  to —  —  -^-^l-r-  X 

(-»-i-f)+f]. 

In  like  mazmer  the  value  of  an  annuity  on  those  lives^ 
payable  quarterly ^  is  <hi  the  same  principles  equal  to 

Aahl      (1+^)         T"       (1  +  ^r        "^       (l+~)» 

(i+i,V  ^ (T+io^^  J  *^  ^^°^  of  which 

isequalto^-^[|(a-fi-i-f)+|.]. 

i4nd,  if  the  annuity  and  the  interest  are  both  sup* 
posed  to  be  payable  mometjLtlyy  its  value  will  jcome  out 

equal  to  i^--^[-|-(a-iy--y)  +  -7]-  In  which 
eeveral  fonnulss,  the  quantities  A,  q  ^d  m  denote  the 
pvesont  value  of  annuities  certain  for .  the  tenp  b, 
payable  half-yearly^  quarterly  and  momently y  on  the 
supposition  that  the  interest  also  is  payable  at  the  same 
periods  respectively.* 

*  The  following  examples^  given  by  Mr.  Morgan,  will  show  thft 
real  difference  that  arises  in  these  cases. 


Value  of  an  annuity  on  two  Joint  Lives^ 
^    Interest  4  per  cent. 

*■   Afe$. 

Payable 
Yearly. 

Papble 
Half-yearly.  ^ 

n  ■  ■  ■ 

Payable 
Quarterly. 

Payable 

Momently. 

20—36 
36—36 

36—61 
61-61 

11-227 

10-394 

7*448 

6-144 

11-427 

10600 

7'673 

6-374 

11-565 
10-703 

7793 
6.517 

11629 

10*608 

7-901 

6-602 
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On  Half-yearly  &c  Assurances. 

§  358.  By  a  similar  method  of  proceeding  to  that 
which  has  been  adopted  in  the  former  part  of  this 
Chapter  we  might  determine  the  present  value  of 
Assurances  for  every  /icr//^year,  quarter-yezr^  &c 
of  human  existence.  For,  if  the  number  of  persons 
living  at  the  end  of  ^,  1  ^,  2 J,  &c  years  from  the  age 
of  A  be  denoted  by  the  same  quantities  as  in  page 
332,  then  will  the  probabilities  of  such  life  becoming 
extinct  in  the  first,  second,  third,  &c,  half-yesiSy  be 


a— a     a— tt      a^a     a — a 


respectively  represented  by   --,  ^^,     ^^  ,   ^, 

—-y  &c:  consequently  the  present  value  of  an  as- 
surance of  the  sum  s  on  the  life  A  for  every  half^ 
year  of  human  existence  will  be  truly  expressed  by 

/  I  IV  I      u  u    la 

s    n  a  — a     j^    a— a     j^     a^^a      ^^    a^a     ^^      a — a 

*~L0+?        <■+*"'         (M^'        *^+^  0  +  ()i 

+  &c]  =  -i-[.+(.+e)*]x^. 

§  359.  In  like  manner,  if  the  number  of  persons 
living  at  the  end  of  ^,  |,  J  ^,  &c  years  from  the  age 
of  A  be  denoted  by  the  same  quantities  as  in  page 
S34,  then  will  the  probabilities  of  such  life  becoming 
extinct  in  the  first,  second,  third,  &c  quarter-je^xsj 

lit! 

,  .     ,  \   %      a  —  a    a— a    a-^a    a^^a 

be  respectively  represented  by  -— ,  -r^,  -— ,  -^, 


a— a    a— a 


\  — -y  &c:  consequently  the  present  value  of  an 
assurance  of  the  sum  s  on  the  life  A  for  every  quar-^ 
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/er-year  of  human  existence  will  be  truly  expressed  by 

r"  i  ;  /  I  I    '  n 

—  I      ^ — ^        ,       a— a      j^     a— a       j^     a— a    ^^     a— a 

a — a 


(i+f) 


^)i  (1  +  ?)  (,4.f)l 


§  560.  By  continuing  these  subdivisions  vve  shall 
find  that  the  present  value  of  the  same  ?f^surance  on 
the  life  A  for  every  n^  part  of  a  year^  will  be  truly 

expressed  by  -^  [l  +  ( 1+eF  +(1  +eF  + 

Now,  when  n  is  infinite,  this  formula  becomes  equal 
tQ  KTj  /  / .  V  X  -T—.^**  and  which  consequently  de-^ 
notes  the  value  of  the  assurance  for  every  moment  of 
human  existence ;  that  is,  the  value  of  the  given  sum 
to  be  received  immediately  on  the  extinction  of  the 
given  life.f 

*  For,  in  such  case  n  L(l+f)^— 1 J  is  equal  to  the  Neperean 
logarithm  of  (l+f).  See  EuJer's  Introi.  in  Anal.  Inf.  vol.  1, 
chap.  7,  §  ^^9;  sind  also  what  has  been  said  on  this  subject  in  toy 
Doctrine  of  Interest  and  Annuities,  page  40\ 

t  Since  the  Neperean  logarithm  of  (1  +j)  difFfjrsbut  little  from 

~  — ,  this  last  formula  may  be   rendered  more  convenient  for 

practice   by  means    of   the  expression  -^^-^^ -^    x        '  *  ■>  =3 

J  ( 1  +  -*- I  X  -, — ^-r-:  which  exceeds  the  value  of  a  yearly  as- 
V         2/       (!+()) 

fiurance,  deduced  fronj  the  nile  in  pag3  146,  by  the  quantity 

2(1  +t) 
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It  may  be  necessary  to  remark  that  these  values  are 
all  deduced  from  the  true  annual  rate  of  interest  ^ 
n^hich  may  be  reduced  to  the  nominal  rate  by  making 
the  substitution  alluded  to  in  the  note  in  page  SS8. 


On  Life  Annuities  secured  by  Land. 

S  36 1  •  A  life  annuity  secured  by  land^  differs 
from  that  kind  of  life  annuity  which  has  been  treated 
of  in  the  preceding  part  of  this  work,  inasmuch  that 
if  the  annuitant  dies  at  any  time  between  the  stated 
periods  for  the  payment  of  the  annuity,  his  heirs  are 
to  receive  such  a  sum  as  will  be  proportional  to  the 
time  elapsed  between  the  last  payment  and  his  death; 
whereas  in  all  the  cases  hitherto  considered,  if  the 
annuitant  dies  on  the  day  preceding  the  time  of  pay* 
ment,  or  sooner,  his  heirs  cannot  claim  any  part  or 
portion  of  the  annuity. 

In  this  case,  supposing  the  annuity  payable  yearly, 
the  annuitant  (since  there  is  the  same  chance  for  his 
dying  in  one  half  of  any  year  as  in  the  other)  may 
be  considered  as  having  an  expectation  of  half  a  year's 
payment  more  than  he  would  be  otherwise  entitled  to. 
But  the  value  of  the  half  of  ^1  to  be  received  on  the 
extinction  of  any  life.  A,  is  by  Prob.  XXII  equal  to 


made  to  the  value  of  an  annuity  payable  yearly,  in 


^.,  .     ■;  and,  which  is  the  addition  that  ought  to  be 


*  See  on  this  subject^    Dodson,  ypl.  iii«  Qaes.  1  to  4,  aod  • 
to  14.    Price,  vol.  1,  page  244. 
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Older  to  obtan  it»  value  when  secured  by  hnd :  cot^ 
aeqactttly  the  value  of  such  aauuity  is  A*+  iir^ 

§  S62.  In  like  manner,  suppo^ng  the  annuity  pay- 
able half-yearly,  the  sumuitant  may  be  considered  as 
having  an  expectation  of  a  quarter  of  a  year*s  pay- 
ment more  than  he  would  be  otherwise  entitled  to. 
But  the  value  of  the  quarter  of  <£l  to  be  received  on 
the  extinction  of  the  life  A  in  any  half  year,  is,  by  the 

formula  m  page  342,  equal  to  ^^'^^^\^^ll'^^^ 
and  which  is  the  addition  that  ought  to  be  made  to  the 
value  of  an  annuity  payable  half-yearly,  in  order  to 
obtain  its  value  when  secured  by  land.  And  so  on 
for  the  additions  that  ought  to  be  made  to  the  value 
of  an  annuity  payable  quarterly  &c«  But  the  difference 
between  the  value  of  an  annuity  payable  yearly,  riot  se* 
cured  by  land,  and  the  value  of  an  annuity,  payable  at 
the  same^  or  at  any  other  intervals,  which  is  secured 
by  land,  can  in  no  case  exceed  *05»  or  half  unity. 

§  363.  M.  De  Moivre  in  his  Doctrine  of  Chances^ 
page  338,  has  given  a  theorem  for  finding  the  value 
of  an  annuity  secured  by  land  and  payable  yearly, 
which  he  deduced  by  a  differential  process ;  a  method 
easily  applicable  to  his  hypothesis :  and  Mr.  Dodson 
in  the  third  volume  of  his  Mathematical  Repository^ 
page  4,  has  given  another  theorem  for  that  purpose 
(obtained  without  the  aid  of  that  calculus)  which 
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hxmgB  out  nearly  the  ^ame  answers.*  But  Mr.  Simp- 
son in  hiaKelect  Exercises,  page  323,  and  in  the  Sup^ 
plement  to  his  Doctrine  of  Annuities,  page  70,  has 
given  a  theorem  which  shows  the  value,  not  of  an  an- 
nuity payable  yearly  and  secured  by  land,  but  of  an 
■annuity  payable  momently  at  a  given  anmtal  rate  of 
interest.!  The  values  in  all  these  cases  being  obtained 
from  M.  De  Moivre's  hypothesis. 


1  V 

*   M.  De  Moivrc's  formula  is -^^  ■ :    wliere 

f        axM^.(l-|-^) 

y  denotes  the  value  of  an  annuity  certain  for  the  term  a,  payable 
yearly.     Now  tlie  Nipereaa  logarilhm  of  (l+j.)  is  very  nearly 

equal  to  — ^ :  if,  therefore,  we  substitute  this  latter  quantity,  in- 

stead  of  NL.(1  -f  f ),  the  above  formula  will  become  —  ^     "'"  *  ^. 

which  is  the  same  as  that  given  by  Mr.  Dodson,  and  which  exceeds 
tiie  value  of  an  annuity  not  secured  by  land  (as  deduced  in  page 

316)  by  the  quantity  -"— . 

+  Mr.  Simpson's  formula  is   —  _-  , r ^rrr— : := 

a-m    ^        ,.,.    ,     NL.(1  +  P)       «xNL.(l+f)^ 
5  wliicb  18  the  same  as  that  given  in  §  354,  for 


axNL.(l+f) 
determining  the  value  of  a  life  annuity  payable  momently^  at  a 

given  anniud  rate  of  interest :  but  this  is  certainly  not  a  correct 
mode  of  proceeding  in  order  to  find  the  value  of  an  annuity  secured 
l*y  land. 

Dr.  Price  is  wrong  in  asserting  that  "  Mr.  Simpson  makes  the 
"  excess  of  the  value  of  such  an  annuity,  above  the  value  Of  an 
•'  annuity  payable  yearly  but  not  secured  by  land,  double  to  the 
*'  same  excess  derived  from  Mr.  Dodson's  and  M.  De  Moivre*s 
"  rules."  The  truth  is,  that  not  only  Dr.  Price,  but  Mr.  Simpson 
himself,  appear  to  have  been  deceived  by  the  similarity  of  the 
symbols  employed  in  the  two  formula  compared;  without  suf- 
ficiently considering  that  those  symbols  denote  different  quantities. 
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I  would  here  observe  that  the  formulae,  which  I 
have  given  above,  are  the  first  that  have  been  deduced 
from  real  observations ;  and  are  much  more  simple 
than  those  deduced  from  M.  De  Moivre's  hypothesis. 
But  though  they  readily  follow,  after  the  investigations 
that  have  been  previously  entered  into;  and  nlight 
easily  have  been  adapted,  by  preceding  writers,  to  the 
value  of  annuities  as  deduced  from  such  observations ; 
yet  those,  who  have  been  the  most  forward  to  attack 
the  whole  of  M,  De  Moivre's  principles,  have  not 
only  suffered  his  formulae  on  this,  and  on  other  sub^^ 
JectSy  to  remain  uncorrected  and  unreprovedi  but  have 
inserted  them  in  their  works  as  affording  a  proper  and 
correct  solution  to  such  cases!!! 


1 
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CHAPTER  XL 

On  the  Falue  tf  Dejerfei  Annuities^  Jiev$r$umMni 
itiesp  0ind  Asmrancts^  in  Annual  PaymmU. 


§  364.  In  all  those  cases  of  deferred  annuities  men* 
tioned  in  Frob.  I,  con  S,  and  in 'the  corollaries  to  the 
subsequent  problems,  as  well  as  in  all  cases  of  As- 
surances,  I  have  deduced  the  values  of  the  same  in 
one  single  payment:  but  it  is  oftentimes  required  to 
determine  such  values  in  annual  payments.  The  me<* 
thod  of  doing  which  t  shall  now  proceed  to  show. 

In  the  case  of  Deferred  annuities  depending  on  any 
number  of  joint  lives  ABC,  the  value  in  one  single 

payment  is  (by  Prob.  I,  cor.  S)  denoted  by  {ABC)  . 
NoWj  if  the  purchaser  of  this  annuity  is  desirous  of 
paying  for  the  same  by  equal  annual  payments  during 
the  given  term,*  those  equal  payments  ought  to  be  such 
that  their  total  present  value  shall  be  equal  to  the 
single  payment  above  mentioned :  or,  in  other  words, 
he  should  pay  instead  of  such  sum  an  equivalent  an* 
Tiuily  during  the  given  term. 

• 
§  S65.    Let  the  required  annual  payment  be  de- 
noted by  p  *y  and  let  the  value  of  a  temporary  annuity 

*  Such  annual  payments,  however,  subject  to  fiiilure  if  the  given 
lives  become  extinct  before  the  endisf-that  period. 
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t>A  the  giren  Hres  (that  Is,  of  an  annuity  to  continue 
t31  the  period  when  the  defetred  aomuky  commences) 

be  denoted  by  (^ABCfx  then,  since  the  value  of  the 

deferred  annuity,  cm:  (ABC)  y  is  to  be  paid  for  by 
equal  annual  payments  during  the  time  such  annuity 
is  deferred  (subject  to  failure  if  any  of  the  given  liveft 
become  estmct  in  that  period),  it  is  evident  that  the 
ram  or  value  of  such  payments  must  be  equal  to  the 
Value  of  an  annuity^  on  the  given  lives  for  such  ttme^ 

of  the  yearly  value  of  p:    that  is,    p{jiBC)^T^ 

{^BCf. 

This,  however,  is  on  the  supposition  that  the  first 
annual  payment  is  not  made  till  the  end  of  the  first 
year,  and  continued  at  the  end  of  every  subsequent 
year  till  the  expiration  of  the  term.  But  this  rarely, 
if  ever,  happens:  and  the  usual,  if  not  the  invariable 
method  is  to  advance  the  first  payment  immediately; 
and  the  remaining  ones  at  the  beginning  of  each  of 
the  following  years:  so  that  the  number  of  payments 
shall  be  equal  to  the  number  of  years  during  which, 
the  annuity  is  deferred.  Therefore  (dnce  the  payment 
which  was  supposed,  in  the  preceding  case,  to  be  made 
i&t  the  end  of  the  term  is  now  made  at  the  beginning') 
we  must  add  unity  to  the  value  of  a  temporary  annuity 
for  one  year  less  than*  the  given  term :    and  this 

*  t)r.  ¥nce,  in  a/St  the  cases  of  unnunl  pa3mients  which  he  hu 
fiTOi,  Mjrt  that  we  most  add  unity  to  the  vaiae  of  a  temporary 
utuamtyfor  the  given  term:  hj  which  means  he  makes  the  number 
of  payments  to  be  one  more  than  ever  occurs.  The  reader  sbonld 
perticakirly  observe  this  in  compaHag  kis  rqles  with  the  fonnula 
here  given. 
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quantity  multiplied  by  the  annual  payment  will  be 
equal  to  the  value  of  the  deferred  annuity.  Con- 
sequently the    formula  will,  in  this   case,  become 

/i[l  +  (^BC)^"^]  =   {^BC)^i   whence,  /)  = 

(ABC) 
— ^^ L — :*  and  whence  the  following  rule.  i 

§  S66»  Divide  the  value  of  the  Deferred  annuity j 
hy  unity  added  to  the  value  of  a  similar  Temporary 
armuity  for  one  year  less  than  the  given  term :  the 
quotient  will  be  the  annual  payment  required. 

For  examples  of  the  use  and  application  of  this  rule, 
see  the  Scholium  to  Question  VI  in  Chapter  XII. 

§  S67.  The  same  rule  will  apply  to  the  case  of 
deferred  annuities  depending  on  the  longest  of  two 
or  more  lives:  see  Prob.  II,  cor.  2.  For,  if  the  value 
of  an  annuity  on  the  longest  of  any  number  of  lives 
be  denoted  by  Ly  then  will  the  value  of  a  similar  cfe- 

ferred  annuity^  be  denoted  by  {L)  ;  and  also  the  value  ' 
of  a  similar  temporary  annuity  for  one  year  less  than 

the  given  term  will  be  denoted  by  (ii//"  .  Conse- 
quently, from  what  has'  been  above  said,  we  shall  have 

•  Since  (jiBC)^-^  =  (JBC)^  -  ?^/  (J  +?)""  =  ABC- 

d       ^py  — n 

{A  BC) ^ '  ( I  +  f )      j  it  follows  that  the  formula  given  in  the 

text  may  be  denoted  by 1 : * 

\-VABC-[{ABC)'^+^{l+i)~''\ 
^bich  will  be  oftentimes  found  very  convenient  in  practice. 
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For  examples  of*  the  use  and  application  of  this 
formula,  see  Question  XI  in  Chapter  XIL 

In  this  case,  however,  it  should  be  particularly 
observed  that  if  the  deferred  annuity  depends  on 
the  Joint  continuance  of  the  given  lives  to  the  end 
of  the  given  term  (as  mentioned  in  Prob.  il,  con  3) 


_         (^) 


d 


the  formula  will  become  p  = 

For  examples  of  the  use  and  application  of  this  for- 
mula, see  the  Scholium  to  Question  XI  in  Chapter  XII. 

S  368.  A  similar  method  of  reasoning  will  lead 
us  to  the  true  value,  in  annual  payments  during  the 
continuance  of  the  given  lives,  of  any  Reversionary 
annuity.  Thus,  let  the  value  of  the  reversionary  an- 
nuity, mentioned  in  the  first  case  in  page  7 1 ,  be  de- 
noted by  jR ;  then  will  the  value  of  the  same  in  annual 

payments,  during  the  joint  continuance  of  the  two 

j> 

lives,  be  />  =  : — 7=-.  The  same  formula  extends 
also  to  the  case  of  Deferred  reversionary  annuities. 
.  For  examples  of  the  use  and  application  of  this 
formula,  see  the  Scholium  to  Question  XIII,  in  Chap- 
ter XII :  and  also  Question  XVIII,  and  the  Scholium 
to  Question  XVIII  in  that  chapter. 

But,  if  the  reversionary  annuity  be  Temporary y  or 
for  a  giyen  term  only,  and  such  annuity  be  denoted 

by  (jK/,  we  shall  have  p  =  — ^^^-r. 

For  examples  of  the  use  and  application  of  this  for- 
mula, see  Question  XIX  in  Chapter  XIL 
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§  ^69.  Th^  principles  here  laid  down  will  like* 
wise  extend  to  all  the  cases  of  Assurances  mentioned 
in  Chapter  VI ;  whether  for  the  whole  continuance  of 
fife,  or  for  any  given  term.  For,  if  the  presietit  value 
of  tn  assurance  of  any  given  sum  be  denoted  by  S, 
and  the  present  value  of  a  temporary  assurance  of  a 

dmilar  sum  be  denoted  by  (^S'f\  then  will  the  equiva* 
lent  annuity  during  the  joint  continuance  of  all  die 

Eves  involved  be,  in  the  first  case,  p  =   ,  .   .^^\  and 

(Sy 
in  the  latter  case  p  =  - — ^-^ — — . 

It  is  scarcely  necessary  to  observe,  when  S  denotes 
the  value  of  an  assurance  on  the  longest  of  any  num- 
ber of  lives,  that  ABC  will  in  such  case  denote  the 
value  of  an  annuity  on  the  longer  of  such  lives : 
agreeably  to  what  has  been  said  in  Prob.  XXII,  cor.  2. 
And  so  likewise  of  any  other  assurance  there  al- 
luded to. 

For  the  use  and  application  of  the  formula,  see 
Questions  l^XVI,  XXVII,  and  XXIX  in  Chapter  JXL 


§  370.  With  reject  to  those  assurances  which 
are  the  subject  of  Chapter  VIII,  the  annual  payment 
may  be  divided  into  three  kinds :  1^  where  such  pay^ 
ment  is  made  till  the  claim  is  determined :  2^  where 
it  is  made  till  the  sum  becomes  due:  S^  where  the  sum 
becomes  due  at  the  time  the  claim  is  determined. 

Thus  in  Prob.  XXVII,  the  sum  becoming  due  at 
the  same  time  that  the  claim  is  determined,  the  value 
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of  the  annual  payment  is  obcained  by  dkri^g  th«  tdb« 

of  th6  assurance  by  unity  added  to  the  value  of  an  an<« 

•  s 

nuity  on  the  two  joint  lives  AB  •  that  hp.^^  iiijik^ 

In  Prob.  XXVIB,  the  claim  ts  deiermimd  on  the 
Mtinction  of  the  two  jo)m  fifes :  but  the  Mm  d^M 
mot  beo0me  due*  cttl  the  exttncdoi^  of  A^s  fife.  Thert- 
£are  die  value  of  the  anrnuil  parfment  tUl  the  daim  is 

determined  will  be  A  ss:  ■  ^  Vd*  ^^  *^  ^^i^*^^  *^  *^^ 
annual  payment  till  the  sum  becomes  due  is  p  =  7Z35* 

In  Problem  XXIX  the  sum  becomes  due  at  the  time 
the  claim  is  determined ;  and  consequently  the  annual 
payment  is  equal  to  the  value  of  the  assurance  divided 

by  unity  added  to  the  value  of  an  annuity  on  the 

•  S 

three  joint  lives  ABC:  that  is  />  =  ,  .  vng* 

In  Prob.  XXX  the  claim  is  not  determined^  neither 
does  the  sum  become  due,  till  the  extinction  of  the 
joint  lives  AB,  and  also  of  the  joint  lives  AC.  That 
is,  the  annual  payment  must  be  made  during  the  con- 
tinuance of  the  joint  lives  AB,  and  likewise  during 
the  continuance  of  the  joint  lives  AC  after  the  decease 
of  B.  The  two  values  will  be  found  equal  to  jiB+ 
AC  —  ABC:  consequently  we  shall  have  in  this  case 

In  Prob.  XXXI  the  annual  payment,  till  the  claim 


*  That  it,  provided  the  cbum  is  determined  in  favour  of  the 
person  aisuring :  and  thb  must  be  understood  in  all  these  cases, 

i2  A 


Si4f 
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is  determined^  will  be  the  same  as  in  the  last  problem: 
bur  die  value  of  such  payment  till  the  sum  becomes 

due  is  evidently  p  =       ^> 

In  a  similar  manner  we  might  proceed  with  req>ect 
to  the  remaining  problems  in  Chapter  VIII:  but  enough 
has  here  been  said  to  enable  the  reader  to  determine 
the  annual  payment  in  any  other  case,  either  of  an- 
nuities or  assurances,  that  may  arise  in  practice:  I 
therefore  shall  not  detain  him  with  any  further  remarks 
on  this  subject. 
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CHAPTER  XII. 


Practical  Questions  to  illustrate  the  Use  of  some  of 

the  preceding  Problems. 

QUESTION  L 

§  371.  jL  o  find  the  probability  that  a  life  or  Kves,  of 
any  given  age,  will  continue  in  being  to  the  end  of 
any  given  term  \  according  to  any  given  table  of  ob- 
servations. 

SOLUTION. 

In  the  case  of  a  single  life,  this  probability  is  a  frac« 
tion  whose  denominator  is  the  number  of  persons 
living  at  the  given  age ;  and  whose  numerator  is  the 
number  of  persons  living  at  an  age  older  by  the  givea 
term  than  the  given  age* 

In  the  case  of  joint  lives  it  is  the  product  of  the 
probabilities  that  each  of  the  single  lives  shall  continue 
in  being  to  the  end  of  the  given  term.    See  §  23. 

Example  1.  The  probability  that  a  person,  whose 
age  is  20,  shall  attain  to  the  age  of  50,  or  live  SO 
yeftfi^'  is,  according  to  the  observations  of  M.  De  Par* 
WeiOr  as  given  in  Table  III,  equal  to  W^    And  the 

2A  2 
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probability  that  a  person,  whose  age  is  40,  shall  at- 
tain to  the  age  of  70,  or  live  SO  years,  is,  accordbg 
to  the  same  observations,  equal  to  |4-f . 

But  the  probability  that  both  those  persons  shall 
live  to  the  end  of  SO  years  is  equal  to  •ff-^  multiplied 

by  fff-  *3^t  is,  equal  to  HtHV  • 

Example  2.  The  probability  that  a  man  aged  46 
shall  attain  to  the  age  of  56,  or  live  10  years,  is,  ac* 
cording  to  the  observations  made  in  Sweden^  as  givea 
in  Table  XIV,  equal  to  -ffH*  ^^  ^^  probability 
that  a  woman  aged  40  shall  attain  to  the  age  of  SO^ 
or  live  10  years^  is,  according  to  the  same  observations, 
equal  to  -H^. 

But  the  probability  that  both  those  persons  shaO  live 
10  years  is  equal  to  im  multiplied  by  -ff!-^:  that  is, 
equal  to  +ifH4+}. 

Example  3.  The  probability  that  each  of  three 
lives  aged  iO,  SO,  and  40  shall  live  15  years,  ig^  ac« 
cordiog  to  the  observations  made  at  Northampten^  as 
given  in  Table  IXV,  equal  to  fHf,  f|fh  and  ff|+ 
lespectively* 

But  the  probability  that  all  thoee  lives  dball  cootiniie 
to  long  is  equal  to  the  product  of  die  three  fractions 
into  each  odier;  whence  such  pvobafailky  will  be 

denoted  by  |UHHUH> 


SCHOLIUM. 


%  379.    Having  thus  found  the  proMnlily-  Ai^ 
my  angle  or  joint  lives  will  cootiaue  in  bej^gls*  Am 
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end  of  any  giTen  tenn^  we  may  readily  determine  the 
probability  that  one  or  the  other  of  them  will  live  so 
long*  For,  in  the  case  of  two  lives,  the  probability 
here  alluded  to  will  be  equal  to  the  difference  between 
the  probability  that  the  j<»nt  lives  will  continue  to  the 
end  of  the  term  and  the  sum  of  the  probabilities  that 
each  of  the  single  lives  will  continue  so  long. 

Thus,  in  the  first  example,  the  probability  that  one 
€>r  other  of  two  lives,  aged  20  and  40,  will  condnue 
SO  years  is  equal  to  l  jim  subtracted  from  gjiygt 
(or  from  the  sum  of  the  two  quandties  4-H.  and 
*24f):*  which  leaves  -ffH^  for  the  probability  re* 
quired. 

And  the  probability  that  one  or  other  of  the  two  lives^ 
mentioned  in  the  seccmd  example,  will  condnue  10 
years,  is  equal  to  HHSt-H  subtracted  from  fJUHiH 
(or  from  the  sum  of  the  two  quantities  f^^if  and 
•j-^j):  which  leaves  iniUftS-  ^^^  ^^^  probability  re- 
quired. 

In  like  manner  the  probability  that  some  one  or 
other,  out  of  three  given  lives,  will  continue  to  tht 

*  These  fractioDs^  reduoed  to  a  comtDcm  ddocMBiiurlor,  are 
ff  Htt  ^^  HHU^  the  sum  of  which  is  eqval  to  H*»H-  ^w^ 
St  it  tedioas  to  operate  in  this  wi^j  and  I  have  adopted  it  in  the 
present  instance  for  the  sidse  of  ilhtetratioo  only,  llie  best  m^* 
thod  of  finding  tlie  probabilities^  both  fiir  single  and  joint  lives,  ia 
bj  means  of  logarithms:  and  I  would  here  observe  that  the 
Ibgaridun  of  the  denoiajnator  sdbtracied  firom  the  kgnrithm  of 
tbe  muneiator  will  give  the  loprithm  of  the  probsbiUty  required: 
which  Ic^arithm  will  always  have  a  negoiiue  index. 
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find  of  any  given  term,  is  found  by  subtracting  the 
sum  of  the  probabilities  that  each  pair  of  joint  lives 
ivill  continue  so  long,  from  the  sum  of  the  probabilities 
that  each  single  life  and  that  the  three  joint  lives  will 
continue  the  given  time :  agreeably  to  the  principles 
laid  down  in  Prob.  IL* 

QUESTION  11. 

§  S7S,  To  find  (he  ecppectation  of  ^ny  giyen  life 
(or  lives)  receiving  a  given  sum^  at  the  end  of  any 
given  term* 

SOLUTION. 

Multiply,  the  present  value  of  the  given  sum  by  the 
probability  that  the  giyen  Ufe  (or  lives)  will  continue 
to  the  end  of  the  given  term:  the  product  will  be  the 
answer  required*    See  the  note  |n  page  44- 

Example  1 .  What  is  the  present  value  of  £,1  to 
be  received  at  the  end  of  30  years,  provided  a  person, 
now  aged  20,  be  th^n  aliye ;  interest  bf ing  reckoned 

4 

at  4^  per  cent^  and  the  probabilities  of  living  as  ob- 
served by  M.  De  Parcieux? 

*  I  shall  here  mention,  by  way  of  note,  that  the  probability 
that  any  two  out  of  three  given  lives  will  continae  to  the- end  of 
any  given  term,  is  equal  to  twice  tlie  probability  that  the  three 
joint  lives  shall  continue  the  given  time,  subtracted  iiom  the  sum 
of  the  probabilities  that  each  pdr  of  joint  lives  shall  continue  the 
aame  period:  agreeably  to  what  has  been  said  in  the  Investigation 
ofPn)b.IIL      • 


* 
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The  present  value  of  ^1  to  be  received  at  the  end 
of  SO  years,  withoutany  contingency,  is  by  Table  LVIII 
equal  to  *26700;  and  the  probability  that  a  perscm 
aged  20  will  live  SO  years  is,  by  the  preceding  Question, 
equal  to  {-14:  therefore,  these  two  quantities  multiplied 
together*  will  produce  *1906  for  the  value  required. 

In  like  manner  the  expectation  of  receiving  that  sum 
at  the  end  of  the  same  period,  provided  a  person,  aged 
40,  lives  so  long,  is  equal  to  fff  muldplied  by  *26700; 
which  produces  '12598  for  the  value  in  this  case  re- 
quired. 

But,  if  the  expectation  depended  on  both  those 
lives  continuing  to  the  end  of  the  term;  then  -H^^m, 
multiplied  by  •26700,  will  produce  -08992  for  the 
value  required. 

And,  if  it  had  depended  on  eitTier  of  those  lives 
continuing  to  the  end  of  the  term,  then  ^f  »^  (or 

the  value  found  by  the  Scholium  in  page  S57 )  being 
multiplied  by  •26700  will  produce  •22663  for  the 
value  of  the  expectation  in  such  case  required. 

Example  2.  A  man  aged  46  will  at  the  expiration 
of  a  lease,  which  has  10  years  to  run,  be  entitled  to  a 
fine  of  £,\y\  provided  he  be  then  alive:  what  is  his 

*  The  method  of  multiplying  a  vulgar  fraction  by  a  decimal 
fraction  }s,  to  multiply  the  decimal  by  the  numerator  of  the  vulgar 
fraction,  and  to  divide  the  product  by  the  denominator  of  the  same. 

f  I  have  taken  the  fine  equal  to  one  pound,  because  the  quan« 
titles  which  result  from  this  assumption  will  be  often  referred  to 
in  the  course  of.  the  present  chapter :  but^  it  is  easy  to  see  that 
the  answer  here  obtained^  being  multiplied  by  any  other  fine^ 


960  f  AACTiQA^  SUJI(»TIPN6,  Ch.1^ 

^Sffectuaofi  of  recdviog  the  same:  iaterest  bdng 
redlipp/ed  9t  4  per  cent,  aad  the  pr pbabitities  of  living 
9s  observed  in  Sweden  f 

The  present  value  of  <£l  certain  to  be  received  lO 
y^wrs  beiu:9  is*  by  Table  LVIII^  equal  to  *67556  -,  and 
the  {HTobability  that  a  man  aged  46  will  live  10  years  is, 
by  the  preceding  questimi,  equal  tq  4Hrff :  therefore 
these  two  quantities  multiplied  together  will  produce 
•59iOS  for  the  V4lue  required. 

Had  thf^  fine  depended  on  the  life  of  his  wife  aged 
40,  then  ^f}-}-  multiplied  by  '67556,  will  produce 
^57479  for  the  value  in  this  case  requirsd. 

But  had  it  depended  on  their  joint  lives  continuing 
to  the  end  of  the  given  term,  then  {isjlji-j  multi« 
plied  by  *67556,  will  produce  *44589  for  the  value  in 
^oh  case  required* 

And  had  it  depended  on  either  of  those  lives  con- 
tinuing so  long,  then  4-itiil4j-  multiplied  by  '67556 
will  produce  '65296  for  the  yalue  in  this  case  re* 
quired. 

SCHOLIUM, 

§  ST4*  By  means  of  the  general  solution  here 
given  may  be  determined  all  questions  relative  to  the 
Talue  of  such  sums  as  ought  to  be  given  for  the 

W0U14  give  the  preieot  vaiw  of  sncb  ether  fi^e.  Thua,  if  the  fioQ 
wor^  iCiOO»  the  preaent  value  of  the  ^me«  if  depending  on  the 
life  of  the  nioo^  would  be  equal  to  S2'4Q6  or  £52 : 8 : 1 ;  md,  if 
depending  on  the  life  of  the  womao^  would  be  equal  lo  ^7^479  or 
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Endowments  of  Children^  Thus,  suppose  a  person  has 
ason  aged  1 1,  for  whom  he  wishes  to  secure  <£lOO  on 
his  coming  of  age;  the  sum  which  he  ought  to  pay 
down  for  the  assurance  of  the  same  (reckoning  interest 
at  5  per  cent,  and  the  probabilities  of  livmg  as  accord- 
ing to  M.  De  Parcieux)  is  equal  to  -144  multiplied 
by  61*S9l ;  which  produces  56*744,  or  £SQ :  14 :  10 
for  the  answer  required. 

In  the  table  of  rates  published  by  the  Globe  As-> 
surance  Company,  and  by  the  Provident  Institution* j 
the  sums  demanded  for  the  Endowments  of  Children 
are  in  general  full  as  much  as  (and  from  the  age  of 
9  years  and  upwards  are  even  more  than)  the  present 
▼aUies,  at  5  per  cent,  of  <£lOO  certain  to  be  received 
at  the  end  of  the  given  term  without  any  contingency^ 
For  instance,  <£62  :  11  :  2  is  required  in  ready  money 
by  the  Globe^  and  c£62  by  the  Provident^  for  the 
payment  of  ^100  on  the  event  of  a  child,  aged  11, 
arriving  at  the  age  of  21  years:  whereas  either  of  these 
sums  put  out  to  interest  at  5  per  cent  would  amount 
to  more  than  <£  100  at  the  end  of  that  period,  without 
the  liability  to  loss  in  case  the  child  should  happen  to 
die  before  that  time ! ! !  No  person  can,  I  think,  be  so 
blind  to  his  own  interest  as  to  risk  his  money  in  this 
^urd  way* 

*  The  other  Companies  have  not  published  their  rates  for  the 
Endowments  of  Children :  but^  firom  the  similarity  of  most  of  the 
rates  at  the  various  Offices^  we  may  conclude  that  there  is  no  great 
differenoe  on  this  point. 
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QUESTION  ni. 

§  S75.  To  find  the  value*  of  an  annuity  on  any 
Single  life. 

SOLUTION. 

This^  value  is  determined  by  inspection:  for,  in  either 
of  the  Tables  which  show  the  values'  of  annuities  on 
any  single  life,  we  shall  find  the  value  required  set 
down  against  the  age  of  the  given  life,  according  to 
the  several  rates  of  interest  at  the  top  of  each  column. 

Example  1.  The  value  of  an  annuity  on  a  life 
aged  20,  reckoning  interest  at  4^  per  cent,  and  the 
probabilities  of  living  as  observed  by  M*  D^  Parcieux^ 
is,  by  Table  V,  equal  to  16  624;  or  about  \6^  years 
purchase,! 

•  By  the  value  of  an  annuity  I  mean  the  numler  of  years  pur^ 
chase  that  such  annuity  is  worth  :  agreeably  to  what  I  have  ah'eady 
observed  in  the  note  in  page  2^ :  and  as  this  mode  of  expression 
IS  used  in  all  the  subsequent  questions^  it  will  be  necessary  to  bear 
this  observation  in  mind. 

I  The  numher  of  years  purchase  being  multiplied  by  the  annuity 
will  give  the  total  present  value  of  the  s^irne,  Thus^  if  the  annuity 
in  the  present  instance  were  £M)  per  annum:  then  J()024  niuK 
tiplied  by  50  would  give  831  "200,  or  jf  831  :  4  :  O  for  the  value  of 
the  same.  Or,  if  tlie  annuity  had  been  ^4  :  10  :  O  per  annum  j 
then  16-624  multiplied  b>'  45  would  give  74*808  or.^74  ;  l6  :  2 
for  the  value  in  this  case  required.  This  method  is  universal,  and 
applies  to  all  cases  of  annuities,  whether  present  or  in  reversion  j 
uhether  temporaiy  or  deferred :  and  therefore  it  will  be  sufficient, 
in  all  the  subsequent  examples,  to  deduce  the  value  of  an  annuity 
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Had  the  life  been  40  years  of  age^  the  value  would 
have  been  equal  to  1 4*254.  Or  had  the  rate  of  in- 
terest been  in  each  case  S  per  cent,  the  values  would 
have  been  equal  to  15*469  and  13*459  respectively. 

Example  2.  The  value  of  an  annuity  on  the  life 
of  a  man  aged  46,  reckoning  interest  at  4  per  cent 
and  the  probabilities  of  living  as  observed  in  Sweden 
is,  by  Table  XVI,  equal  to  12*297^  or  rather  more 
than  1 2^  years  purchase. 

Had  the  annuity  been  on  the  life  of  a  woman  aged 
40^  the  value  would  have  been  equal  to  14*401  •  Or 
had  the  rate  of  interest  in  e^ch  case  been  5  per  cent,  the 
values  would  have  been  11*153  and  12*856  respec* 
tively. 

QUESTION  IV. 

§  376.  To  find  the  value  of  an  annuity  on  tw9 
Joint  lives^ 

of  one  pound  per  annum :  or,  in  otjier  words^  to  find  the  numler 
ff  years  purchase. 

Having  thns  found  the  number  of  years  purchase  that  ought  to 
be  given  for  an  annuity,  we  may  readily  determine  the  annuitf 
that  ought  Xp  be  given  ibr  any  giv^n  stem  invested,  merely  by  di»> 
viding  such  sum  by  the  number  of  years  purchase.  Tiius,  if  a 
person  wished  to  lay  out  ^.'4000  in  the  purchase  of  such  an  annuity 
as  the  one  mentioned  in  the  text,  the  annuity  which  he  ought  to 
recerveifor  that  money  will  be  found  by  dividing  4000  by  16  624: 
whence  240*616,  or  £7AO\  12:4  will  be  the  annuity  required, 
This  method  is  likewise  universal,  and  therefore  it  will  be  unnec<^- 
aary  to  repeat  it  in  any  of  the  subsequent  cases.  The  same  prin- 
ciples will  apply  to  the  value  of  reversionary  sums ;  for  which^ 
see  Questron  XXVIL 


^ 
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80LUTI0K. 

Look  in  the  Tabled  which  show  the  values  of  an- 
nuities on  two  joint  lives  of  all  ages ;  and  if  the  two 
lives  have  the  same  common  age,  or  if  their  difference 
of  age  comes  within  the  limits  of  those  tables,  the 
value  of  an  annuity  on  their  joint  continuance  will  be 
found  expressed  therein. 

Example  1 .  The  value  of  an  annuity  on  two  joint 
fives  aged  20  and  40,  interest  being  reckoned  at  4|- 
per  cent,  and  the  probabilities  of  living  as  observed 
by  M.  De  Parcieuxy  is,  by  Table  IX,  equal  to  12 '545; 
or  rather  more  than  1 2^  years  purchase. 

Had  both  the  lives  been  20  years  of  age,  the  v^lue 
would  have  been,  by  Table  VI,  equal  to  14*004:  or, 
had  they  been  both  40  years  of  age,  the  value  would 
have  been  11*710. 

ExamjAe  2.  The  value  of  an  annuity  on  the  joint 
lives  of  a  man  aged  46  and  his  wife  aged '40,  reckon- 
ing interest  at  4  per  cent  and  the  probabilities  of  livmg 
as  observed  in  Sweden^  is,  by  Table  XVIll,  equal  tq 
10-286,  , 

Had  both  the  lives  been  40  years  old  the  vtloe 
would  have  been,  by  Table  XVII,  equal  to  1 0*964  : 
or,  had  they  been  both  46  years  old,  the  value  would 
^have  been  9*736,* 

♦  The  values  of  annuities  on  the  joint  lives  in  Tables  XVII  \x\ 
XXIV  are  deduced  from  the  probabilities  of  living  aniongst  males 
and  females  collectively:  and  therefore  do  not  shov/  the  true  values 
of  anQuities  on  two  joint  lives,  one  of  which  is  a  male  and  the 
other  n  female.  Tables  formed  upon  this  latter  principle  are  still 
a  desideratum.    See  the  example  in  page  33. 
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SCHOLIUM. 

§  377.  If  the  difference  of  age  between  the  two 
lives  is  any  number  of  years  not  given  in  the  tables^ 
the  required  value  may  be  easily  obtained  by  means  of 
the  following  rule. 

Find,  by  the  tables^  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  greater  than,  but 
at  the  same  time  nearest  to,  the  difference  of  age  be- 
tween the  proposed  lives ;  and  the  oldest  of  which  is 
of  the  same  age  with  the  oldest  of  the  proposed  lives. 
Find  also,  by  the  same  tables,  the  value  of  an  annuity 
on  two  joint  lives  whose  difference  of  age  is  the  next 
less  to  that  just  mentioned;  and  the  oldest  of  which 
h,  in  like  manner^  of  the  same  age  with  the  oldest  of 
the  propbsed  lives.  Then  will  the  1",  2^^,  S"*,  &c, 
arithmetical  mean^  between  the  least  and  the  greatest 
of  these  two  values  be  the  value  required ;  according 

*  The  tables  for  the  values  of  annaitiet  on  two  joint  lives,  ao* 
codhog  to  Ae  Northampton  oheervationsp  are  the  onlj  ones  where 
tte  dUbitiMe  of  age  is  so  small  as  Jive  years.  In  the  tables  de« 
Aieed  from  the  cbiervationft  in  SwmUn,  the  diflnrenoe  of  age  ia 
sir  jcaisi  and  in  those  deduced  fmn  the  ohaerrationa  a£  M.1M 
Pardeux,  the  difference  of  age  is  ten  years*  Consequently  the 
l*'^  2^^j  3^,  &c  arithmetical  mean  between  the  least  and  greatest 
ofany  two  values,  acoording  to  the  Northampton  tshlen,  wili  be 
ecpal  to-the  least  valee  increased  bf  1,3,  B,  UcJ^ha  of  their  di& 
feieiiee :  bot  aocerdtng  to  the  Swedish  tables.  It  will  be  equal  to 
ifie  least  value  increased  by  1,  2»  3,  &c  Mctks  of  their  diflerencet 
and  acc6rding  to  the  tables  of  M,  De  Parcieux,  it  will  be  equal  to 
fhe  least  value  increased  by  I^  2,  3,  &c  tenths  of  their  dtfierence^ 
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as  one  of  the  proposed  lives  is  1,  2,  3^  &c  years 
younger  than  the  other. 

Example  1  •  Let  it  be  required  to  find  the  value 
of  an  annuity  on  two  joint  lives  aged  32  and  50 ; 
at  the  rate  of  4|^  per  cent  interest,  and  according  to  the 
probabilities  of  life  as  observed  by  M.  De  Parcieux? 

That  difference  of  age  winch  is  greater  than  the 
difference  between  these  lives,  but  at  the  same  time 
nearest  lo  it,  is  20 :  and  the  value  of  an  annuity  on 
two  joint  lives  whose  difference  of  age  is  20  years, 
and  the  oldest  of  which  is  of  the  same  age  with  the 
oldest  of  the  proposed  lives  (that  is,  the  value  of  an 
annuity  on  two  joint  lives  aged  30  and  50)  is,  by 
Table  IX,  equal  to  10*611.  And  the  value  of  an 
annuity  on  two  joint  lives  whose  difference  of  age  is 
next  less  to  20  (that  is,  whose  difference  of  age  is 
10  years)  and  the  oldest  of  which  is  of  the  same  age 
with  the  oldest  of  the  proposed  lives  (that  is,  the  value 
of  an  annuity  on  two  jomt  lives  aged  40  and  50)  is, 
by  Table  YIII,  equal  to  10'274.  Therefore,  these 
bang  the  values  of  an  annuity  on  two  joint  lives  aged, 
SO  and  50,  and  on  two  joint  lives  aged  40  and  50 ;  it 
18  evident  that  the  value  of  an  annuity  on  two  jdnt 
Kves,'  aged  32  and  50,  will  be  nearly  equal  to  the  least 
of  these  two  values  increased  by  8  tenths  of  the  dif« 
ference  between  them  :  or  (which  is  the  same  thing) 
equal  to  the  greatest  value  diminished  by  2  tenths  of 
thar  difference.  Now,  the  difference  between  these 
values  is  equal  to  '337  \  one  tenth  of  which  is  equal  to 
*03379  and  two  tenths  are  ^therefore  equal  to  '067« 
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Consequently  J  0*611,  diminished  by  *Q67,  will  leave 
10*544  for  the  value  required  of  an  anauity  o^  the 
two  joint  lives  aged  32  and  50. 

Example  2.  Let  it  be  required  to  find  the  valu^ 
of  an  annuity  on  tWo  joint  lives  aged  20  and  60;  at 
the  rate  of  4  per  cent  interest,  and  according  to  the 
pfobabilities  of  living  as  obsaired  ih  Siueden  ? 

The  difference  of  age  which  is  greater  than  the 

diflSsrence  between  these  lives,  but  at  the  same  time 

nearest  to  it,  is  42 :  and  the  value  of  an  annuity  on 

two  joint  lives  whose  difference  of  age  is  42  years,  and 

the  oldest  of  which  is  of  the  same  age  with  the  oldest 

of  the  proposed  lives  (that  is,  the  value  of  an  annuity 

on  two  joint  lives  aged  1 8  and  60)  is,  by  Table  XXIV, 

equal  to  8*208.    And  the  value  of  an  annuity  on  two 

joint  lives  whose  difference  of  age  is  p  years  less  than 

40,  and  the  oldest  of  which  is  likewise  of  the  same 

age  with  the  oldest  of  the  proposed  lives  (that  is,  the 

value  of  an  annuity  on  two  joint  lives  aged  24  and  60) 

is,  by  Table  XXIII,  equal  to  8-097.    Therefore,  these 

being  the  values  of  an  annuity  on  two  joint  lives  aged 

It  and  60,  and  on  two  joint  lives  aged  24  and  60 ; 

it  follows  that  the  value  of  an  annuity  on  the  two  joint 

lives  20  and  60  will  be  nearly  equal  to  the  least  of 

these  two  values  increased  by  4  sixths  of  the  difference 

between  them*    Now,  their  difference  being  equal  to 

*111,  it  follows  that  one  sixth  of  such  difference  wttl 

be  -01 85 ;  and  four  ^ths  of  such  different  will  be 

•074:  which  being  added  to  8*097  will  give  8-171 

for  the  required  value  of  an  anmiity  on  the  two  joint 

lives  aged  20  and  60; 
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Ck.  12. 


Ages. 

Value  ij  Kole. 

Correct  Valae. 

*5— 33 

10-742 

10-751 

45—34 

10*682 

10>688  . 

66—27 

7*092 

7-095 

66—28 

7-076 

7*080 

66—29 

7*060 

7-063 

66—30 

7*044 

7*046 

In  the  higher  x^tes  of  interest  the  agreement  b 
•greater. 

Dr.  Price  was  enabled  to  make  this  comparison  by 
the  Tables  in  the  office  of  the  Equitable  Society  i 
where,  in  t)rder  to  lay  the  foundation  of  accuracy  in 
conducting  the  business  of  the  office,  it  has  been 
thought  necessary  to  compute  minutely  to  four  places 
'of  decimals  the  values  by  the  Nortkampton  obser- 
-Vations,  at  S  per  cent,  of  two  joint  lives  for  every 
possible  difference  of  age. 

§  S79.  When  one  oi  the  given  lives  is  under  10 
-years  of  age,  we  ought,  in  deducing  the  values  agree- 
ably to'this  rule^  to  attend  particulariy  to  the  order 
lOf  the  difference  between  the  values  taken  from  the 
Tables;  that  is,  to  observe  whether  such  diffisrence 
is  f  ncpeasiiig  or  (2ecreasing.  For  instance,  suppose  it  is 
required  to  determine  the  value  of  an  annuity  on  two 
joint  lives  aged  9  and  50,  interest  at  S  per  cent,  and  the 
probabilities  of  living  as  at  Nort/iampton:  the  rule 
directs  us  to  find  the  value  of  an  annuity  on  two  joint 
lives  aged  5  and  30,  and  on  two  joint  lives  10  and  30^ 

which  are  ijespectively  equal  to  13*762  and  14*15Q; 

• 
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and  that  <078  (or  one  fifth  of  the  difference  between 
them)  being  subtracted  from  the  latter  vaiue^  will  give 
14*072  for  the  value  of  an  annuity  on  two  joint  lives 
aged  9  and  SO.  But  the  following  comparison  will 
show  this  to  be  incorrect :  for  if  we  take  out  the  values 
of  annuities  on  the  se\ieral  joint  lives  as  under,  viz. 

5-— 30  =  lS-762 

10—80=  14-150 

15— 30=13-734 

20—30  =  13-286 

25—30=12-966 

SO— 30  =:  12-589 
It  will  be  seen  that  (beginning  at  the  bottom )  the 
values  gradually  iTurrease  till  we  come  to  the  age  of 
10  and  SO;  and  therefore  that  the  value  of  an  annuity 
on  any  two  joint  lives,  one  of  which  is  SO  years  of 
age  and  the  other  of  any  age  between  10  and  SO,  will 
be  deduced  accurately  enough  by  means  of  the  rule 
above  given.  And  this  also  would  be  the  case  with 
respect  to  the  value  of  annuities  on  any  two  joint  Iive9» 
one  of  which  is  SO  y^urs  and  the  other  of  any  age  ^- 
low  10  years  of  age,  provided  the  decrease  commenced 
exactly  at  the  age  of  10  years:  but  it  is  probable  that 
the  decrease  does  not  begin  to  take  place  till  about  the 
joint  ages  of  8  and  SO  ;*  and  consequeody  that  the 
value  of  an  annuity  on  two  jomt  lives  aged  9  and  SO 
is  greater  than  14*150,  instead  of  being  less.    The 

.  *  The  period^  at  which  this  decrease  commences,  varies  ao 
cording  to  the  rate  of  interest  and  according  to  the  difference  be* 
tweeo  the  ages  of  the  two  lives. 
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prop^  method  therefore  of  finding  the  value  of  w 
annuity  on  the  two  joint  lives  aged  9  and  30  will  be 
to  take  OSS  (or  one  fifth  of  the  diflference  between 
14'150  and  IS'734)  and  add  it  to  14*150;  which 
^ll  give  14'283  for  the  vilue  of  an  annuity  on  the 
two  joint  lives  aged  9  and  30.  These  cases  have  never 
yet  been  noticed  by  any  preceding  writer  j  although 
they  frequently  occur  in  practice. 


QUESTION  V. 

§  380.  To  find  the  value  6f  an  annuity  on  three 
Joint  lives. 

SOLUTION. 

Look  hi  Tables  XLIII  and  XLIV ;  and  if  the  three 
Hves  have  the  same  common  age^  or  if  their  difference 
of  ages  be  10  and  20  years,  the  value  of  an  annuity 
on  their  joint  continuance  will  be  found  expressed 
therein. 

Example.  The  value  of  an  annuity  on  three  jcmt 
lives  aged  20,  SO  and  40,  reckoning  interest  at  4  per 
cent  and  the  probabilities  of  living  as  at  Northampton^ 
is  equal  to  8*986:  but  had  all  the  lives  been  20  years 
of  age,  the  value  would  have  been  equal  to  10*342 ; 
or  had  they  all  been  40  years  of  age,  the  value  would 
have  been  equal  to  7*865. 
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SCHOLIUM. 


§  381.  It  unfortunately  happens  that  the  two 
tables  above  mentioned  are  the  only  ones,  that  hav^ 
been  published,  for  detfsrmining  the  values  of  annuities 
on  three  joint  lives.  The  labour  of  computing  such 
tables  is  so  very  great,  and  the  conibinatioqs  of  ag^ 
are  so  various,  that  it  v^ill  probably  be  a  long  time  be- 
fore any  person  will  undertake  to  finish  what  has  beeii 
here  begun:  and  till  that  is  the  case  we  may  ipak^ 
use  of  the  following  general  and  very  easy  rule,  given 
by  Mr.  Simpson,  for  finding  the  values  of  annuities  on 
^ny  three,  from  the  values  on  any  tzvOy  joint  lives. 
Let  A  be  the  youngest,  and  C  the  oldest  of  the 
three  proposed  lives.  Take  the  value  of  an  annuity 
pn  the  two  joint  lives  B  and  C,  ^nd  fiQd  the  ^g^  of 
a  single  life  D  of  the  san^e  value.  Thefi  dnd  the 
^*  value  of  an  annuity  on  the  two  joint  lives  A  and  D, 
*^  which  will  be  the  value  required." 

Example.  Wh^t  is  the  value  of  an  annuity  on 
three  joint  live§  aged  10,  20,  and  SO;  interest  at  4 
per  cent,  and  the  probabilides  of  living  as  at  NqtUi^ 
ampton  ?^ 

The  value  of  an  annuity  on  the  two  joint  lives  aged 

*  It  will  readily  appear  that  we  can  obtain  the  values  of  an- 
nuities on  three  joint  lives  mote  correctly  from  the  Northampton 
tables  of  two  joint  lives,  than  from  any  other  observations  ^  be- 
cause they  are^  3s  yet,  the  tnost  comprehensive,  and  include  \Xi% 
greatest  variety  of  combined  ages. 
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20  and  30  is,  by  Table  XXX,  equal  to  1 1  -873 ;  which, 
being  compared  with  the  Values  in  Table  XXVII,  will 
be  found  equal  to  the  value  of  an  annuity  on  a  ^ngle 
life  D  aged  47iVr>*  or  47  years  and  4  month.  And 
the  value  of  an  annuity  on  the  joint  lives  A  and  D 
(that  is,  on  two  joint  lives  aged  10  and  47-5Vr)  is,  by 
the  rule  in  the  precedmg  scholium,  equal  to  10*474  ;t 
which  is  the  value  required. 

Had  the  two  oldest  lives  been  both  40  years  of  age, 
and  the  youngest  20,  the  value  of  an  annuity  on  the 
joint  lives  of  the  two  former  would,  by  Table  XXVIII, 
be  equal  to  9*820 ;  answering  tQ  a  single  life  P  aged 
56-f  I-J-.  And  the  value  of  an  annuity  on  the  joint 
lives  A  and  D  (that  is,  on  two  joint  lives  aged  20  and 
^&rrr)  is,  by  the  rule  alluded  to  in  the  last  note, 

*  The  value,  in  Table  XXVII,  which  is  next  greater  than 
11*873,  is  irSgO;  which  is  the  value  of  an  annuity  on  a  sbgle 
life  aged  47.  The  difference  between  these  values,  orl7,  is  the 
numerator  of  the  fraction :  and  the  denominator  is  the  difierence 
between  11-665  (or  the  next  less  value  to  11*873)  and  U'SgO. 

-f-  The  value  of  an  annuity  on  two  joint  lives  aged  10  and  47 
is,  by  (he  rule  in  the  preceding  scholium,  equal  to  10*485:  and 
the  value  of  an  annuity  on  two  joint  lives  aged  10  and  48  is.bj  the 
same  rule  equal  to  10*356.  The  difference  between  these  two 
values^  or  '129,  being  multiplied  by  -^  will  give  'Oil  j  which 
being  subtracted  from  10485  will  leave  10*474  for  the  value  re- 
quired. This  shows  the  true  method  of  proceeding  in  such  cases; 
but,  if  this  fraction  be  either  very  small  or  does  not  differ  much 
from  unity,  the  error  will  not  b^  considerable  if  (for  the  sake  o£ 
more  expedition)  D  is  always  taken  for  that  age,  whether  greater 
or  less,  which  answers  most  nearly  to  the  value  of  the  annuity  on 
the  joint  Fives  B  and  C>  without  regarding  the  fraction. 
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equal  to  8*601 :  which  is  the  value  required  of  an 
annuity  on  three  joint  lives  aged  20,  40,  and  40. 

Or,  had  the  two  youngest  lives  been  20,  and  the 
eldest  40  years  of  age ;  then  the  value  of  an  annuity 
on  two  joint  lives  aged  20  and  40  would,  by  Table 
XXZII,  be  equal  to  10*924 :  answering  to  a  single  life 
D  aged  51-i^^i-.  And  the  value  of  an  annuity  on  the 
two  joint  lives  A  and  D  ( that  is,  on  two  joint  lives 
aged  20  and  5  J-fff)  ^$9  ^Y  ^^^  ^^^^  alluded  to  in  the 
preceding  note,  equal  to  9*406 :  which  is  the'  value 
required  of  an  annuity  on  three  joint  lives  aged  20, 

20  and  40. 

The  following  table  (computed  from  the  probabilities 
of  life  as  observed  at  NorihampioUy  and  reckoning  in- 
terest at  4  per  cent)  will  show  how  nearly  the  rule, 
above  explained,  approximates  to  the  true  values  as 
^ven  in  Tables  XLIII  and  XLIV. 


Age*. 

Valae  bj  Rule. 

Conrect  Value. 

10 — 20— -SO     . 

10-474 

10-438 

15— 25— S5 

9-836 

9-733 

20—30—40 

9  097 

8-986 

25—35—45 

8-390 

8-313 

SO — *0 — 50 

• 

7-651 

7-571 

35 — 4,5^55 

6-884 

6-816 

40—50—60 

6-046 

5-994 

45—55—65 

5-175 

5-145 

50— 60— *ro 

4-235 

• 

4-21^ 

55—65—75 

3-308 

-  S»298 

10—10—10 

12-206 

12-200 

15—15—15 

11-376 

11-174 

20—20—20 

10'516 

10*342 . 

Il 


S76  PRACTICAL  QUXSTI0N8.  Ch.  12« 

Ages.  Value  bf  Rule.      Con^ctvalae. 

25—25 — 25  9*937  9'796 

SO— SO — 30  9*351  9-221 

S5— 35— 35  8-70S  8*585 

40 — M — to  .7-983  7-865 

45—45 — *5  7-243  7*126 

50-^50 — 50  6-433  6-317 

55—53—55  5-637  5*550 

60—60—60  4-817  4-755 

65—Q5—Q5  3-936  3*914 

70— 70— 70  SOlO  2*995 

It— 15— 15  2*118  2-119 

From  which  it  may  be  mferred  that  this  rule  will 
give  the  values  of  annuities  on  three  joint  lives  ge> 
nerally  within  a  ninth  or  a  tenth,  and  sometimes  within 
less  than  a  twentieth  part  of  a  year's  purchase.  It  may 
also  be  observed-  that  when  the  oldest  of  the  three  ages 
does  not  esceed  75,  and  the  youngest  is  not  less  than 
10,  the  errpr  falls  on  the  side  of  excess:  and,  conse- 
quently, that  if  '05  (or  a  twentieth  part  of  a  year's 
purchase)  be  deducted  from  the  values  by  the  rule,  we 
shall  obtain  the  true  value,  in  some  cases,  almost  ex* 
actly  i  and,  in  most  cases,  much  more  nearly. 

QUESTION  VL 

S  382,  To  find  the  value  of  a  Deferred  annuity 
on  any  single  or  Joint  lives,* 

*  This  Question  is  of  considerable  utility  in  enabling  us  to  de* 
termine  the  best  means  of  providing  Annuities  for  the  lenqfit  of 
OldJges  as  will  be  more  fuUyexplaiaed  in  the  following  Chapter. 
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SOLUTION. 

Find  the  value  of  an  annuity  on  a  life,  or  joint  lives, 
as  many  years  older  than  the  given  life,  or  joint  Kves, 
as  are  equal  to  the  term  during  \«^hich  the  annuity  is 
deferred ;  find  also  the  expectation  of  the  given  life, 
or  joint  lives,  receiving  ^*1  at  the  end  of  that  term: 
the  product  of  these  two  quantities  will  be  the  answer 
required.     See  §  45. 

Example  1.  A  person  aged  20  wants  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
after  the  term  of  30  years :  what  is  the  present  value 
of  the  same,  reckoning  interest  at  4^  per  cent,  and 
the  probabilities  of  life  as  observed  by  M.  De  Par^ 
tieiix  ? 

The  value  of  an  annuity  on  a  life  aged  50,  is,  by 
Table  V,  equal  to  ll'92l  j  and  the  expectation  of  « 
life,  aged  20,  receiving  ^1  at  the  end  of  SO  years,  is, 
by  Question  II,  equal  to  •1906:  therefore  11  •921 
multiplied  by  •l^e  will  produce  2*272  for  the  num- 
ber of  years  purchase  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  6*22i  multiplied  by  MSeo ;  which 
would  produce  '784  for  the  value  required. 

Example  2.  A  man  now  aged  46  will  at  the  end 
of  10  years  come  into  possession  of  an  annuity  ou 
his  own  life :  what  is  the  present  value  of  the  same, 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  observed  in  Sweden? 
3 
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The  value  of  an  annuity  on  a  male  aged  56  is,  bf 
Table  XVI,  equal  to  9*717 ;  and  the  expectation  tha( 
a  man  aged  46  will  receive  £l  at  the  end  of  10  jeafs 
is,  by  Question  II,  equal  to  *5241 :  therefore  these 
two  quantities  being  multiplied  together  will  give 
5*093  for  the  value  required. 

Had  the  anniutant  been  a  female  aged  40,  then 
12*049  multiplied  by  '5748  would  give  6*926  for  the 
value  in  this  case  required. 

Example  3«  Two  persons  aged  20  and  40  wish  to 
purchase  an  annuity  for  the  remainder  of  their  joint 
lives  after  SO  years:  what  ought  they  to  give  for  the 
same,  reckoning  interest  at  4^  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieuxf 

The  value  of  an  annuity  on  two  joint  lives  aged  50 
and  70  is,  by  Table  IX,  equal  to  5*517 ;  and  the  ex- 
pectation of  two  joint  lives,  aged  20  and  40,  receiving 
Xl  at  the  end  of  SO  years  is,  by  Question  11,  equal 
to  *0899 :  therefore  the  product  of  these  two  quantities 
will  give  *496  for  the  value  required. 

Example  4.  A  man  aged  46  together  with  his 
wife  aged  40  are  endtled  to  an  annuity  on  their  joint 
lives,  to  commence  at  the  end  of  10  years:  what  is  the 
value  of  their  interest  therein,  taking  the  probabilities 
of  life  as  observed  in  Sweden^  and  the  rate  of  interest 
at  4  per  cent  ? 

The^alue  of  an  annuity  on  the  joint  lives  of  two 
persons,  a  man  aged  56  and  a  woman  aged  50,  is, 
.by  Table  XVIII,  equal  to  7*874}  which  being  mulr 
tiplied  by  *4459  (or  the  value  of  the  ezpectaticHi  of 
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two  joint  lives,  aged  46  and  40,  reoriving  ^1  at  the 
^end  of  )0  years  as  found  by  Question  II)  will  produce 
5WflI  for  the  value  required. 

SCHOLIUM. 

§  S8S.  If,  instead  of  determining  the  value  of  a 
deferred  annuity  in  a  single  payment,  we  wish  to  de- 
termine the  value  of  the  samye  in  annual  payments 
during  the  term  for  which  the  annuity  is  deferred  ;* 
the  amount  of  those  annual  payments  is  readily  obtained 
by  means  of  the  following  rule. 

Divide  the  value  of  the  annuity  in  a  single  payment, 
by  unity  added  to  the  value  of  a  similar  temporary 
.annuity  for  one  year  less  than  the  given  term:  the 
quotient  will  be  the  atmual  payment  required.  See 
§  366. 

Example  I.  A  person  aged  20  wants  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
after  the  term  of  SO  years:  what  sum  ought  he  to 
give  annually  to  the  end  of  that  termf  in  order  to  l^ve 
the  same  assured  to  him ;  reckoning  interest  at  4^  per 
cent,  and  the  probabilities  of  living  as  observed  by  ^ 
Jl/.  De  ParaieiLx? 

*  The  first  of  tliose  annual  payments  to  be  made  mme£aiefy^ 
and  the  remaining  ones  at  the  beginning  of  every  subsequent  years 
aince  this  is  the  usual  method  of  making  such  annual  payments. 

f  Such  annual  payments,  however,  subject  to  &ilure»  in  caa^' 
the  given  life  becomes  extinct  before  the  end  of  that  term* 
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.  The  value  of  thh  deferred  aimuity  in  a  single 
ment  is,  by  the  first  example  to  the  Question,  equ^l  ta 
2*272 ;  and  the  value  of  a  similar  temporary  annuity 
for  29  years  is,  by  the  rule  in  the  following  Question,* 
equal  to  14-161:  therefore  2*272  divided  by  15-161 
will  give  *150  for  the  value  of  the  annual  payments 
during  the  term  deferred. 

In  like  manner  we  might  determine  the  value  ia 
luuiual  payments,  of  an  annuity  on  the  life  of  a  wo- 
man for  what  may  happen  to  remain  of  it  after  lO 
years ;  reckoning  interest  at  4  per  cent,  and  the  pro- 
babilities of  living  as  observed  in  Sweden. 

For,  the  value  of  this  deferred  annuity  in  a  single 
payment  is,  by  the  first  example  to  the  Question,  equal 
to  6*926 ;  and  the  value  of  a  similar  temporary  an- 
fiuity  for  9  years  is,  by  the  rule  just  alluded  to^  equal 
to  6*900:  therefore  6-926  divided  by  7*900  wffl  give 
•g77  for  the  value  of  the  annual  payments  required* 

Example  2.  A  man  aged  4^  and  his  wife  aged  40 
are  entitled  to  an  annuity  on  their  joint  lives,  to  com- 
mence at  the  end  of  10  years,  but  zre  willing  to  sur- 
render their  interest  in  the  same  for  an  equivalent  aa«- 
nuity  (commencing  immediately)  during  such  term ; 

*  A  more  convenient  method  however  of  determining  such 
temporary  annuities  is  expressed  by  the  following  rule.  To  the 
value  of  the  deferred  annuity  add  the  expectation  that  the  givea 
iiib  or  lives  shall  receive  ;^1  at  the  end  of  the  given  tenn ;  sub- 
tract the  sum  from  the  value  of  an  annuity  on  the  given  life  or 
lives :  the  difference  will  be  tlie  value  of  the  temporary  annuity 
for  one  year  less  tfian  ike  given  term.    See  the  note  in  pag^  350« 
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what  ought  that  equivalent  annuity  to  be,  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living  ai 
observed  in  Sweden  ? 

The  value  of  the  defend  annuity  on  the  joint  lives 
is^  by  the  fourth  example  to  the  Question,  equal  td 
8*51 1 ;  and  the  value  of  a  simiiar  temporary  annuity 
for  9  years  is,  by  the  following  Question  (or  the  rule 
in  the  preceding  note)  equal  to  6*329 ;  therefore  8*51 1 
divided  by  7*829,  'will  give  '479  for  the  value  of  the 
annual  payments  during  the  term  deferred. 


QUESTION  VII. 

§  384.  To  find  the  value  of  a  Temporary  annuity 
t)n  any  singk  or  joint  Bves.* 

SOLUTION. 

From  the  value  of  an  annuity  on  the  given  dngie  or 
joint  lives>  deduct  the  value  of  an  annuity  on  the  same 
lives  deferred  during  the  given  term :  the  remainder 
Villi  be  the  value  required.    See  §  47* 

JSxample  1.  A  person  aged  20  buys  an  annuity 
for  30  years^  on  condition  that  if  he  dies  before  the 
expiration  of  that  term,  the  annuity  shall  cease :  what: 
ought  he  to  give  for  the  same,  reckoning  interest  at 

*  I  call  a  temporary  annuity,  one  that  is  to  continue  during  a 
given  term  only:  which  term  is  less  than  that  to  which  it  is  pos* 
•ible  the  Kfe  or  lires  may  extend.    See  the  note  In  page  45. 
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4^  per  cent,  and  the  prob2d)ilides  of  living  as  observed 
by  Af.  De  Parcieuxf 

The  value  of  an  annuity  on  a  life  aged  20  is,  b^ 
Table  V,  equal  to  16*624}  and  the  value  of  an  an- 
nuity on  the  same  life,  deferred  for  SO  years,  is,  by 
Question  VI,  equal  to  2*272 :  consequendy,  this  value, 
subtracted  from  the  former,  will  leave  14*358  for  the 
answer  required. 

Had  the  life  been  40  years  of  age,  then  *784  (or 
the  value  of  an  annuity  on  such  life  deferred  for  30 
years,  as  found  by  Question  VI)  deducted  from  14*254, 
would  leave  1 3*470  for  the  value  in  this  case  required. 

Or,  had  these  two  persons  (aged  20  and  40)  pur- 
chased the  annuity  on  their  joint  lives,  then  *496  (or 
the  value  of  an  aimuity  on  such  joint  lives  deferred 
for  30  years,  as  found  by  Question  VI)  being  de« 
ducted  from  12*545,  will  leave  12049  for  the  value 
in  this  case  required* 

Example  2.  A  man  aged  46  is  entided  to  the 
rent  of  an  estate  for  40  years,  provided  he  lives  so 
long:  whtt  is  the  value  of  his  interest  therein,  reckon- 
ing intiRrest  at  4  per  cent,  and  the  probabilities  of  living 
as  observed  in  Sweden  f 

The  value  of  an  annuity  on  such  life  is,  by  Table 
XVI,  equal  to  12*297 ;  and  the  value  of  an  annuity 
on  the  same  life,  deferred  for  10  years,  is,  by  Ques- 
tion VI,  equal  to  5*093 :  consequendy  the  difference  ^ 
bet^^een  these  two  values,  or  7*204,  will  be  the  value 
required* 

Had  the  estate  depended  on  the  life  of  his  w<fe  aged 


<Jk,  7*  WIACTICAI.  ftUBSTIOKS.  86S 

40;  then  7*475  (or  the  difference  betweai  14*401 
and  6*926)  would  be  the  value  of  the  temporary  an^ 
^lluity  in  this  case  required. 

Or  had  the  estate  depended  on  their  joint  lives ; 
then  6*775  (or  the  difference  between  10*286  and 
S'5n)  would  be  the  value  of  the  temporary  annuity 
in  this  case  required. 


QUESTION  Vni. 

§  S85.  To  find  the  value  of  an  annuity  on  the 
Longest  oi  two  lives. 

SOLUTION. 

« 

From  the  sum  of  the  values  of  an  annuity  on  the  two 
fingle  lives^  subtract  the  value  of  an  annuity  on  the 
two  joint  lives:  the  difference  will  be  the  value  re* 
quired*    See  §  56. 

Example  1 .  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives  aged  20  and  40 ;  interest  at 
^  per  cent  and  the  probabilities  of  living  as  observed 
by  M.  De  Pardeux  ? 

The  value  of  an  annuity  on  the  two  single  lives  is^ 
by  Table  V,  equal  to  16*624  and  14*254  respectively^ 
the  sum  of  which  is  30*878 }  therefore,  if  from  this 
we  subtract  19*545,  or  the  value  of  an  annuity  on  the 
two  joint  lives  as  found  by  Table  IX,  the  difference 
or  IS'SSS,  will  be  the  value  required.     .. 
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Had  the  ages  of  the  ^ven  lives  been  50  aiid  70, 
the  snip  of  the  values  of  an  annuity  on  their  single 
lives  would,  by  Table  V,  be  equal  to  18*142  (that  is^ 
equal  to  ir921  added  to  6*221);  and  the  value  of 
an  annuity  on  their  joint  lives  would,  by  Table  IX, 
be  equal  to  5-517  :  oonsequenriy  12*625,  or  the  dif* 
ference  between  these  two  values,  would  be  the  value 
of  an  annuity  on  the  longest  of  their  two  lives. 

Had  both  the  lives  been  20  years  of  age,  the  value 
#f  an  annuity  on  their  single  lives  would  (according  to 
the  same  rate  of  interest  &c)  have  been  equal  to  twice 
16'624;  that  is,  equal  to  S3  "248  :  and  the  value  of  an 
annuity  on  their  joint  lives  would,  by  Table  VI,  be 
equal  to  14004:  therefore  the  difference  between 
these  two  values,  or  19*244,  would  be  the  number 
•f  years  purchase  in  this  case  required. 

Example  2.  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives,  a  man  and  his  wife,  the  for- 
mer aged  46  and  the  latter  aged  40 :  interest  at  4  pv 
cent,  and  the  probabilities  of  living  as  observed  in 
iwedent 

The  value  of  an  annuity  on  the  life  of  the  man  is, 
by  Table  XVI,  equal  to  12-297,^nd  the  value  of  an 
annuity  on  the  life  of  the  woman  is  14*401  ;  the  sum 
of  these  is  26*^98 :  from  which  we  must  subtract 
10*286,  the  value  of  an  annuity  on  their  joint  lives  by 
Table  X VIII;  and  the  difference,  or  16-412  will  b£ 
the  value  of  an  annuity  on  the  longest  of  their  two 
Ures. 

IJad  the  two  lives  been  each  of  them  10  years  older, 


» 


or  56  and  50  years  of  age,  then  the  sum  of  the  valuea 
of  an  annuity  on  their  single  lives  vould^  by  Tabl^ 
XVI,  be  equal  to  21-766  (that  is,  equal  to  9*7 17  added 
to  1 9^4§),  and  the  value  of  an  annuity  on  their  joint 
lives  would,  by  Table  XVIII,  be  e^ual  to  7*874  j  con- 
sequently 13*892,  or  the  difference  between  these  two 
values,  would  be  the  value  of  an  annuity  on  the  longest 
of  their  lives. 

Had  both  the  lives  been  40  yeart  of  age,  thw 
10*964  (or  the  value  of  an  annuity  on  their  joint 
lives)  subtracted  from  28*069  (or  the  sum  of  the  values 
of  an  annuity  on  their  smgle  lives*)  would  give 
17*105  for  the  answer  in  this  case  required. 

QUESTION  IX. 

5  S86.  To  find  the  value  of  an  annuity  on  the 
Juongest  of  three  lives. 

SOLUTION. 

From  the  sum  of  tb^  values  of  ax^  annuity  on.  all 
the  single  lives,  subtract  the  sum  <^  the  values  of  an 
annuity  on  each  pair  of  joint  lives,  and  to  the  di/^ 
ference  add  the  value  of  an  annuity  on  the  three  joint 
lives :  this  last  sum  will  be  the  value  required.  See  ^  56. 

• 

Example.    What  is  the  value  of  an  anz^iity  on 
-the  longest  of  three  liv€$  aged  20,  SO,  and  40 }  in^ 

*  Thevsdae  of  so  annuity  on  the  lifeof  tbe  man  is  13'OflB.aad 
tbo  va^ue  of  ao  annuity  on  the  life  of  the  woman  b  Wf/OU 

20 
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terest  at  4  per  cent;  and  the  probabititzes  of  living  as 
at  Northampton  f 

The  value  of  an  annuity  on  each  sixigle  life  is^  bj 
Table  XXVII,  equal  to  16-033,  14-781,  and  lS-197 
respectively,  the  sum  of  which  is  44-011 ;  the  value 
of  an  annuity  on  each  pair  of  joint  lives,  (viz  20  and 
SO,  20  and  40,  30  and  40)  is,  by  Tables  XXX  and 
XXXII,  equal  to  ir873,  10-924,  and  10-490  re-r 
spectively,  the  sum  of  which  is  33*287;  the  difference 
between  these  two  values  is  10*724,  which  being  added 
to  8*986,  (or  the  value  of  an  annuity  on  the  three 
Joint  lives,  as  found  by  Table  XLIV)  will  give  19'710 
for  the  number  of  years  purchase  required. 

Had  all  the  three  lives  been  20  years  of  age,  the 
value  of  an  annuity  on  their  single  lives  would  have 
been  equal  to  thrice  16*033,  or  48-099 ;  the  value  of 
an  annuity  on  each  pair  of  joint  lives  would  have  been 
equal  to  37*605,  or  to  thrice  12-535  (that  is,  equal  to 
thrice  the  value  of  an  annuity  on  two  joint  lives  both 
aged  20,  as  found  by  Table  XXVIII) ;  and  the  value 
of  an  annuity  on  the.  three  joint  lives  would,  by  Table 
XLIU,  be  equal  to  10*342 :  therefore  20*836  would 
be  the  number  of  years  purchase  in  this  case  required. 


QUESTION  X. 

-  5  ^^*^*  '^^  ^^  ^^  value  of  an  annuity  grantM 
ij\pon  three  lives,  hut  to  continue  only  as  long  as  any 
two  of  them  are  in  being  together. 
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SOLUTION. 


From  the  sum  of  the  values  of  an  annuity  on  each 
pair  of  joint  lives,  subtract  twice  the  value  of  an  an^ 
nuity  on  the  three  joint  lives,  the  difference  will  be  the 
value  required.     See  §  64. 

Example.  An  annuity  is  purchased  upon  three 
lives  aged  20,  SO,  and  40 ;  on  this  condition,  that  as 
soon  as  any  two  of  the  lives  fail>  the  annuity  shall 
cease:  the  value  of  the  same  is  required,  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living  as 
at  Northampton  ? 

The  value  of  an  annuity  on  each  pair  of  joint  lives 
(viz  20  and  SO,  20  and  40,  30  and  40)  is,  by  Table 
XXX  and  XXXII,  equal  to  11-873,  10*924,  and 
10*490  respectively,  the  sum  of  which  is  33-287; 
and  the  value  of  an  annuity  on  the  three  joint  lives  is 
8'986:  therefore  twice  the  latter  quantity,  or  17*972, 
subtracted  from  33*287  will  give  15*315  for  the  num- 
ber of  years  purchase  required. 

Had  the  ages  of  all  the  three  lives  been  20  years, 
the  value  would,  in  this  case,  have  come  out  equal  to 
16*921. 

QUESTION  XI. 

§  388.  To  find  the  value  of  an  annuity,  on  the 
iongest  of  any  number  of  lives.  Deferred  for  any  given 
tend. 

2c  2 
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SOLUTION. 

Substitute  the  values  of  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whole  continuance  of  those  lives,  and  proceed  a3  in 
the  solutions  to  the  t>vo  preceding  questions.    See  §  60« 

Example  1.  What  is  the  value  pf  an  annuity 
granted  on  the  longest  of  two  lives  aged  20  and  40,  but 
which  b  not  to  be  entered  on  or  enjoyed  till  after  the 
expiration  of  30  years:  reckoning  interest  at  4^  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcietix? 

The  value  of  a  deferred  annuity  for  30  years  on  a 
life  aged  20  is,  by  Question  VI,  equal  to  2*272 ;  the 
value  of  a  similar  annuity  on  a  life  of  40  is  equal  to 
*784 ;  and  the  value  of  a  similar  annuity  on  the  two 
joint  lives  is  equal  to  *496 :  therefore  if  from  the  sum 
of  the  two  former,  or  3*056,  we  subtract  the  latter,  the 
difference,  or  2*560,  will  be  the  value  required. 

Example  2.  A  man  and  his  wife  (the  former  aged 
46,  and  the  latter  aged  40)  purchase  on  the  longest 
of  their  two  lives  the  reversion  of  the  lease  of  an  estatet 
which  they  are  not  to  enter  upon  till  the  end  of  lO 
years:  what  is  the  present  value  of  the  same^  interest 
being  reckoned  at  4  per  cent^  and  the  probabilities  of 
living  as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  male  aged 
46j  deferred  10  years,  isy  by  Question  VI,  equal  M 
S'OaSi  the  value  of  a  similar  annuity  on  a  feim^ 
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aged  40,  k^  by  the  same  qu^dcn,  equal  to  6*926 }  and 
the  value  of  a  similar  amiuity  on  their  joint  lives  ife 
equal  to  S*51 1 .  Consequently  this  latter  value  de«- 
ducted  from  the  sum  of  the  two  former  one^,  will  leave 
8*508  for  the  answer  required. 

§  389«  ITiese  examples  give  the  present  values  ia 
a  single  payment;  but,  if  we  wish  to  determine  the 
same  value  in  annual  payments  commencing  immedi- 
ately^ we  must  divide  the  single  payment  thus  found, 
by  unity  added  to  the  value  of  an  annuity  on  the  longest 
of  the  given  lives,for  one  year  less  than  the  given  term. 

Thus  in  the  second  example,  the  value  of  the  de- 
ferred annuity  in  a  single  payment  is  8*508 ;  and,  by 
the  rule  in  the  following  question,*  the  value  of  Bti 
annuity  on  the  longest  of  the  two  lives  for  9  years  is 
equal  to  7*251 :  consequently  8*508  divided  by  8*251 
will  give  1*031  for  the  value  in  annual  payments. 

SCHOLIUM. 

« 

%  390.  It  should  here  be  particularly  observed 
that  if  the  deferred  annuity,  mentioned  in  this  question^ 
depends  upon  the  joint  existence  of  all  the  Uves,  to 

*  A  more  convenient  method  however  of  detenniniog  suck 
temponry  anooities  is  expreased  by  the  following  rule.  To  the 
yalue  of  the  deferred  amnuity  on  the  longest  of  tlie  given  lives  add 
the  expectation  that  the  longest  of  such  lives  shall  receive  ^1  at 
die  end  of  the  given  term  3  subtract  the  sum  from  the  value  of 
an  annuity  on  the  longest  of  the  given  lives :  the  difierence  will 
be  the  value  of  the  annuity  for  one  year  less  than  the  given  term. 
See  the  1Mb  in  page  350, 


-    s 


S90  ^PRACTICAL   QUESTIONS.  ,C%.13. 

K 

the  end  of  the  given  term,  the  solution  will  be  ma- 
terially different;  and  these  two  cases  must  not  be 
confounded.  In  tbi^  latter  case  the  value  will  be  equal 
to  the  value  of  an  annuity  on  the  longest  of  the  same 
number  of  lives  (each  .older  by  the  given  term  than 
the  given  lives)  multiplied  by  the  expectation  that  the 
joint  lives  shall  receive  £l  at  the  end  of  that  term. 
See  §  61. 

Example  1.  What  is  the  value  of  an  annuity  on 
the  longest  pf  two  lives  aged  20  and  40,  but  which 
is  not  to  be  entered  upon  till  the  end  of  30  years,  and 
then  only  in  case  both  the  lives  are  in  existence :  in- 
terest at  4^  per  cent,  and  the  probabilities  of  life  as 
observed  by  M  De  Parcieuxf 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  50  and  70  is,  by  the  rule  in  Question  VIII,  equal  - 
to  12*625  i  and  the  expectation,  that  t\yo  lives  aged  20 
and  40  will  receive  Jjl  at  the  end  of  30  years,  is,  by 
Question  II,  equal  to  -0899 :  the  product  of  these  two 
quantities  will  give  1*135  for  the  answer  required. 

Example  2.     A  man  (aged  46)  and  his  wife  (aged 

40)  purchase  an  annuity  on  the  longest  of  their  two 

lives,  which  is  to  commence  at  the  end  of  10  years 

^  provided  they  are  both  alive :  what  is  the  present  value 

« 

of  the  same,  interest  at  4  per  cent,  and  the  proba- 
bilities of  life  as  observ.ed  in  Sweden? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
(a  man  aged  56^  and  a  woman  aged  50)  is,  by  the  rule 
in  Question  VIII,  equal  to  13*892 ;  and  the  expectation 
that  two  such  lives  aged  46  and  40  will  receive  <£l  at 
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the  end  of  10  years  is,  by  Question  IT,  equal  to  *4459: 
thmproduct  of  t|iese  two  quantities  will  give  6*194  iiar 
the  value  required.  .  ^   . 

$  39 1.  The  value  of  these  annuities  in  annual 
payments  commencing  immediately  will  be  equal  to' 
the  vahie  in  a  single  payment,  divided  by  unity  added 
to  the  value  of  an  annuity  on  the  joint  lives  for  one 
year  less  than  the  given  term. 

Thus,  in  the  second  example,  the  value  of  the  de- 
ferred annuity  in  a  single  payment  is  equal  to  6*194 : 
and  by  the  rule  in  the  note  to  page  380,  the  value  of 
an  annuity  on  the  two  joint  lives  deferred  for  9  yeais 
is  6*329:  consequently  6*194  divided  by  7*829  wiU 
give  *845  for  the  value  in  annual  payments. 


QUESTION  XII. 

§  392.    To  find  the  value  of  a  Temporary  annuity 
on  the  longest  of  any  number  of  lives. 


SOLUTION. 

ft 

From  the  absolute  value  of  an  annuity  on  the  longest 
of  the  given  lives,  subtract  the  value  of  the  same  an* 
xiuity  deferred  during  the  given  term:  the  difference 
will  be  the  value  required.*    ^ee  §  62. 

*  Or  ('which  is  the  same  thing)  substitate  the  values  of  itin* 
^orary  annuities  on  each  single  and  joint  lives^  instead  of  the  values 
of  annuities  for  the  whole  continuance  of  those  lives;  and  proceed 
as  in  ttie  solutions  to  Questions  VIII  and  IX. 
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Example  ]»    What  is  thi  value  of  a  tem] 
.iianuicy  for  SO  years  on  the  longest  of  two  Ui 
20  and  40 ;  reckoning  interest  at  4|>  per  cent^  afl^ths 
probabilities  of  lifc  as  given  by  M.  De  Parcieuxf 

The  value  of  an  annuity  on  the  Icmgest  of  those  fives 
is,  by  Question  V1II»  equal  to  1 8*333 ;  and  the  value 
of  aq.  annuity  on  the  longest  of  those  lives  deferred 
for  30  years  is,  by  Question  Xl^  equal  to  2*560 ;  coiw 
sequently  the  difference  between  these  two  values,  or 
141*773,  will  be  the  answer  required. 

Example  2.  A  man  aged  46  purchases  an  annuity 
for  10  years,  terminable,  however,  at  any  time  prior 
4iereto,  on  the  e;Ktinction  of  his  own  life  and  the  life 
of  his  wife  aged  40 :  what  is  the  value  of  thd  same, 
interest  at  4  per  cent,  and  the  probabilities  of  living  its 
observed  in  Sweden? 

The  value  of  an  annuity  on  the  longest  of  thdr 
live$  is,  by  Question  VIII,  equal  to  16*412;  and  the 
value  of  an  annuity  on  the  longest  of  their  lives  de^ 
Jerred  for  10  years  is,  by  Question  XI,  equal  to  8*508s 
the  difference  therefore  between  thes@  two  values^  pr 
7*904,  i$  the  apswer  recjuired. 

QUESTION  XIII. 

§  393.  To  find  the  value  of  the  Reversion  of  aa 
annuity  on  a  single  life  after  any  other  single  lif^.* 

t  Thi9  Question,  ai^d  also  Gtaestioo  XVIII,  are  of  considenibla 
importance  ia  enabling  us  to  determine  the  best  means  of  providing 
Annuities  for  the  benqfii  of  fFidowsi  a»  will  be  more  fully  ei.* 
plaiaed  in  the  following  Chapter* 
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SOLUTION. 

Prom  the  Talue  of  an  annuity  on  the  life  m  reversion^ 
subtract  the  value  of  an  annuity  on  the  two  joint  lives ; 
tbe  di6ference  will  be  the  value  required.     See  §  76. 

Example  1  •  A  person  aged  20  wishes  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
beyond  another  life  aged  40:  what  ought  he  to  give  for 
the^sanje,  allowing  interest  at  4^  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  the  life  in  reversion 
(that  is»  on  the  life  aged  20)  is,  by  Table  V,  equal  to 
16*624;  and  the  value  of  an  annuity  on  the  two  joint 
lives  is,  by  Table  IX,  equal  to  12*545 ;  therefore,  the 
di£Ference  of  these  two  values,  or  4*079,  is  the  number 
of  years  purchase  required. 

Had  the  life  in  reversion  been  40,  and  the  life  in 
possession  20  years  of  age,  tbe  value  would  have  come 
i3Ut  equal  to  1-709. 

Or,  had  both  the  lives  been  20  years,  the  value 
^ould  have  come  out  equal  to  2-620 :  and  had  rhey 
both  been  40  years  of  age,  the  value  would  have  come 
cut  equa^  to  2*544. . 

Example  2.  What  is  the  value  of  an  annuity  to 
be  enjoyed  by  a  woman  aged  40,  during  her  life,  after 
the  decease  of  her  husband  aged  ^ ;  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  amongst  males 
and  females  respectively  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  womaa 
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aged  40  is,  by  Table  XVI,  equal  to  14'401,  and  the 
value  of  an  annuity  on  their  joint  lives  is,  by  Table 
XVIII,  equal  to  10-286;  therefore  4' 115  is  the  num- 
ber of  years  purchase  required. 

Had  their  lives  been  both  40  years  of  age,  the  value 
would  have  come  out  equal  to  3*4S7.* 

SCHOLIUM. 

§  394.  If,  instead  of  a  single  payment,  we  wish 
to  determine  the  value  of  these  reversionary  annuities 
in  annual  payments  to  be  made  during  the  existence 
of  the  two  joint  lives;  we  must  divide  the  value, 
found  in  either  case,  by  unity  added  to  the  value  of  an 
annuity  on  the  joint  lives :  and  the  quotient  will  give 
the  annual  payments  required. 

Thus,  in  the  first  example,  4*079  being  divided  by 
13*545  will  give  '301  for  the  annual  payments  which 
ought  to  be  made  during  the  joint  lives,  as  an  equiva- 
lent for  the  sum  in  a  single  payment.  In  like  manner, 
in  the  second  example,  4*1 15  being  divided  by  1 1  •286 
will  give  '365  for  the  annual  payments  which  ought 
to  be  made  by  a  man  aged  46  during  the  joint  lives 
of  himself  and  his  wife,  aged  40,  in  order  to  secure 

*  It  is  worthy  of  remark  that  the  value  of  a  reversionary  annuity 
on  one  life  afler  ^another  is,  when  the  difierenoe  of  age  is  not  very 
considerable,  less  in  the  younger  ages  and  greatest  in  the  middle 
ages  of  life :  a  Circumstance  which  may  be  attributed  t;o  the  higher 
chances  of  living  in  the  younger  ages,  whereby  the  probability  of 
mirvworship  is  deferred  so  long  as  to  atfect  in  a  materia]  degree  the 
value  of  ilie  reversionary  annuity. 
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to  his  widow,  on  his  death,  an  annuity  of  £l  per  an- 
num  during  her  life.* 

QUESTION  XIV. 

S  S95p  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life  A,  after  the  longest  of  two  other 
Jiyes,  P  and  Q, 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  thp 
single  life  A  in  reversion,  and  on  the  three  joint  lives, 
subtract  the  sym  of  the  values  of  an  annuity  on  the  two 
joint  lives  AP  and  AQ;  the  difference  will  be  the 
value  required.     See  §  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
life  of  »  person  aged  20  to  be  enjoyed  by  him  after 
the  decease  of  both  his  brother  and  sister,  aged  30  and 
40  respectively :  interest  at  4  per  cent,  and  the  pror 
babilities  of  living  as  at  Northampton  ? 

The  value  of  an  annuity  on  the  single  life  in  rever- 
sion is,  by  Table  XXVII,  equal  to  16-033,  and  the 

*  Dr.  Price  has  given  a  table  of  the  value  of  reversionary  an* 
unities  for  the  life  of  a  wife  after  the  death  of  her  husband ;  both 
in  single  and  annual  payments  during  their  joint  lives:  deduced 
from  the  Sweden  observations  and  at  4  per  cent  interest,  according 
to  the  several  ages  therein  mentioned.  See  liis  Obs,  on  Reu.  Pay, 
vol.  ii,  page  43  J .  The  utility  and  convenience  of  the  present  rule, 
in  enabling  us  to  determine  the  propriety  and  efficacy  of  those 
schemes  which  are  instituted  for  the  benefit  of  fVidows,  will  be 
shown  in  the  following  Chapter, 
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value  of  an  annuity  on  the  three  joint  lives  is,  by  Table 
XLIV,  equal  to  8*986,  the  sum  of  which  is  25*019  j 
the  value  of  an  annuity  on  the  two  joint  lives  20  and 
SO  is,  by  Table  XXX,  equal  to  1 1-873,  and  the  value 
of  an  annuity  on  the  two  joint  lives  20  and  40  is,  by 
Table  XXXII,  equal  to  10*924,  the  iam  of  which  is 
22*797;  therefore  22*797  subtracted  from  25  Old 
will  leave  2*222  for  the  value  required. 

Had  the  two  lives  in  possession  been  both  40,  then 
1 6*038  added  to  8*601  (or  the  value  of  an  annuity 
on  three  joint  lives  aged  20,  40  and  40,  as  found  by 
Question  V)  will  make  24*634 ;  from  which  we  must 
subtract  twice  10*924:  the  difference,  or  8*786,  will 
be  the  value  in  this  case  required, 

'  QUESTION  XV. 

§  896.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  the  longeu  of  two  lives  A  and  B,  after  any 
single  life  P. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
angle  life  A  and  B  in  reversion  and  on  the  three  joint 
lives,  subtract  the  sum  of  the  values  of  an  annuity  on 
each  pair  of  joint  lives  AB,  AP,  BP :  the  difference 
Vill  be  the  value  required.     See  §  76. 

Example.  What  is  the  Value  of  an  annuity  on  the 
longest  of  two  lives  aged  20  and  30,  to  be  enjoyed  after 
the  extinction  of  a  single  life  aged  40;  interest  at  4  per 
cent,  and  the  probabilides  of  living  as  at  Northampum  f 
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By  proceeding  as  in  the  last  question  it  will  be 
found  that  the  sum  of  the  values  of  an  annuity  on  the 
two  single  lives  20  and  50  is  30*814,  that  the  value 
of  an  annuity  on  the  three  joint  lives  is  8*986^  and  that 
the  sum  of  the  values  of  an  annuity  on  each  pair  of  joint 
lives  is  S3*287;  consequently,  6*513  is  the  value  re* 
quired. 

Had  the  two  lives  in  reversion  been  both  20  yeani 
of  age,  then  the  sum  of  the  values  of  an  annuity  on 
their  single  lives  would  be  32*066 ;  the  value  of  aa 
annuity  on  the  three  joint  lives  would^  by  Question  V, 
be  9*406 ;  and  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joiqt  lives  would  be  34*383:  conse- 
quently 7 '089  would  be  the  value  required. 


On  the  Renewal  of  Jjeasesfor  Lives^ 

§  397.  The  three  preceding  questions  wijl  be 
found  of  great  practical  use  in  the  Renewal  ofLease^^ 
held  on  two  or  three  lives;  as  they  serve  to  show  the 
value  of  the  Fine  that  ought  to  be  paid  for  putting  in 
a  new  life  in  lieu  of  one  that  has  dropt,  or  become 
extinct.    For,  the  vs^uef  of  such  fine  is  equal  to  the 

*  See  more  on  the  subject  of  the  Renewal  of  Leaaei  for  lives 
0ml  ^erwards  for  a  term  certain^  in  the  observatioDS  at  the  end 
of  Question  XXIV. 

f  I  call  the  value  of  a  Fine,  the  Number  qf  years  purchase  that 
it  is  worth:  agreeably  to  the  principles  laid  down  in  deducipg  tbo 
va\ue  of  annuities :  see  the  remark  iq  the  note  iq  page  362.  This 
talue»  being  multiplied  by  the  net  improved  rent  of  the  estate,  will 
•how  the  total  sum  of  money  that  ought  to  be  given  for  the  renewal* 
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difference  between  the  value  of  an  annuity  on  the 
longest  of  all  the  lives  (inchiding  the  life  or  Uves  to 
be  added)  and  the  value  of  an  annuity  on  the  longest 
of  the  lives  in  possession :  which  rule  will  be  found  to 
agree  with  the  solutions  above  given,  according  to  the 
several  cases  there  mentioned** 

.  Example  1 .  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to.a  lease 
held  by  Two  lives,  after  One  has  dropped,  is  (sup- 
posmg  the  existing  life  to  be  aged  40)  equal  to  4*079, 
or  rather  more  than  4  years  purchase  of  the  net  im- 
proved rent  of  the  estate  ;t  as  already  found  by  Ques- 
tion XIII. 

Consequently,  if  the  net  improved  rent  of  the  estate 
had  been  c£lOO  per  annum,  we  should  have  «£407 :  18 
for  the  gross  sum  that  ought  to  be  paid  down  for  the 
renewal  required. 

Example  2.  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to  a  lease 
held. by  Three  lives,  after  One  has  dropped,  is  (sup- 
po^ng  the  existing  lives  to  be  aged  30  and  40)  equal 
to  2*222,  or  nearly  2^  years  purchase  of  the  net  im- 
proved rent  of  the  estate ;  as  already  found  by  Ques- 
tion XIV. 

Example  3.  The  value  of  the  fine  which  ought 
to  be  given  for  putting  in  Two  new  lives,  both  aged  20, 

*  This  subject  is  more  fully  discussed  in  my  Tables  for  the 
Piurchasing  and  Renewing  of  Leases,'  2d  edit.  I8O7. 

-f  That  is^  the  net  surplus  rent^  after  deducting  the  reserved  rent 
(if  any)  and  all  taxes  and  other  annual  charges. 
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to  a  lease  held  by  Three  lives,  after  Two  have  dropped, 
is  (suppoing  the  existing  life  to  be  aged  40)  equal  to 
7-089,  or  rather  more  than  7  years  purchase  of  the 
net  improved  rent  of  the  estate ;  as  alread}'  found  by 
Question  XV. 

The  same  principles  will  also  lead  us  to  the  true 
values  that  ought  to  be  given  for  Exchanging  any  one 
or  more  lives  (in  a  lease)  for  a  life  or  lives  of  any  other 
age.  For,  such  value  will  in  all  cases  be  equal  to  the 
present  value  of  the  tenant's  interest  in  the  lease  before 
the  exchange,  subtracted  from  his  interest  in  the  lease 
after  the  new  lives  are  added. 

QUESTION  XVL 

§  398.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life,  after  the  extinction  of  two 
joint  lives, 

SOLUTION. 

From  the  value  of  an  annuity  on  the  single  life  in 
reversion,  subtract  the  value  of  an  annuity  on  the 
three  joint  lives :  the  difference  will  be  the  value  re- 
quired»     See  §  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
life  ,of  a  person  aged  20  to  be  enjoyed  by  him  after  the 
decease  of  either  of  his  brothers,  one  aged -SO  and  the 
other  40 ;  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  at  Northampton  ?  '  r. 

The  value  of  an  annuity,  on  the  life  of -a  person 
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3ged  20  is,  by  Table  XXVII,  equal  to  16*083 ;  and  the 
Talue  of  an  annuity  on  the  three  joint  lives  is^  by  Table 
XLIV,  equal  to  8*986 :  therefore  7'04t7  is  the  value 
{required.  * 

Had  the  two  lives  in  possession  been  both  40  years» 
(hen  7*432  would  have  been  the  value  required. 


QUESTION  XVII. 

§  899.  To  find  the  value  of  the  Reversion  of  an 
ai>nuity  on  two  joint  lives  after  the  extinction  of  9i 
jingle  life. 

SOLUTIOK. 

From  the  value  of  an  annuity  on  the  two  joint  lives 
in  reversion,  subtract  the  value  of  an  annuity  on  the 
three  joint  lives:  the  difference  will  be  the  value  re- 
quired.    See  §  76. 

Example.  What  is  the  value  of  the  reversion  of 
an  annuity  on  two  joint  lives  aged  20  and  SO  after 
the  extinction  of  a  life  aged  40 ;  interest  at  4  per  cent, 
and  the  probabilities  of  life  as  at  Northampton^ 

The  value  of  an  annuity  on  the  two  joint  lives  aged 
20  and  80  is»  by  Table  XXX,  equal  to  1 1  -873»  and  the 
value  of  an  annuity  on  the  three  joint  lives  is,  hj 
Table  XliV,  equal  to  8*986:  therefore  2*887  is  die 
value  required* 

Had  both  the  lives  in  reversion  been  20  years  of  age^ 
then  8*129  would  be  the  answer  required. 


^1 
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QUESTION  XVUI. 

5  400.  To  fiad  the  value  of  any  Deferred  rever* 
sionary  life  annuity.* 

SOLUTION, 

Substitute  the  values  of  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whjole  contintuznce  of  those  lives ;  and  proceed  as  in 
the  s<dutioD$  to  the  last  five  questions,  according  to 
the  case.    See  §  77. 

Example  I  •  What  is  the  present  value  of  a  rever- 
sionary annuity  on  the  life  of  a  person  aged  20,*  to 
commence  at  the  end  of  SO  years,  provided  another 
person,  now  40,  be  then  dead ;  or  if  this  should  not 
happen^  then  at  the  end  of  any  year  in  which  the  for- 
mer shall  happen  to  survive  the  latter :  interest  at  4^ 
per  cent,  and  the  probaUlities  of  living  as  observed  by 
M.  De  Parcieuxf 

The  value  of  an  annuity  on  the  life  in  reversion, 
deferred  for  SO  years,  is,  by  Question  VI,  equal  to 
2'272 ;  and  the  value  of  an  annuity  on  the  two  joint 
lives  deferred  for  30  years  is,  by  the  same  Question9 

*  This  QaestioD  is  of  considerable  use  in  CDabling  us  to  deteN 
mine  the  validitj  of  certain  Scfaemes  which  have  been  proposed  for 
providing  Anifuities  for  the  hen^t  of  Widows  i  as  will  be  mora 
fuUf  explained  in  the  following  Chapter.  See  also  the  note  in 
page305i^ 

2  D 
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equal  to  •496.  Therefore  the  difference  between  these 
two  values,  or  1*776,  will,  by  Question  XIII,  be  the 
answer  required. 

Example  2.  A  woman  aged  40  will  at  the  end  of 
10  years  enter  upon  an  annuity  for  her  life,  provided 
her  husband,  now  aged  46,  be  then  dead ;  or  if  this 
should  not  be  the  case,  then  at  the  end  of  any  year  in 
which  he  may  die :  what  is  the  present  value  of  the 
reversion,  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  female  aged 
40,  deferred  for  10  years,  is,  by  Question  VI,  equal  to 
6*926 ;  and  the  value  of  an  annuity  on  their  joint  lives 
is,  by  the  same  Question,  equal  to  3*5 11.'  Therefore 
the  difference  between  these  two  values,  or  3*415,  wilF, 
by  Question  XIII,  be  the  answer  required. 

If  we  wish  to  determine  the  value  of  these  deferred 
reversionary  annuities  in  annual  payments  during  th^ 
continuance  of  their  joint  lives,  we  have  only  to  divide 
the  single  payment,  above  found,  by  unity  added  to 
the  value  of  an  annuity  on  the  joint  lives ;  as  already 
explained  in  the  Scbolbm  to  Question  XUI. 

SCHOLIUM, 

§  401.  If  the  deferred  annuity  mentioned  in  this 
question  depends  on  the  joint  continuance  of  all  the 
lives  to  the  end  of  the  given  term,  the  solution  will 
be  materially  diflferent,  (as  I  have  already  observed  re- 
specting deferred  annuities  depending  on  the  longest 
of  any  lives,  in  the  Scholium  in  page  389)  :  and  care 
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must  be  taken  not  to  confound  the  two  cases  together. 
When  the  reversion  depends  on  the  joint  continuance 
of  all  the  lives  to  the  end  of  the  given  term,  its  value 
vill  be  equal  to  the  value  of  the  reversion  on  the  same 
number  of  lives,  each  older  by  the  given  term  than 
the  given  lives,  multiplied  by  the  expectation  that  the 
joiiU  lives  shall  receive  <£l  at  the  end  of  that  term. 
See  §  78* 

Example  1 .  What  Is  the  present  value  of  a  rever* 
sionary  annuity  on  a  life  aged  20  for  what  may  happen 
to  remain  of  it  beyond  another  life  aged  40  after  30 
years,  provided  both  lives  continue  from  the  present  time 
to  the  end  of  the  term :  interest  at  4^  per  cent,  and  the 
probabilities  of  living  as  given  by  M.  De  Parcieuxf 

The  value  of  ah  annuity  on  a  \\ie  aged  50  after  an- 
other life  aged  70  is,  by  the  rule  in  Question  XIII, 
equal  to  6*404  (or  the  difference  between  11 '921  and 
5'5 17);  and  the  expectation  that  the  joint  lives,  20 
and  40,  shall  receive  j£l  at  the  end  of  30  years  is, 
by  Question  II,  equal  to  -0899 ;  the  product  of  these 
two  quantities  therefore,  or  •J76,  will  be  the  value 
required. 

Example  2,  What  is  the  present  value  of  an  an- 
nuity on  the  life  of  a  woman  aged  40,  for  what  may 
happen  to  remain  of  it  beyond  the  life  of  her  husband^ 
now  aged  46,  after  10  years,  provided  they  both  con- 
tinue in  Ipeing  so  long :  interest  at  4  per  cent,  and  the 
probabilities  of  life  as  observed  in  Siveden  f 

The  value  of  an  annuity  on  the  life  of  a  woman 

2d2 
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aged  50  after  the  decease  of  her  husband  aged  56,  is, 
by  the  rule  in  Question  XIII,  equal  to  4*175  ;  and  the 
expectation  that  the  joint  lives  40  and  46  shall  receive 
£l  at  the  end  of  10  years  is,  by  Question  II,  equal  to 
*4459 :  consequently,  these  two  quantities  multiplied 
together  will  produce  1  '862  for  the  value  in  this  case 
required. 

If  we  wish  to  determine  the  value  of  these  deferred 
reversionary  annuities  in  annual  payments  during  the 
continuance  of  their  joint  Uves,  we  have  only  to  di- 
vide the  single  payment,  above  found,  by  unity  added 
to  the  value  of  an  annuity  on  the  joint  lives ;  as  alt 
ready  explained  in  the  Scholium  to  Quesdon  XIU.    • 


QUESTION  XII. 

§  402.  To  find  the  value  of  any  Temporary  re^ 
versionary  life  annuity* 

SOLUTION. 

Substitute  the  values  of  temporary  annuities  on 
each  single  and  joint  lives,  instead  of  the  annuides  for 
the  whole  continuance  of  those  lives}  and  proceed  as 
•jjj^'*  •  in  the  last  question.    See  §  77. 

Example  1 .  A  lease  of  an  estate  is  held  for  SO 
years,  to  the  rent  of  which  a  person  now  aged  20  will 
be  entitled  on  ^  the  decease  of  his  brother  aged  40 : 
what  is  the  value  c^  his  interest  dierem,  taking  the 


\ 
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probabilities  of  life  as  observed  by  M.  De  ParcietiXj 
and  interest  at  4^  per  cent  ? 

The  value  of  an  annuity  for  30  years  on  a  life  aged 
20  is,  by  Question  VII,  equal  to  14*352,  and  the  value 
of  a  similar  annuity  on  the  two  joint  lives  is,  by  the 
same  Question,  equal  to  12*049;  consequently,  the 
difference  of  these  two  values,  or  2*303,  will,  by 
Question  XIII,  be  the  answer  required. 

Example  2.  In  a  lease  of  an  estate  (originally 
granted  for  twenty-one  years)  10  years  are  unexpired} 
to  the  rent  of  which,  a  woman  aged  40  will,  on  the 
decease  of  her  husband  aged  46,  become  entitled : 
what  is  the  value  of  her  interest  in  the  same,  taking 
the  probabilities  of  life  as  observed  in  Sweden^  and  the 
rate  of  interest  at  4  per  cent? 

The  value  of  an  annuity  on  the  life  .of  a  woman 
9ged  40  for  10  years  is,  by  Question  VII,  equal  to 
7'475,  and  the  value  of  a  similar  annuity  on  the  two 
joint  Hvesis,  by  the  same  Question,  equal  to  6*775: 
consequently  *700  is  the  value  required. 

If  we  wish  to  determine  the  value  of  these  tem- 
porary reversionary  annuities  in  annual  payments,  we 
have  only  to  divide  the  single  payments^  above  founds 
by  unity  added  to  the  value  of  a  temporary  annuity 
on  the  joint  Wve&foY  one  year  less  than  the  *given  term : 
and  the  quodent  will  be  the  annual  payment  required. 
See  §  368,  ^ 

QUESnON  XX. 
§  403.    Two  persons  A  and  B  purchase  an  an^ 
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nuity "  on  the  longest  of  their  lives,  which  is  to  be 
equally  divided  between  them  whilst  they  are  both 
living,  biit  on  the  decease  of  either  of  them  it  is  to 
belong  wholly  to  the  Survivor:  to  find  their  respec* 
tive  shares,  or  the  proportion  which  each  person  ought 
to  contribute  towards  the  purchase. 


SOLUTION, 

From  the  value  of  an  annuity  on  the  life  A  or  B 
subtract  half  the  value  of  an  annuity  on  the  two  joint 
lives :  the  remainder  will  be  the  share  of  A  or  B  re^ 
quired.     See  §  85, 

*  Example  1 .  Suppose  the  age  of  A  to  be  20,  and 
(hat  of  B  40 ;  the  rate  of  interest  4j  per  cent,  and  the 
probabilities  of  life  as  observed  by  M.  De  Parcieux  f 
The  value  of  an  annuity  on  a  life  aged  20  is,  by 
Table  V,  equal  to  16*624;  and  the  value  of  an  an* 
nuity  on  a  life  aged  40  is  equal  to  1 4*254 :  also  the 
value  of  an  annuity  on  two  joint  lives  aged  20  and 
40  is,  by  Table  IX,  equal  to  12545,  the  half  of  which 
is  6'272.  Consequently  this  latter  value  subtracted 
from  16*624  will  give  10*352  for  the  share  which  A 
ought  to  contribute ;  and  subtracted  from  1 4*254  it 
will  give  7*982  for  the  share  which  B  ought  to  con* 
tribute. 

Example  2.  Suppose  two  persons,  a  man  aged  46 
and  a  woman  aged  40,  to  hold  the  lease  of  an  estate 
on  the  longest  of  their  lives,  the  rent  of  which  is  di- 
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vided  in  the  manner  above  stated ;  what  sum  ought 
to  be  given  to  each  of  them  for  surrendering  their 
right  in  the  same:  interest  being  reckoned  at  4  per  cent, 
and  the  probabilities  of  life  as  observed  in  Sweden  ? 

The  value  of  the  man*s  interest,  is  equal  to  7*154 
(or  to  the  difference  between  12-297  and  5' 143);  and 
the  value  of  the  woman's  interest  is  equal  to  9*258 
(or  to  the  difference  between  14* 401  and  5*  143). 
Therefore  if  the  net  rent  of  the  estate  were  £50  per 
annum,  the  sum  which  ought  to  be  given  to  the  man 
will  be  357*700,  or  ^£357  :  14  :  and  the  sum  which 
ought  to  be  given  to  the  woman  will  be  462*900,  or 
£462  :  18. 

SCHOLIUM- 

§  404.  If  the  annuity  is  for  a  term  of  years  less 
than  that  to  which  it  is  probable  the  given  lives  may 
extend,  we  must  substifute  the  values  of  annuities  for 
the  given  term  instead  of  the  values  of  annuities  for 
the  whole  continuance  of  the  lives :  and  proceed  with 
these  substituted  values  according  to  the  directions 
given  in  the  rule. 

Thus,  if  in  the  first  example,  the  annuity  bad  been 
for  30  years  only,  we  must  find  the  value  of  a  tern- 
porary  annuity  for  30  years  on  a  single  life  aged  20, 
a  single  life  aged  40,  and  two  joint  lives  aged  SO  and 
40 :  which  values  are,  by  Question  VII,  equal  to 
14*352,  13*470,  and  12*049  respectively.  Conse- 
quently, the  half  of  the  latter  subtracted  from  14*352 
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wUl  leare  8*328  for  the  share  of  A ;  and  subtracted 
from  18-470,  it  will  leave  7*446  for  the  share  of  B« 


QUESTION  XII. 

§  405.  Two  persons  are  in  possession  of  an  an* 
nuity  on  the  longest  of  their  lives ;  which,  on  the 
decease  of  either  of  them,  will  belong  to  D  and  his 
heirs  during  the  life  of  the  Survivor:  to  find  the  value 
of  his  interest  therein. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
smgle  life  in  possession,  subtract  twice  the  value  of  an 
annuity  on  their  joint  lives :  the  difference  will  be  the 
value  required.    See  §  137* 

Example.  Suppose  the  ages  of  the  two  lives  in 
possessbn  to  be  20  and  AO ;  interest  4^  per  cent,  and 
the  probabilities  of  living  as  observed  by  M.  De  Par^ 
deux  ? 

The  value  of  an  annuity  on  each,  single  life  is,  by 
Table  V,  equal  to  16*624  and  14*254;  and  the  value 
of  an  annuity  on^the  two  joint  lives  is,  by  Table  IX^ 
equal  to  12\545.  Consequently,  25*090  subtracted 
from  SO'878  will  leave  5'788  for  the  interest  of  D  and 
bis  heirs  in  this  annuity. 

Had  the  two  lives  in  possession  been  a  man  aged 
46  and  a  woman  aged  40,  the  value  of  the  interest  of 
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D  and  his  heirs  in  the  annuity  woald  (on  the  sup- 
position diat  interest  was  at  4  per  cait,  and  the  pro- 
babilities of  living  as  observed  in  Sweden)  be  equal 
to  ^•126* 

t 
% 

SCHOLIUM. 

• 

S  406.  If  the  annuity  Is  for  a  term  of  years  few 
than  that  to  which  it  is  posdble  that  either  of  the  given 
lives  may  extend,  we  must  substitute  the  values  of  an- 
nuities for  the  given  term  instead  of  the  values  pf 
annuities  for  the  whole  continuance  of  the  lives:  and 
proceed  with  these  substituted  values  according  to  the 
direcdoas  given  in  the  rule.  ^ 

Thus,  if  in  the  example  just  given,  the  annuity  on 
the  two  lives  aged  20  and  40  had  been  for  SO  years 
only,  then  24*098  ( or  twice  the  value  of  a  temporary 
annuity  for  30  years  on  the  two  joint  lives,  as  found 
by  Question  \1I)  subtracted  from  27*822  (or  the  sum 
of  the  values  of  a  temporary  annuity  for  SO  years  on 
each  of  the  single  lives,  as  found  by  the  same  Question) 
will  leave  3*724  for  the  value  in  this  case  required. 

QUESTION  XXII. 

S  407.  To  find  the  value  of  an  annuity  certain 
for  a  given  term ;  and  afterwards,  for  the  remainder 
of  any  gJVen  life  or  lives. 

SOLUTION. 

To  the  present  value  of  'an  annuity  certain  for  the 
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given  term,  add  the  value  of  an  annuity  on  the  given 
life,  or  lives,  deferred  for  that  term :  the  sum  of  these 
two  will  be  the  value  required.     See  %  5\. 

Example  1 .  What  is  the  value  of  an  annuity  cev'- 
tain  for  SO  years,  and  then  to  continue  during  the  life 
of  a  person  now  aged  20«:  reckoning  interest  at  4j 
per  cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcieux  ? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  1 6*289,  and  the  value  of  an  an- 
nuity, on  a  life  aged  20,  deferred  for  30  years  is,  by 
Question  VI,  equal  to  2-272:  consequently  18*561 
will  be  the  value  required. 

Example  2.  What  is  the  value  of  an  annuity  cer* 
tain  for  10  years,  and  then  to  continue  during  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40: 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  observed  in  Sweden  ? 

The  value  of  an  annuity  certain  for  1 0  years  is,  by 
Table  LIX,  equal  to  8*111,  and  the  value  of  an  an- 
nuity on  the  two  joint  lives,  deferred  for  J  0  years,  is, 
by  Question  VI,  equal  to  3*511 :  consequently  11-622 
will  be  the  value  required. 

QUESTION  XXIII. 

§  408.  Supposing  a  person  to  enjoy  an  annuity 
for  his  life ;  and,  at  his  decease,  to  have  the  nomination 
of  a  successor :  to  find  th6  present  value  of  the  an- 
nuity on  the  Succeeding  life. 


Qu.  23.  PRACTICAL  QUjeSTIOVS.  Ml 

SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  life  in  pos* 
session  by  the  rate  of  interest,  and  subtract  the  pro- 
duct from  unity ;  multiply  the  remainder  by  the  as* 
sumed*  value  of  an  annuity  on  the  succeeding  life: 
the  product  will  be  the  present  value  required.  See 
§  205. 

Example.  Suppose  the  age  of  the  life  in  possession 
to  be  65,  and  that  at  his  decease  he  has  the  liberty  of 
nominating  another  life  to  succeed  him;  which  life 
we  will  suppose  to  be  one  of  the  best  that  can  then 
be  found,  or  one  which  may  then  be  about  10  years 
old:  what  is  the  present  value  of  such  succeeding  life, 
interest  at  5  per  cent,  and  the  probabilities  of  living  as 
observed  by  M.  De  Parcieux  ? 

The  value  of  an  annuity  on  a  life  aged  65  is,  by  Ta- 
ble y,  equal  to  7*535,  which  being  multiplied  by  '05, 
and  subtracted  from  unity,  will  leave  •62325;  and 
this  quantity,  multiplied  by  16'213  (or  the  value  of  an 
annuity  on  the  life  to  be  hereafter  nominated )  will 
•  produce  10- 105  for  the  present  value  of  the  same,  as 
was  required. 

Had  it  been  required  to  calculate  the  value  of  the 

*  The  life  or  lives  nominated  to  succeed  to  the  annuity,  after 

the  extinction  of  the  life  o^  lives  in  possession^  are  such  as  are 

then  to  be  fixed  on,  at  pleasure :  therefore  the  present  value  of  an 

annuity  on  those  lives  will  vary  according  ta  the  ages  at  which 

they  are  aupposed  to  be  put  in.     See  page  163. 


^ 
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succeeding  life  according  to  the  Northampton  tables 
of  obsen^ations,  at  the  same  rate  of  interest ;  we^ught 
to  multiply  7*276  by  ^05;  which,  subtracted  from 
unity,  would  leave  *63620 ;  and  this  latter  quantity 
multiplied  by  15- 139*  will  give  9*63 1  for  the  value 
in  this  case  required. 

scnohtvM. 

§  409.  The  solution  given  to  the  present  quesdon 
tudll  apply  equally  to  the  case  of  annuities  on  joint 
lives,  or  on  the  longest  of  any  lives  ^  with  power  to 
nominate,  at  the  extinction  of  such  lives,  an  equal 
dumber  of  similar  lives  to  succeed  thereto. 

Example.  Suppose  an  annuity  is  held  on  two  joint 
lives  aged  50  and  60 ;  and  that,  on  the  extinction  of 
either  of  them,  two  other  joint  lives  (the  best  that  can 
then  be  fouhd,  and  which  we  will  6U{^se  to  be  10 
years  old)  are  nominated  to  succeed  them:  what  is  the 
present  value  of  the  annuity  on  the  succeeding  joint 
lives,  interest  at  5  per  cent,  and  the  probabilities  of 
living  as  observed  at  Northampton  ? 

^  It  appears  that»  by  the  Northampton  tablea^  a  life  of  the  age 
of  8  years  is  one  of  the  best  that  can  be  put  hi ;  since  the  value  of 
an  annuity  on  such  life  is  equal  to  15-226 :  but  in  questions  of  this 
kind  we  may  safely  omit  the  decimal,  and  assume  the  life  to  be 
8uch  that  an  annuity  on  it  at  the  time  of  nomination  would  be  worth 
15  years  purchase.  For^  it  seldom  happens  that  the  life,  which 
we  should  choose  to  nominate,  is  exactly  of  the  age  which  is  a*» 
sumed. 
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The  value  of  an  annuity  on  the  two  joint  lives  ie^ 
by  Table  XXX,  equal  to  6*568 ;  which,  being  multi* 
plied  by  *05  and  subtracted  from  unity,  will  leave 
'67160;  and  this  multiplied  by  12*665  (or  the  value 
of  an  annuity  on  two  joint  lives  both  lO  years  old) 
will  produce  8*506  for  the  value  required. 

Had  the  annuity  been  held  on  the  longest  of  the  two 
lives,  aged  50  and  60 ;  with  power,  on  the  extinction 
of  boih  those  lives,  to  nominate  two  other  lives  ( whose 
ages  we  will  suppose  to  be  each  10  years)  who  are  to 
enjoy  the  annuity  as  long  as  either  of  them  is  in  ex« 
istence;  the  present  value  of  the  annuity  on  those  suc« 
eeeding  Uves  might  be  calculated  in  a  similar  manna** 
For,  the  value  of  an  annuity  on  the  longed  of  two  lives 
aged  50  and  60  is,  by  the  solution  in  Question  VIII, 
equal  to  1 2H39S ;  which  being  multiplied  by  *05  and 
subtracted  from  unity,  leaves  'S95S5 ;  and  this  quantity 
multiplied  by  17^13  (or  the  value  of  an  annuity  on 
she  longest  of  two  lives  aged  10  years)  will  give 
6*963  {or  the  value  required* 

QUESTION  XXIV. 

%  410.  To  find  the  present  value  of  an  annuity 
certain  for  a  given  term  after  the  extinction  of  any 
given  life  or  lives. 

SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  given  life 
or  lives  by  the  rate  of  interest,  and  subtract  the  pro* 
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duct  from  unity  ;  multiply  the  remainder  by  the  pre* 
sent  value  of  an  annuity  certain  for  the  given  term : 
the  product  will  be  the  value  required.     See  §  208. 

• 

Example  1.  Suppose  D  and  his  heirs  to  be  en* 
titled  to  an  annuity  certain  for  21  years,  to  commence 
at  the  death  of  a  person  aged  70 ;  what  is  the  present 
value  of  D's  interest  in  that  annuity,  taking  the  pro- 
babilities of  living  as  observed  at  Northamptony  and 
the  rate  of  interest  at  5  per  cent? 

The  value  of  an  annuity  on  the  life  of  a  person  aged 
70  is,  by  Table  XXVII,  equal  to  6-023,  which  being 
multiplied  by  05  and  subtracted  from  unity,  will  leave 
•69885;  and  this  multiplied  by  12*821  (or  the  value 
of  an  annuity  certain  for  21  years)  will  produce  8*960 
for  the  present  value  of  the  same  annuity  to  be  entered 
on*  at  the  extinction  of  the  given  life* 

If  this  value  be  added  to  6*023  (or  the  value  of  the 
annuity  on  the  life  in  possession)  the  sum  of  them,  or 
14*983,  will  be  equal  to  the  value  of  an  annuity  on 
the  given  life,  commencing  immediately^  and  to  con- 
tinue, after  the  extinction  of  such  life,  for  the  term  of 
21  years  longer. 

Example  2.  A  lease  of  an  estate  is  held  upon  two 
lives  aged  60  and  70 ;  and,  after  the  decease  of  both 
of  them,  then  for  21  years  longer:  what  is  the  value 

*  This  solution  supposes  that  the  first  payment  of  the  annuity 
is  made  at  the  end  of  the  year  in  which  tLe  gifen  life  becomes 
eitliDCt. 


\ 
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of  such  lease,  reckoning  interest  at  5  per  cent,  and 
the  probabilities  of  living  as  at  Nortlmmpton? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  60  and  70  is,  by  the  rule  in  Question  VIII,  equal 
to  9'735 ;  which,  being  multiplied  by  -05  and  sub- 
tracted from  unity,  will  leave  •5132,5  ;  this  being  muU 
tiplied  by  12*821  (or  the  value  of  an  annuity  certain 
for  21  years)  will  give  6'580  for  the  present  value  of 
the  same  annuity  to  be  enjoyed  2 1  years  after  the  ex- 
tinction of  the  longest  of  the  two  lives.  And  this 
value  being  added  to  9*735  (or  the  value  of  an  annuity 
on  the  longest  of  the  two  lives)  will  give  1 6*3 15  for 
the  value  of  the  lease  required. 

Example  3.  A  lease  of  an  estate  is  held  upon  tliree 
lives  aged  50,  60,  and  70 ;  and,  after  their  decease, 
then  for  t\   years  longer:  what  is  the  value  of  the 
same,  reckoning  interest  at  5  per  cent,  and  the  proba«  . 
bilides  of  living  as  at  Northampton? 

The  value  of  an  annuity  on  the  longest  of  three 
lives  aged  50,  60,  and  70  is,  by  the  rule  in  Question 
IX,  equal  to  12*443;*  which,  being  multiplied  by  "05 
and  then  subtracted  from  unity,  will  leave  •37785; 
this  being  multiplied  by  12*821  will  give  4*844  for 
the  present  value  of  the  annuity  for  2 1  years  after  the 
longest  of  the  three  lives.  And  this  value,  being  ad- 
ded to  12*443,  will  give  17*287  for  the  value  of  the 
lease  required. 

*  The  value  of  an  annuity  on  the  three  jw/?/  lives  is,  by  the  rule 
in  Question  V  (and  the  correction  alluded  to  in  page  376)  equal 
to  4061. 
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Had  the  three  lives  been  10,  60,  and  70  years  of 
i^e ;  then  the  value  of  an  annuity  on  the  longest  of 
their  lives  would  be  equal  to  15-878  ;*  and  the  value 
of  the  annuity  for  21  years  after  those  lives  would  be 
equal  to  2*642 :  consequently  the  value  of  the  lease 
would  in  this  case  be  equal  to  18 -5  20. 

Or,  had  the  three  lives  been  10,  10  and  70  years  of 
age ;  then  the  value  of  an  annuity  on  the  longest  ci 
their  lives  would  be  equal  to  17'6IO;t  and  the  value 
of  the  annuity  for  2 1  years  after  those  lives  would  be 
equal  to  1  '532 :  consequently  the  value  of  the  lease 
would  in  this  case  be  equal  to  19*142. 

On  the  Renewal  of  Leases  for  Lives  and  €tfierwards 

for  a  Term  certain. 

5  41 1.  The  three  examples  given  in  the  preceding 
question  will  serve  to  show  the  method  of  determiiung 
the  value  of  the  Fine  which  ought  to  be  given  for 
Renewing  any  lives  dropt  in  a  lease  originally  held  oa 
three  lives  and  for  a  term  certain  after  the  extinctum 
of  those  lives.  For,  the  value  of  such  fine  will  in  aft 
cases  be  equal  to  the  present  value  of  the  tenant's 
interest  in  the  lease  before  the  renewal,  subtracted 

*  The  value  of  an  annuity  on  these  three  jouU  lives  is,  by  the 
rule  in  Question  V  (and  the  correction  alluded  to  in  'page  376) 
equal  to  4*454. 

f  The  value  of  an  annuity  on  these  three  jmnt  lives  is«  bj  the 
rule  in  Question  V  (and  the  correction  ailudod  to  i»  page  $70^ 
equal  to  5*374. 
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from  his  interest  in  the  lease  dfur  the  new  lives  are 
added.* 

Thus,  Appose  that,  in  a  lease  originally;  held  on 
three  lives  and  2 1  years^  one  of  the  lives  has  dropt ; 
and  that  the  ages  of  the  two  remaining  lives  are  60 
and  70:  the  value  of  the  fine  which  ought  to  be  paid 
for  putting  in  another  life  aged  10  years  is  equal  to 
the  difference  between  16*3 15  (»  the  value  found  by 
the  second  example)  and  18*520  (or  the  value  found 
by  the  second  case  in  the  third  example).  That  is, 
the  value  of  the  fine  will  be  equal  to  2*205,  or  about 
2^  years  purchase  of  the  net  improved  rent  of  the 
estate. 

Again,  let  us  suppose  that  two  of  the  lives  have 
dropt ;  and  that  the  age  of  the  remaining  life  is  70: 
the  value  of  the  fine  which  ought  to  be  paid  for 
putting  in  two  other  lives  both  10  years  of  age,  is 
equal  to  the  difference  between  14*983  (or  the  value 
found  by  the  first  example)  and  id*  142  (or  the  value 
found  by  the  third  case  in  the  third  example)  :  conse* 
quenily  the  value  of  the  fine  will  be  equal  to  4*159, 
or  about  4^  years  purchase  of  the  net  improved  rent 
of  the  estate* 

These  examples  will  also  serve  to  show  the  sum 
Chaf  ought  to  be  given  for  Exchanging  any  of  the  lives 
on  which  the  lease  may  happen  to  be  held :  for,  the 
fiaine  method  of  solution  will  apply  to  such  cases. 

m 

*  See  what  has  been  already  said  on  the  subject  of  the  Renewal 
#f  Leases  for  Lives  in  general^  in  |^e  307* 
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ThuSy  s\:qypose  that,  in  a  lease  held  on  three  fires  and 
2 1  years,  the  ages  of  the  lives  at  present  in  die  lease 
vere  50,  60,  and  70 ;  and  that  the  tenant  is  desirous 
of  exchanging  the  life  of  50  for  another  life  aged  lO 
years  old :  the  value  of  the  fine  which  ought  hi  such 
case  to  be  paid  will  be  equal  to  the  difierence  between 
17*287  (or  the  value  of  1m  present  interest,  as  found 
by  the  first  case  in  the  third  example)  aikl  18*520  {or 
ths  value  of  his  interest  after  the  exchange,  as  found 
by  the  second  case  in  the  same. example).  That  is, 
the  value  of  the  fine  will  be  1  -^SS,  or  near  1  ^  year's 
purchase  of  the  net  improved  rent  of  the  estate. 

$  412.  Many  of  the  estates  bekmgmg  to  the  Cor- 
poration of  Liverpool  are  held  on  the  tenure  alluded  to 
in  these  examples ;  and  till  lately  they  were  in  the  con- 
stant habit  of  renewing  their  leases  on  the  following 
terms:  viz.  One  year's  purchase  for  adding  one  life. 
dropt.  Three  years  purchase  for  adding  two  Uvea 
dropt,  and  Seven  years  purchase  for  adding  three  lives 
dropt  when  the  21  years  remain  unexpired.  In  aH. 
these  cases  no  regard  was  paid  to  the  age  or  state  of 
health  of  the  existing  lives  in  the  lease.  This  practice 
of  demanding  an  uniform  fine  for  renewing  with  dnjf 
life,  and  without  regard  to  the  age  or  state  of  health 
pf  the  lives  remaining  in  the  lease,  betrayed  a  total 
want  of  knowledge  on  the  subject ;  and  was  in  mo8( 
cases  injurious  to  the  interests  of  the  Corporation^ 

But,  the  most  singular  circumstance  attending  this 
^  subject  wa$  their  custom  of  exchanging^^  for  the  sun 
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of  only  one  guinea  each,  lives,  not  exceeding  50  years 
of  age  and  in  good  health,  for  lives  of  any  other  age, 
and  in  estates  of  any  yearly  value ! ! !  A  practice 
which  could  hardly  be  supposed  ever  to  have  existed 
in  so  enlightened  a  place  as  Liverpool.  The  Corpora- 
tion at  length,  sus|>ecting  that  their  mode  of  proceeding 
was  incorrect  in  principle,  referred  the  matter  to  a 
Committee,  who  directed  it  to  be  laid  before  me  for 
my  opinion:  and  agreeably  to  their  request  !  calcu- 
lated a  set  of  Tables  for  their  use,  founded  on  the. 
principles  detailed  in  the  preceding  examples. 

As  it  is  probable  that  many  other  Corporate  bodies 
are  still  pursuing  the  same  incorrect  and  absurd  practice 
of  leasing  their  estates,  I  have  been  more  particular  in 
these  examples,  in  order  that  they  may  the  more  readily 
determine  the  values  that  ought  to  be  given  in  such 
cases. 

QUESTION  XXV. 

§  41d«    To  find  the  present  value  of  what  may 
happen  to  remain  (after  any  given  life.'  or  lives)  of  an  ' 
annuity  certain  for  a   given  term:    provided  such 
term  be  less  than  that  to  which  it  is  possible  the  givea 
lives  may  extend.* 

*  The  terai  to  which  it  is  possible  that  any  given  life  or  lives 
maj  e&teod  i^— -for  a  single  life,  equal  to  the  difference  betweca 
tb$  age  of  such  life  and  the  age  of  the  oldest  life  in  the  table  of 
ohsen'attons :  —for  jomi  Uves,  e^ual  to  the  diiierence  between  the 
oldest  of  iuch  livei  an4  the  age  of  the  oldest  life  in  the  table  of 
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SOLUTION. 

From  the  value  of  an  annuity  certain  for  the  given 
term,  subtract  the  value  of  an  annuity  on  the  g^vea 
life,  or  lives,  for  the  given  term :  the  di£ference  will  be 
the  value  required.     See  §  192. 

Example.  A  lease  of  an  estate  is  held  for  SO 
yearsi  to  the  rent  of  which  a  person  aged  20  is  entitled 
provided  he  lives  so  long ;  but  if  not,  then  the  re- 
mainder of  the  lease  will  descend  to  his  hdrs:  what 
is  the  value  of  their  interest  in  the  same,  taking  the 
j>robabilities  of  living  as  observed  by  M.  De  ParcieuXj 
and  reckoning  interest  at  the  rate  of  4^  per  cent? 

The  value  of  an  annuity  certain  for  SO  years  is,  by 
Table  LIX,  equal  to  16*289;  and  the  value  of  a  tem- 
porary annuity  for  SO  years  on  a  life  aged  20  is,  by 
Questiorf  VII,  equal  to  14'352 :  therefore  this  latter 
quantity  subtracted  from  the  former  will  leave  l-SS? 
for  the  value  of  the  reversion  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  the  difference  between  16*289  and 
13*470:  that  is,  28 1 9  would  be  the  value  of  the  re- 
version in  this  case  required. 

Had  these  two  joint  lives  (aged  20  and  40)  been 
,  entitled  to  the  rent  of  the  estate  provided  they  lived  so 

ob9ervatiooi:-«-aiid  for  the  longest  of  dsxf  aumber  i^  Hvet^  eqaal 
to  the  ditlerenoe  betweeo  the  ywtngesi  of  such  livei  and  th*  agt 
of  the  oldest  life  in  the  tablj^of  obseryationt. 
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long,  then  12*049  (or  the  value  of  a  temporary  an« 
nuity  for  SO  years  on  those  two  joint  lives,  as  found  by 
Question VII)  subtracted  from  1 6*289, would  give4»*240 
for  the  value  of  the  reversion  in  this  case  required. 

Or,  had  the  longest  of  these  two  lives  been  entitled 
to  the  rent  of  the  estate,  then  15*773  (or  the  value  of 
a  temporary  annuity  for  SO  years  on  the  longest  of 
those  lives,  as  found  by  Question  XII)  subtracted  from 
16*289,  would  give  *J16  for  the  value  of  tb^  reversion 
ijx  this  case  required* 


QUESTION  XXVI. 

'^g  414.  To  find  the  value  of  the  Assurance  of  an 
tHate  (or  sumuity  certain  for  any  given  term*)  to  b» 
entered  upon  at  the  eictinctionf  of  any  given  lives* 


MLUTJOM* 

Subtract  the  value  of  an  annuity  on  the  given  lives  J 
from  the  value  of  the  perpetuity,  or  the  terminable 

*  Provided  such  term  be  not  less  than  that  to  which  it  ia  proba* 
Ue  the  given  lives  may  ext;«3nd*  For^  in  suck  case*  the  idution  is 
obtained  hj  the  preceding  Question. 

f  That  is^  the  £rst  payment  of  the  annuity  is  to  be  made  at  tlie 
end  of  the  year  in  which  such  lives  become  pxtinct:  and  this  is  al- 
ways understood  in  questrons  of  this  kind.  / 

X  Whether  a  single  life,  or  jinni  lives,  or  tlie  hngest  oT^njr 
aamber  of  lives :  for  the  solution  will  4pply  to  each  case. 
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annuity;  and  the  difiei^hce  yfUll  be  the  value  required. 
SeeS  189. 

Example  1.  What  is  the  valufe  of  the  reTersioii  of 
an  estate  in  fee  after  the  death  of  a  person  now  ag^ 
io ;  interest  being  reckoned  at  4^  per  cent,  and  the 
probabilities  of  life  as  obsen'ed  by  M.  De  Parcieux  f 

The  value  of  the  perpetuity  is,  by  Table  LIX,  equal 
to  22'222,  and  the  value  of  an  annuity  on  the  life  of 
a  person  aged  20  is,  by  Table  V,  equal  to  J 6*624) 
consequently  the  difference  between  these  two  values, 
or  5*598,  will  be  the  answer  required.  Therefore 
if  the  estate  produced  a  rent  of  £4;  :  10  per  annum, 
its  present  value  in  a  single,  payment  would  be  25*191 , 
jor  c€25  :  8  :  10. 

*  This  is  the  true  present  value  of  the  assuranoe  in  » 
single  payment :  byt,  in  order  to  obtain  the  value  of 
the  same  in  annual  payments,  commencing  imme* 
diately,  we  must  divide  the  sum,  thus  found,  by  unity 
added  to  the  value  of  an  annuity  on  the  given  life 
(agreeably  to  the  principles  laid  down  in  §  369):  and 
the  quotient  will  be  the  answer  required. 

Thus,  in  the  present  case,  if  we  divide  25*191  by 
17*624,  the  quotient  will  be  1*429,  or  £1:8:7; 
and  this  is  the  sum  that  ought  to  be  paid  annually 
during  the  life  of  the  person  assured,  in  order  to  secure 
the  perpetuity  of  £'h  :  10  per  annum  onTiis  death : 
the  first  of  those  annual  payments  being  made  imm^^ 
diaiely^  and  the.  remaining  ones  at  the  beginning  of 
every  subsequent  year* 
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Had  the  questjoiit  r^kmi  to  an  anrndty  for  89 
jrearsy*  instead  of  a  peipetutty,  then  16*624  subtracted 
from  21  'J65  (or  the  present  value  of  an  aonuhy  certam 
for  that  term  by  Table  UX)  would  leave  4'941  for 
the  answer  required.  Therefore^  if  the  aocmity,  as  in 
ijie  {Hrecediag  c»e»  were  £,^ ;  10  per  annusi,  its  present 
value  in  a  siugk  payoient  would  be  22*234 :  and  this 
fum,  divided  by  17*624p  would  give  1*262  for  the 
^ue  of  the  same  in  annual  payments. 

Example  2«  What  is  the  value  of  a  freehold  estate 
to  be  entered  upon  at  the  death  of  either  of  two  Hves^ 
a  man  ;iged  46  and  a  woman  aged  40 ;  reckoning  inr 
Iterest  at  4.  p^  cent,  and  the  probabilities  of  life  as  ob» 
feryed  in  Sweden  f 

The  value  of  the  perpetuity  is,  by  Table  LIX,  equal 
to  25,  and  the  value  of  an  annuity  on  the  joint  livgs 
of  these  two  persons  is,  by  Table  XVI,  equal  to  10*286: 
this  latter  valuis  subtracted  from  the  former  will  leave 
i 4*7 14  for  Ae  answer  required.  Therefore  if  the 
estate  produced  m£4  per  annum,  lis  preseitt  value  woul^ 
be  58*85G,  or  ^£58  :  17  :  1,  in  a  svigle  paym^t:  and 
this  sum,  divided. by  11*286,  would  give  5*215,  or 
£,5 :  4  :  4,  for  the  value  of  the  same  in  annual  pay* 
ments. 

If  the  estate  were  not  to .  ,be  entered  upon  till  the 

• 

*  It  must  be  pt&tticuhrly  obicsrved  that^  vfaen  we  lunre  to  de* 
terroine  bj  thk  rule  the  value  of  the  reversion  of  any  terminable 
jmnu'Uyal>er  any  given  lives,  the  number  (^  years  during  which 
aucb  annuity  is  to  continue  must  not  be  less  than  that  to  u-hich  it 
is  probable  the  given  lives  may  extei^d :  see  the  notA  in  page  419. 
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extincdon  of  both  the  lives,  then  16*412  (or  the  vadiie 
of  an  annuity  on  the  longest  of  ikfi  two  lives,  af 
fonnd  by  Question  VIII)  subtiacted  from  25,  will  leave 
8*588  for  the  number  of  years  purchase  reqiured; 
and  which  being  multiplied  by  4,  as  in  the  preceding 
cas!^,  will  give  34*S52  for  the  value  of  the  sane 
estate  in  a  single  payment :  and  this  sum  divided  by 
17'412  will  give  1*973  for  the  value  of  the  same  in 
annual  payments. 

Had  it  been  a  leasehold  estate  of  <£4  per  annum  for 
60  years,  instead  of  a  freehold^  the  value  would  in  tl^- 
former  case  have  come  out  equal  to  49*348  in  a  mgU 
payment ;  or  4*373  in.  annual  payments*  And  in 
the  latter  case,  to  24*844  in  a  single  payment;  or 
1*427  in  annua/ payments. 
»  •  • 

QUESTION  XXVII. 

§  415.  To  find  the  value  of  an  Assurance  <A  a. 
given  ^um^  which  is  to  be  received  on  the  extinction* 
of  any  given  lives. 

SOLUTION, 

Multiply  the  value  of  an  annuity  on  the  given  lives  f 

*  That  is,  at  the  end  of  the  year  in  which  such  lives  heoome 
extinct:  and  this  is  always  understood  in  questions  of  tfaitkiad. 
The  usnal  practice  of  the  Assorance  Offices,  however,  is  to  pay 
the  svm  at  the  end  of  six  roontlis  frons  the  time  of  the  decease. 

f  Whether  a  single  life,  or  jwii  Uves,  or  the  longest  of  any 
number  of  lives:  for^  the  solution  (as  in  the  preceding  question)  ' 
will  apply  to  qach'case. 
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by  the  rate  of  interest,  and  subtract  the  product  firom 
unity ;  divide  the  remainder  by  the  amount  of  jC  1  ia 
one  year:  and  the  quotient,  multiplied  by  the  given 
sum,  will  be  the  vadue  required.    See  $  1^« 

Example  1 .  What  is  the  present  value  of  an  as* 
smrance  of  <£lOO  on  the  life  of  a  person  aged  20 : 
oiterest  at  4^  per  cent,  and  the  probabilities  of  living 
as  observed  by  M  De  Parcieux? 

The  value  of  an  amniity  on  such  life  is,  by  Table  V^ 
equal  to  16*624,  which  being  multiplied  by  *04.5  (or 
the  rate  of  interest)  will  produce  •74808 ;  the  diF-»- 
fefence  between  this  value  and  unity  is  '25192,  which 
bemg  divided  by  1045  (or  the  amount  of  £\  in  one 
year)  will  give  •24107  for  the  present  value  of  c£i  to 
be  received  on  the  extinction  of  the  given  life  :*  and 
this  value,  being  multiplied  by  100,  will  give  24*107, 
or  £24 ;  2 :  2,  for  the  answer  required,  in  a  single 
payment. 

But,  in  order  to  obtain  the  value  of  the  same  in 

^  *  From  the  present  value  of  one  pound  to  be  received  on  the 

extinction  of  any  given  life  or  lives,  we  may  readily  determine  (he 
som,  which  ooght  to  be  paid,  on  the  extinction  of  such  lives,  for 
amy  given  sum  now  advanced:  vi2.  by  dividing  this  latter  sum  bv 
the  present  valae  of  ^1  as  above  found.  Thus,  if  a  person,  aged 
20,'bonows  ;^4000,  and  gives  security  to  pay  the  value  of  the  same 
at  his  death,  the  sum  which  ought  tken  to  be  paid  (supposing  the 
interest  hcc  the  same  as  mentioned  in  the  text)  b  found  by  dividing 
4000  by  -24107  5  ^bich  gives  16592*691,  ox  f\65g2  :  1»  :  10, 
.for  the  answer  required.  I'his  method  is  tiniversa];  and  will 
apply  to  all  the  subsequent  questions  in  the  present  Chapter. 
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annual  payments,  comoieiidiig  immediateiy,  we  nmsc 
divide  the  sum,  thus  Ibuod,  by  unity  added  to  tb? 
value  of  an  annuity  on  the  givai  life ;  s^eeably  to  die 
prmciples  laid  down  in  %  369 :  whence  C4*i07  di- 
vided by  17*624  will  give  1-368,  or  £\\1  i  4,  for 
the  turn  which  ought  to  be  paid  annually  during  the 
life  of  the  person  as^red,  in  order  to  secure  the  sum 
of  <£lOO  on  hb  death.  The  first  of  those  annual  pay- 
ments  being  made  immediatefy^  and  the  remaining 
ones  at  the  beginning  of  every  subaequent  year.* 

Had  the  life  been  40  3rears  of  age,  its  value  in  a 
single  payment  would  have  been  equal  to  S4'S13: 
iKi'hich  being  divided  by  J  5*254  (or  unity  added  to  tjie 
value  of  an  annuky  on  the  given  life)  w31  give  2*249, 
or  £2  :  5  :  0,  for  the  value  of  the  same  in  ammtd 
payments. 

Example  2*  What  is  the  present  value  of  «£lOO 
to  be  received  on  the  death  of  a  man  aged  46 :  in* 
terest  being  reckoned  at  4  per  cent,  and  the  prd)a» 
bilides  of  U£e  as  observed  in  Sweden? 

*  Tlie  rates  of  Awntaooes  for  Lives,  at  M  the  dtfieient'O&es 
establiabed  in  London,  aie  oalculated  from  the  NoNhampton  Tabte 
of  Observations,  and  tt  9  per  cent  interest  These  rates,  botb  for 
Single  and  Joimt  lives,  ate  given  in  Tables  LI  and  LI  I  at  the  ead 
of  the  present  work:  and  by  oompariog  them  with  the  tme  and 
IK-oper  values,  as  gisien  in  Tables  IIV  to  LVII,  the  poUic  ou^ 
ibnn  a  tolerably  accurate  idea  of  the  immense  profit  which  is  made 
by  the  several  Assurance  Companies  above  alittded  to.  I  aball 
however  enlarge  more  upon  this  subject  in  Chapter  XIV.  See 
also  the  Scholium  to  Question  XXIX,  and  the  Scholium  to  Quea* 
lion  XXX, 
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Hie  vahie  cf  an  annuhy  on  Ae  \ih  of  a  man  aged  4^ 
18,  by  Table  XVI,  equal  to  1^-297 ;  which,  being  mul- 
tiplied by  *04,  and  the  product  subtracted  from  unity^ 
teaves  *50812 :  this  quaiitity,  divided  by  1*04,  gives 
*48858;  which^  being  multiplied  by  100^  produces 
48*858,  or  £4e8  :  17:2,  for  the  msfwer  required,  in 
a  single  payment.  And  if  this  latter  sum  be  divided 
by  13*297,  it  will  give  S-674,  or  £3  :  IS  :  6,  for  the 
value  of  the  same  in  annual  payments.  Had  the  age 
of  the  man  been  56,  the  value  of  the  assurance  in  a 
^gle  payment  would  have  been  equal  to  58*781 ; 
which  divided  by  10*717  would  give  5*485  for  the 
value  of  the  same  in  annual  payments. 

Bdt  if  the  sum  had  depended  on  the  death  of  a 
woman  aged  40,  its  value  tki  a  single  payment  would 
bave  been  equal  to  40*765,  or  £ao  :  1 5  :  4.  And 
this  sum,  divided  by  15*401,  would  give  2*647,  or 
^2  :  12  :  11,  for  the  value  of  the  same  in  anvual 
payments.  And  had  the  age  of  the  woman  been  50, 
the  value  of  the  assurance  in  a  single  payment  would 
have  been  equal  to  49*812 ;  which  divided  by  13*049 
would  give  3*817  for  the  value  of  the  same  in  annual 
payments. 

Example  3.  What  sum  ought  to  be  given  for  the 
assurance  of  <£  100  on  t^o  Joint  lives  aged  20  and  40: 
interest  at  4^  per  cent,  and  the  probabilities  of  \i\ing 
as  observed  by  M.  De  Parcieux  ? 

The  value  of  an  annuity  on  the  two  joint  lives  is, 
by  Table  IX,  equal  to  12*545,  which  being  multiplied 
by  '045  (or  the  rate  of  interest)  will  produce  *56452  j 
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this  quantity^  subtracted  from  unity,  leaves  *43547, 
which  being  divided  by  1*045  (or  the  amount  of<£l 
in  a  year)  will  give  *41672;  and  this  multiplied  by 
100  will  produce  41*672,  or  «£41  :  IS  :  5,  for  the 
answer  required,  in  a  single  payment.  If  thi$  latter 
quantity  be  divided  by  1 3*545,  it  will  give  S-O??,  or 
£3  :  1  :  6,  for  the  value  of  the  same  in  armvxil  pay^ 
ments* 

Had  the  two  lives  been  50  and  70,  the  value  in  a 
dngle  payment  would  have  been  equal  to  71*936; 
which  being  divided  by  6*517  would  give  11-035  for 
the  value  of  the  same  in  annual  payments* 

Had  the  assurance  been  made  on  the  joint  lives  of 
a  man  aged  46,  and  his  wife  aged  40,  the  value  of  the 
saine  (reckoning  interest  at  4  per  cent^  and  the  proba** 
bilities  of  life  as  observed  in  Sweden)  would  have  been' 
equal  to  56*592  in  a  single  payment :  and  which,  be* 
ing  divided  by  11*286,  would  give  5014  for  the  value 
in  annual  payments. 

Or,  had  these  two  lives  been  respectively  56  and  50, 
the  value  would  in  such  case  have  come  out  equal  to 
65*869  in  a  single  payment:  and  which  being  divided 
by  8'874  would  give  7*428  for  the  value  in  annual 
payments. 

Example  4.  What  is  the  value  of  an  assurance  of 
jCiOO  on  the  longest  of  two  lives  aged  20  and  40; 
interest  4^  per  cent,  and  the  probabilities  of  life  as 
observed  by  M.  De  Purcieux  ? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  20  and  40  is,  by  Question  VIII,  equal  to  1 8*333; 
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which^  being  multiplied  by  '045  and  subtracted  from 
unity,  leaves  *  17502;  this  quantity,  divided  by  1045, 
will  give  *  16748^  and  which  being  multiplied  by  100 
will  produce  16748,  or  ^16  :  15  : 0,  for  the  answer 
required^  in  a  single  payment.  If  this  latter  quantity 
be  divided  by  19*^53  (or  unity  added  to  the  value  of 
an  annuity  on  the  longest  of  the  two  lives)  it  will  give 
*866  or  17^  :  4c^  for  the  value  of  the  same  in  annual 
payments,  to  be  made  at  the  beginning  of  each  year 
during  the  continuance  of  either  of  the  given  lives. 

Had  the  two  lives  been  50  and  70  years  of  age,  the 
value  in  a  single  payment  would  have  been  equal  to 
41*328  ;  which,  being  divided  by  13*625,  would  give 
3*033  for  the  value  of  the  same  in  annual  payments. 

Or  J  had  the  assurance  been  made  on  the  longest  of 
the  two  lives  of  a  man  aged  46  and  his  wife  aged 
40,  the  value  of  the  same  (reckoning^ interest  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  in  Sweden^ 
would  have  been  equal  to  33*031  in  a  single  payment: 
and  which,  being  divided  by  17*41 2,  would  give  J  '897 
for  the  value  of  the  same  in  annual  payments. 

And  had  these  two  lives  been  respectively  56  and 
50,  the  value  would  in  such  case  have  come  out  equal 

to  42*723  in  a  single  payment:  which  being  divided 

■  *  . 

by  14*892  will  give  2869  for  the  value  of  the  same 
in  annual  payments. 

Example  5.  What  is  the  present  value  of  a  legacy* 
of  <£l00  to  be  received  on  the  extinction  of  any  one 

*  I  consider  a  legacy  as  not  dae  till  the  end  of  the  year  ia  whi^jx 
tb«  testator  dies:  for  it  is  seldom  paid  im?nediateli/. 
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of  three  lives  aged  20,  30,  and  40 :  reckbnmg  i 
terest  at  4  per  cent,  and  the  probabilities  of  fiving  as 
at  Northampton  f 

The  value  of  an  annuity  on  the  three  joint  lives  is, 
by  Table  XLIV^  eqaal  to  8-986,  which,  being  multi- 
plied by  -04,  and  the  product  subtracted  from  unity, 
leaves  -64056:  this  quantity  divided  by  1-04  will 
give  '61592,  and  which  being  multiplied  by  100  will 
produce  61*592,  or  ^61  :  11  :  10,  for  the  present 
value  of  the  legacy  required. 

In  like  manner  we  might  determine  the  value  of  the 
legacy  payable  on  the  extinction  of  any  two  of  the  three 
lives  above  mentioned.  For,  the  value  of  an  annuity 
on  any  two  out  of  those  three  lives  is,  by  Question  X, 
equal  to  15*315:  consequently,  by  proceeding  as  in 
the  last  case,  we  shall  find  that  37*350,  or  <£S7  :  5  : 0, 
will  be  the  present  value  of  the  legacy  in  this  case  re- 
quired. 

So  also  we  might  find  the  value  of  the  legacy  pay- 
able on  the  extinction  of  all  the  three  lives.  For^  the 
value  of  an  annuity  on  the  longest  of  the  lives  is,  by 
Question  IX,  equal  to  19*710:  and  by  proceeding  in 
a  similar  manner  it  will  be  found  that  20^^346^  or 
£,20  :  6  : 1 1 ,  is  the  present  value  of  the  legacy  in  this 
case  required. 

SCHOLIUM. 

§  4 1 6.  It  may  be  here  necessary  to  advert  to  the  re- 
mark which  I  have  made,  in  the  Scholium  in  page  160, 
respecting  the  relative  values  of  a  reversionary  mm^  and 


1 
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a  corfe^x^ding  reversionary  estate:  and  which  may  be 
Terified  by  a  comparison  of  the  values  in  any  two 
«miiar  cases  found  by  the  rules  in  the  two  preceding 
Questions.  Thus,  by  the  first  example  in  Quesdon 
ZXVII9  k  appears  that  the  value  of  <£lOO  payable  oa 
the  decease  of  a  person  aged  20,  interest  at  4|  per 
centy  is  equal  to  22*234  pounds:  and  by  the  first  ex* 
ample  in  Question  XX  VI,  it  appears  that  the  value  of  a 
correq>onding  estate  (or  perpetuity)  of  ^4 :  10  per  an- 
num is  equal  to  25*191  pounds.  But  the  latter  is  to 
the  former  value,  in  the  propordon  of  1  '045  to  1 ; 
and  vice  versd^  the  former  is  to  the  btter  value,  as 
1  is  to  1*045. 

QUESTION  XXVIII. 

§  417.  To  find  the  value  of  a  Deferred  atsuranct 
ef  any  given  sura,  on  any  given  lives, 

SOLUTION    FIRST. 

Fer  Single  and  Joint  Lives^ 

Find  the  value  of  the  assurance  of  the  given  sum 
on  the  same  number  of  single  or  joint  lives  as  the  given 
lives,  but  each  older  than  such  lives  by  the  given  term  j 
multiply  this  value  by  the  expectatioit  that  the  givea 
single  or  joint  lives  will  receive  o£l  at  the  end  of  that 
term :  the  product  multiplied  by  the  given  sum  will 
be  the  value  required.    S^ee  the  note  in  page  147. 

Example  I,    What  is  the  j^resent  value  of  £lOO 
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SOLUTION. 

m 

From  the  value  of  an  annuity  certain  for  the  given 
term^  subtract  the  value  of  an  annuity  on  the  ^ven 
life,  or  lives, ybr/Ae  given  term:  the  difference  will  be 
the  value  required.     See  §  192. 

ExaTnple.  A  lease  of  an  estate  is  held  for  SO 
years,  to  the  rent  of  which  a  person  aged  20  is  entitled 
provided  he  lives  so  long ;  but  if  not,  then  the  re- 
mainder of  the  lease  will  descend  to  his  heirs:  what 
is  the  value  of  their  interest  in  the  same,  taking  the 
j)robabiIities  of  living  as  observed  by  M.  De  Parcieux^ 
and  reckoning  interest  at  the  rate  of  4^  per  cent? 

The  value  of  an  annuity  certain  for  SO  years  is,  b; 
Table  LIX,  equal  to  16*289}  and  the  value  of  a  tem- 
porary annuity  for  SO  years  on  a  life  aged  20  is,  by 
Questioif  VII,  equal  to  14*352 :  therefore  this  latter 
quantity  subtracted  from  the  former  will  leave  I'SS? 
for  the  value  of  the  reversion  required. 

Had  the  life  been  40  years  of  age,  the  value  wonld 
have  been  equal  to  the  difference  between  16*289  and 
13-470:  that  is,  2819  would  be  the  value  of  the  re- 
version in  this  case  required. 

Had  these  two  joint  lives  (aged  20  and  40)  been 
.  entitled  to  the  rent  of  the  estate  provided  they  lived  so 

obfervationi:-«-«md  for  the  iongisi  of  any  number  of  live*,  eqaal 
to  the  di Areooe  between  the  ywtngest  of  such  lives  and  the  sgt 
oC  the  oMest  life  in  the  tabl^^  of  obienratioDa. 


J 
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bng»  then  12*049  (or  the  value  of  a  temporary  an- 
nuity for  SO  years  on  those  two  joint  lives,  as  found  by 
Question  VII)  subtracted  from  1 6*289,  would  give4*240 
for  the  value  of  the  reversion  in  this  case  required. 

Or,  had  the  longest  of  these  two  lives  been  entitled 
to  the  rent  of  the  estate*  then  15*773  (or  the  value  of 
a  temporary  annuity  for  SO  years  on  the  longest  of 
those  lives,  as  found  by  Question  XII)  subtracted  frota 
16*289,  would  give  *516  for  the  value  of  the  reversion 
ip  this  case  required* 


QUESTION  XXVL 

'^S  414.     To  find  the  value  of  the  Assurance  of  an 
t»tnte  (or  annuity  certain  for  any  given  term*)  to  b# 
entered  upon  at  the  exdnctiont  of  any  given  lives* 


iBOLUTJON, 

Subtract  the  value  of  an  annuity  on  the  given  lives  | 
from  the  value  of  the  perpetuity,  or  the  terminable 

*  Fkorided  sudi  term  be  noi  less  than  that  to  which  it  ifl  proba- 
Ue  the  ^vcD  lires  may  extend*  For»  in  suck  case,  the  solution  is 
obtained  hj  the  precedbg  Question. 

f  That  bj  the  first  payment  of  the  annuity  is  to  be  made  at  tlie 
end  of  the  year  in  which  such  lives  become  pxtinct :  and  this  is  al- 
ways understood  in  questrons  of  this  kind.  y 

X  Whether  a  Angle  life,  or  joint  lives,  or  tiie  longest  ot^ny 
number  of  lives :  for  the  solution  will  apply  to  each  case. 
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annuity;  and  the  diiSet^hde  v/^1  be  the  value  required. 
See§  189. 

Example  1 .  What  \%  the  value  of  the  rerersiott  bf 
an  estate  in  fee  after  the  death  of  a  person  now  aged 
40 ;  interest  being  reckoned  at  4^  per  cent,  smd  the 
probabilities  of  life  as  obsen^ed  by  M.  De  Pardeux  f 

The  value  of  the  perpetuity  is,  by  Table  LIX,  equrf 

«  ■  • 

to  22*222)  and  the  value  of  an  annuity  on  the  life  of 
a  person  aged  20  is,  by  Table  V,  equal  to  16*624') 
consequently  the  difference  between  these  two  values, 
or  5*598,  will  be  the  answer  required.  Therefore 
if  the  estate  produced  a  rent  of  ^£4  :  10  per  annum, 
its  present  value  in  a  singh  payment  would  be  25*19), 
XX  £25  :  S  :  10. 

s.  This  is  the  true  present  value  of  the  assurance  m  a 
single  payment :  by t,  in  order  to  obtain  the  value  of 
the  same  in  annual  payments,  commencing  imme* 
diately,  we  must  divide  the  sum,  thus  found,  by  unity 
added  to  the  value  of  an  annuity  on  the  given  life 
(agreeably  to  the  principles  laid  down  in  §  369):  and 
the  quotient  will  be  the  answer  required. 

Thus,  in  the  present  case,  if  we  divide  25*191  by 
17*624,  the  quotient  will  be  1*429,  or  £l:8:7; 
and  this  is  the  sum  that  ought  to  be  paid  asnuatly 
during  the  life  of  the  person  assured,  in  order  to  secure 
the  perpetuity  of  c£4  :  10  per  annum  on  Tiis  death : 
the  first  of  those  annual  payments  being  made  imtiie- 
diately^  and  the  >  remaining  ones  at  the  beginning  of 
every  subsequent  year* 
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Had  the  quesdcyi  rdierrad  to  aft  annuiiy  for  80 
years,*  instead  of  a  peipetutty,  then  16'624  aubtracted 
from  21  *o65  (or  the  preseoi  value  of  an  annuity  certaui 
for  Chat  term  by  Take  US)  would  leave  4*941  for 
the  anM^r  required.  Therefore^  if  the  aniuiity,  as  in 
che  preceding  case*  were  ^4 :  10  per  annun,  its  presem 
value  in  a  si^igk  payment  would  be  22*2a4 ;  and  this 
cum,  divided  by  1 7'624,  would  give  i  *262  for  the 
value  of  the  same  in  annual  payments. 

JExample  it.  What  is  the  value  of  a  feeeheld  jestate 
io  be  entered  upon  at  the  death  of  either  of  two  lives, 
a  man  jiged  46  and  a  woman  aged  40 ;  redbxiing  in- 
<;erest  at  4.  per  cent,  and  the  probabilities  of  life  as  ob* 
feryed  in  Sweden  f 

The  value  of  the  perpetuity  is,  by  Table  LIX,  ecpial 
to  25,  and  the  value  of  an  annuity  on  the  joint  liv^s 
of  these  two  persons  is,  by  Table  XVI,  .equal  to  10*286: 
this  latter  values  subtracted  from  the  former  will  leave 
i4*714  for  Che  answer  required.  Therefore  if  the 
estate  produced  <£4  per  annum,  its  present  vidue.  woul^ 
be  58*85G,  or  y£58  :  17  :  1,  in  a  single  paymf^pt:  and 
this  sum,  divided -by  11*286,  would  give  5*215^  or 
£5 :  4  :  4,  GDr  the  value  of  the  same  in  annual  pay* 
ments. 

If  the  estate  were  not  tp.be  entered  upon  till  the 

« 

*  It  must  be  p^cticubrly  ohwvad  that^  vhon  we  lunrc  to  de* 
termine  by  thk  rule  tbe  value  of  tbe  reversion  of  any  terminable 
Annuity  al\er  any  given  lives,  tbe  Dumber  (^  years  during  whicb 
•ucb  annuity  is  to  continue  must  not  be  Uss  than  tbat  to  which  it 
is  probable  the  given  lives  may  eztei^d :  see  .the  nolA  in  page  419. 
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40,  for  SO  years :  mterest  at  4|-  per  cent,  and  the  pro- 
babilides  of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  the  assurance  on  the  whole  contina* 
ance  of  the  lives  is,  by  Question  XXVIII,  equal  to 
41 '672 ;  and  the  value  of  a  similar  assurance  deferred 
for  SO  years  is,  by  Question  XXVIII,  equal  to  6-467 : 
therefore  this  latter  value,  subtracted  from  the  former, 
will  leave  S5'205>  or  ^£35  :  4  :  1,  for  the  answer  re- 
quired, in  a  single  paymait  And  this  sum  divided 
by  12*959  (or  unity  added  to  the  value  of  an  annuity 
on  the  two  joint  lives  for  twenty-nine  years)  will  give 
2*717,  or  £2  :  14  :  4,  for  the  value  of  the  same  as- 
surance in  annual  payments. 

Had  the  assurance  been  made  for  10  years  on  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40,  the 
value  of  the  same  (reckoning  interest  at  4  per  cent^ 
and  the  probabilities  of  living  as  observed  in  Sweden) 
would  have  been  equal  to  the  diflference  between  56*592 
and  29*371 :  that  is,  27*221  would  have  been  the 
value  in  a  single  payment;  And  this  sum  divided  l^ 
7*329  (or  unity  added  to  the  value  of  an  annuity  on 
Che  two  jdnt  lives  for  nine  years)  will  give  3*714  for 
the  value  of  the  annual  payments. 

Example  3.  What  sum  ought  to  be  given  for  the 
assurance  of  jClOO  f(^  30  years  on  the  longest  of  two 
lives,  aged  20  and  40:  interest  at  4^  per  cent,  and  the 
probabilities  'of  life  as  observed  by  M.  De  Par  deux  f 

The  value  of  the  assumiice  for  the  whole  continuance 
of  the  given  lives  is,  by  Question  XXVII,  «qual  Co 
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1 6*748 ;  and  the  value  of  a  similar  assurance  deferred 
for  30  years  is,  by  Question  XXVIII,  equal  to  10*660: 
this  latter  value  therefore  subtracted  from  the  former 
will  leave  6*088,  or  £6  :  1  :  9,  for  the  answer  re- 
quired, in  a  single  payment.  And  this  sum  divided 
by  16*546  (or  unity  added  to  the  value  of  an  annuity 
on  the  longest  of  the  two  lives  for  twenty-nine  years) 
will  give  -368,  or  7^$ :  4(/,  for  the  value  of  the  same  in 
annual  payments. 

Had  it  been  required  to  determine  the  value  of  the 
assurance,  in  annual  payments  during  the  joint  con- 
tinuance of  the  given  lives^  then  6*086  divided  by 
12*959  (or  imity  added  to  the  value  of  an  annuity  on 
the  two  joint  lives  for  twenty-nine  years)  would  give 
•470  for  the  answer  required. 

In  like  manner  may  be  determined  the  value  of  an 
assurance  of  <£lOO  for  10  years  on  the  longest  of  two 
lives,  viz  a  man  aged  46  and  a  woman  aged  40; 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  life  as  observed  in  Siveden. 

For,  the  value  of  such  assurance  will  be  equal  to 
the  difference  between  33*031  and  30*067;  that  is, 
2*964  will  be  the  value  in  a  single  payment:  and  this 
sum  divided  by  8'251  (or  unity  added  to  the  value  of 
\an  annuity  on  the  longest  of  the  Xm o  lives  for  nine 
y&rs)  will  give  '359  for  the  value  of  the  same  in 
annua/ payments  during  the  longest  of  the  given  lives: 
or  being  divided  by  7*3.^9  (equal  to  unity  added  to 
the  value  of  an  annuity  on  the  two  joint  lives  for  niae 
years)  will  give  *404  for  the  value  of  the  same  in 
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annual  payments  during  the  existence  of  the  joint 
lives. 

SCHOLIQM. 

§  420.  When  yre  have  to  determine  thi?  v^lue  of 
a  temporary  assurance  for  a  very  short  term,  such  as 
1 ,  2,  3,  &c  years,  it  ^vill  t)e  the  easiest  method  to  cal- 
culate  the  value  of  each  year's  expectation  from  the 
tables  of  mortality.  For,  the  probability  that  a  person 
of  any  gjven  age  will  die  in  any  particular  year  is  a 
fraction  yfhose  denominator  is  the  number  of  persons 
living  at  that  age,  and  whose  numerator  is  the  number 
of  persons  that  die  within  the  given  year ;  and  which 
fraction,  being  multiplied  by  the  present  value  of  the 
given  sum  due  at  the  end  of  the  given  year,  will  give 

the  expectation  of  iieceiving  such  sum  at  the  end  of 

•  > .  ■  ,        .     «    •  •    • 

that  year,  provided  the  given  life  becomes  extinct  in 
tjiat  year :  and  the  sum^  of  these  annual  expectations 
for  the  1*',  2"^,  3'^,  2cc  years  will  be  the  value  of  the 
assurance  for  those  periods  respectively. 

Example  1 .  What  is  the  value  of  an  assurance  of 
<£lOO,  for  one  year,  on  the  life  of  a  woman  aged  40 ; 
or,  in  other  words,  what  is  the  present  value  of  ^*I00 
to.be  received  at  the  end  of  the  year,  provided  such  life 
be  then  extinct':  interest  being  reckoiled  at  4  per  cent, 
and  the  probabilides  of  life  as  observed  in  Sweden  ? 

The  probability  that  a  woman  of  40  will  die  within 
the^r^^  year  is,  by  Table  XIV,  equal  to  -rf-H-J  ^^^ 
the  present  value  of  <£  100  to  be  received  at  the  end 
of  a  year  is,  by  Table  LVIII,  equal  to  96'154:  theae 
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two  quantities^nnultipUed  together,  will  produce  1  *321, 
or  c£l  :  6  :  5,  for  the  value  required. 

In  like  manner  it  may  be  found  that  the  probability 
of  a  woman,  aged  40,  dying  within  the  second  year  is  by 
the  same  Table  equal  to  xH^  i  ^^^  ^^^  ^^^  present 
value  erf  £lOO  to  be  received  at  the  end  of  two  years 
is  equal  to  92*456:  which  quantities  being  multiplied 
together  will  produce  I  *465  for  the  present  value  of 
<£lOO  to  be  received  at  the  end  of  the  second  year 
provided  the  given  life  becomes  extinct  in  that  yean 
And  this  value,  added  to  the  one  above  found,  will  give 
2*786,  or  £2  :  15  :  9,  for  the  value  of  the  assurance 
for  two  years* 

By  a  similar  method  of  proceeding  it  will  be  found 
that  -rffj.  multiplied  by  88*900  will  give  1*428  for 
the  present  value  of  <£lOO  to  be  received  at  the  end 
of  the  third  year  on  a  similar  contingency :  and  which 
value,  being  added  to  the  sum  of  the  two  former  ones, 
will  give  4^214  for  the  value  of  the  assurance  for  three 
years.    And  so  on  for  the  subsequent  years. 

Had  it  been  required  to  determine  the  value  of  a 
amilar  assurance  on  the  life  of  a  man,  aged  46,  the  ex- 
pectations for  the  first,  second,  and  third  years  would 
have  been  equal  to  ^-g^  multiplied  by  96*1 54, 92-456, 
and  88*900  respectively:*  whence,  those  expectations 
would  have  come  out  equal  to   1*9279  1*853,  and 

*  Because  •j-g^  is  not  only  the  probability  that  such  life  will 
die  in  the^r^^  year;  but  also  the  probability  that  it  will  die  in 
the  second  year  j  and  also  in  the  third  year :  as  may  be  seen  by 
Table  XIV. 
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1*783 :  and  the  value  of  the  assurance^  for  one^  two, 
and  three  years,  would  have  been  1^927,  S*780,  and 
5*562  respectively. 

The  same  observations  will  apply  tq  assurances  for 
one  year  on  any  joint  lives.  For,  the  probability 
that  any  two  joint  lives  will  fail  within  the  first 
year  is  the  difference  between  unity  and  the  product 
pf  the  probabilities  that  they  «hall  both  live  to  the 
csnd  of  the  year :  and  which  difference,  being  multi- 
plied by  the  present  value  of  the  given  sum  due  at  the 
end  of  that  year,  will  give  the  expectation  of  receiving 
such  sum  at  that  period  provided  either  of  the  given 
lives  be  then  extinct. 

Example  2.  What  is  the  present  value  of  an  as-* 
surance  of  <£lOO  for  one  year,  on  the  joint  lives  of  a 
man  aged  46  and  his  wife  aged  40 ;  interest  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  ip 
Sweden  ? 

The  probability  that  a  man  aged  46  will  live  to  the 
end  of  the  year  i$  equal  to  i|-H- '  ^^^  ^^^  probability 
that  a  woman  aged  40  will  live  to  the  end  of  the  same 
period  is  equal  to  ■}  j  J-l :  these  two  fractbns,  there^ 
fore,  being  multiplied  together  and  their  product  sub^ 
tracted  from  unity,  will  leave  *0335;  which  being 
multiplied  by  96*154  (or  the  present  value  of  £\ 
due  at  the  end  of  the  year)  will  produce  3*22 1^  or 
.£3  :  4  :  5,  for  the  value  required. 

§  42 1 .     These  examples  will  show  the  method  of 
proceeding  in  all  siihilar  cases :  and  for  the  inform^- 
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tion  of  the  rea4er  I  shall  here  subjoiq  a  table  of  the 
sams  demanded  by  the  different  Assurance  Companies 
for  the  assurance  of  <£  100  for  one  year  on  a  single 
life  at  the  several  ages  therein  mentioned;  to  which 
\  shall  add  the  fair  value  that  ought  to  be  given  for 
the  same,  according  to  the  probabilities  of  life  as  ob^ 
served  by  M.  De  Parcieiuv^*  and  reckoning  interest 
s^t  4  per  cent. 


- 

Ages. 

Northampton. 

De  Parcicux, 

3  per  cent. 

4  per  cent. 

10 

•890 

•929 

20 

1-362 

•900 

30 

1-661 

i-a37 

40 

2030 

1049 

50 

2-753 

1-431 

60 

3-906 

2-983 

70 

6-184 

5-289 

From  which  it  appears  that  the  several  Assurance 
Companies  require,  in  most  cases,  half  as  much  again 
as  ought  to  be  given ;  and  in  some  cases  nearly  double 
the  sum  that  should  be  given  for  the  assurance.  And 
though  some  compensation  ought  to  be  allowed  for 
the  expenses  incurred  in  carrying  on  the  business  of 
the  OfSce,  as  well  as  a  proper  remuneration  for  the 
services  of  those  who  conduct  it ;  yet  it  is  evident 
that  these  sums  are  greater  than  ought  reasonably 


*  The  probabilities  here  alloded  to  are^  in  this  partlcalar  case, 
taken  from  the  Table  of  Observations  given  by  Dr.  Price  in  hit 
Ohs.  on  Rtv.  Pay.  vol,  ii.  p.  A56x  because  the  decrements  of  life 
are  there  more  correctly  given  >  and,  being  on  a  more  enlaiged 
scale,  are  therefore  more  appJicable  to  the  present  examples. 
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to  be  taken:  pardculariy  when  it  is  considered  that 
those  who  insure  at  any^  of  the  Offices,  for  a  term  of 
years  only,  have  not  much  prospect  of  deriving  anf 
advantage  from  the  profits  of  the  concern. 

QUESTION  XXX. 

§  422.  To  find  the  value  of  an  jissuranc^  qf  9 
given  sum  to  be  received  on  the  decease  of  A,  pro- 
yided  he  dies  befaxQ  another  given  life  B.t 

SOLUTIO^r,! 

Let  O  represent  a  life  one  year  older  than  A ;  and 
Y  a  life  one  year  younger  than  A.  Add  unity  to  the 
value  of  an  annuity  on  the  two  joint  lives  OB,  and 

*  For,  such  persons  do  not  (even  at  the  Equitable  Society)  par- 
ticipate in  the  profits,  unless  a  bonus  happens  to  be  dedared  duriog 
the  term  tcr  which  they  are  assured :  which,  in  most  o^dinaxj  cases^ 
(if  it  occurs  at  all)  is  but  a  partial  advantage. 

f  1  he  present  Question  will  be  found  of  considerable  utility  in  en- 
abling us  to  determine  the  propriety  and  advantage  of  those  Schemes 
which  are  formed  with  a  view  of  providing  sums  of  money  to  be 
paid  to  Widows t  on  the  decease  of  their  husbands.  See  what  bat 
been  already  said  on  the  subject  ot  annuities,  applied  iu  a  similar 
manner,  in  the  note  in  page  376. 

X  When  the  two  lives  are  of  the  same  age,  the  present  value 
required  is  in  all  cases  equal  to  the  present  value  of  half  the  sum 
payable  on  the  extinction  of  the  two  joint  lives  AB.  Thus,  if  the 
two  lives,  in  the  first  example,  were  both  aged  20,  tbe  present 
value  required  would  be  equal  to  17'QQ5  :  and  if  they  had  both 
been  40  years  of  age^  the  required  value  would  have  been  equal  to 
22634. 
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multiply  the  sum  by  the  number  of  persons  living  a€ 
the  age  of  O ;  then  divide  this  product  by  the  amount 
of  <£l  in  a  year,  and  reserve  the  quotient*  Multiply 
the  value  of  an  annuity  on  the  two  joint  lives  YB  by 
the  number  of  persons  living  ^t  the  age  of  Y :  anc)^ 
having  subtracted  the  product  from  the  reserved  quo- 
tient, divide  the  remainder  by  the  number  of  persons 
living  at  the  age  of  A.  Subtract  this  last  quotient 
froin  the  present  value  of  <£l  payable  on  the  extinction 
of  the  two  joint  lives  AB ;  and  the  remainder,  multi- 
plied by  half  the  given  sum,  will  be  the  value  re- 
quired*    See  §  231. 

Example  1.  What  is  the  present  value  of  ^ClOO 
papble  on  the  death  of  A  aged  20,  provided  B  age4 
40  be  then  living :  interest  at  4|-  per  cent,  and  the 
probabilities  of  living  as  observed  by  Jkf.  De  Parcieux? 

The  value  of  an  annuity  on  the  two  joint  lives  OB, 
aged  21  and  40,  ip,  by  the  rule  in  page  365,  equal  to 
12*520;  which,  being  added  to  unity,  and  then  mul- 
tiplied by  806  (or  the  number  of  persons  living  against 
the  age  of  21,  in  Table  III),  will  produce  10897*120; 
and  this  being  divided  by  r045  will  give  10427*866 
for  the  reserved  quotient.  The  value  of  an  annuity 
on  the  two  joint  lives  YB,  aged  1 9  and  40,  is,  by 
the  rule  in  page  365,  equal  to  12*575;  which  being 
multiplied  by  821  (or  the  number  of  persons  living  at 
the  age  of  19,  in  Table  III)  will  produce  10324^075: 
this  being  subtracted  from  10427*866  (the  reserved 
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quotient)  and  the  remainder  divided  by  814  (or  the 
number  of  persons  living  at  the  age  x)f  20)  will  give 
'1275.  Now,  the  value  of  *£l  payable  on  the  es^ 
tinction  of  the  joint  lives  AB,  aged  20  and  40,  is,  by 
Question  XXVII,  equal  to  -4167:  therefore  -127* 
being  subtracted  from  this  value  will  leave  '2892; 
which  being  multiplied  by  50  will  give  14*46^  or 
<£14  :  9  :  2,  for  the  present  value  required. 

Having  thus  found  the  present  value  of  the  given 
sum  payable  on  the  decease  of  A,  provided  B  be  cheii 
alive;  we  may  easily  determine  the  present  value  of 
the  same  sum  payable  on  the  decease  of  B,  provided 
A  be  then  alive.  For,  we  have  onlv  in  such  case  to 
deduct  the  value,  found  by  the  rule,  from  the  value  of 
the  same  sum  payable  on  the  extinction  of  the  joint 
lives  AB.  Thus,  the  present  value  of  ^100  payable 
on  the  extinction  of  the  joint  lives  AB  is,  by  Ques- 
tion XXVII,  equal  to  41*67;  whence,  if  we  subtract 
14*46  from  such  value,  the  diflference,  or  27*21,  will 
be  the  present  value  oi  JulQO  payable  on  the  decease 
of  B,  provided  A  be  then  alive. 

These  values  are,  in  each  case,  the  suras  that  ought 
to  be  given  in  a  single  payment :  but,  if  we  wish  to 
determine  the  value  of  the  same  in  aiinual  payments, 
we  must  divide  those  sums  by  unity  added  to  the  value 
of  an  annuity  on  the  two  joint  lives  AB.  Therefore 
14-46  being  divided  by  J3'545  will  give  1-068,  or 
£l  }  1  :  4,  for  the  annual  payments  in  the  former 
case:  and  27-21  divided  by  13*545  will  give  2-009, 
or  £,2  ;  0 ;  2,  for  the  annual  payments  in  the  latter  case. 


Example  2.  B  aged  60  will,  if  he  lites  till  the 
decease  of  A  aged  25^  be  entitled  to  a  legacy  of  «£lOO: 
what  is  the  value  of  his  interest  in  such  sum,  taidng 
the  probabilities  of  living  as  at  Northampton^  and  the 
rate  of  interest  5  per  cent  ? 

The  value  of  an  annuity  on  two  joint  lives  OB,  aged 
26  and  60,  is  equal  to  7*365  ;  which  being  added  to 
unity  and  muhiplied  by  4685  (or  the  number  of  per- 
sons living  at  the  age  of  26,  as  in  Table  XXV)  will 
give  39190025;  and  this,  divided  by  1-05,  will  give 
37S23'833  for  the  quotient,  to  be  reserved.  The 
value  .of  an  annuity  on  the  two  joint  lives  YB,  aged 
24  and  60,  is  equal  to  7  399 ;  which  being  multiplied 
by  4835  (or  the  nutnber  of  persons  living  against  the 
age  of  24)  will  produce  35774*165 :  this,  being  sub- 
tracted from  the  reserved  quotient,  and  the  remainder 
divided  by  4760  (or  the  number  of  persons  living 
against  the  age  of  25),  will  give  *32556.  Now,  the 
present  value  of  <£l  payable  on  the  extinction  of  two 
joint  lives,  aged  2.5  and  60,  is  equal  to  •60081 :  there- 
fore '32556,  being  subtracted  from  this  value,  will 
leave  '27525:  which,  being  multiplied  by  50,  will 
give  IS'762,  or  «£l3  :  15  :  3,  for  the  present  value  of 
B's  interest  in  the  legacy. 

If  this  sum  be  subtracted  from  60081  (or  the  pre- 
sent value  of  ^100  payable  on  the  extinction  of  the 
joint  lives  AB  aged  25  and  60)  the  difference,  or 
'46'3 1 9,  will  be  the  present  value  of  the  legacy  payable 
on  the  death  of  B,  provided  A  be  then  alive. 

And  either  of  these  values^  divided  by  unity  added 
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to  the  value  of  an  annuity  on  the  two  joint  lives,  will 
show  the  annual  payment  which  ought  to  be  given  by 
B  or  A  respectively,  in  order  to  have  the  same  assured 
to  his  heirs  provided  he  dies  before  the  other* 

SCHOLIUM. 

§  423.  The  examples  above  given  show  the  pro- 
per method  of  proceeding  in  all  similar  cases :  and  it 
may  be  here  useful  to  remark  that  the  values  in  Ta« 
ble  LIU  (which  are  adopted  by  all  the  Assurance 
Offices  in  London)  have  been  computed  from  an  incor- 
rect rule  given  by  Mr.  Simpson,*  and  therefore  cannot 

*  In  the  Supplement  to  his  Doctrine  of  Annuities,  Prob.  XXXII; 
and  in  his  Select  Exerdsee^  Prob.  XXXII.  In  using  which  rule, 
it  should  be  observed  that,  when  the  rerersion  is  a  sum  and  not  an 
estate,  the  value  found  by  the  rule  must  be  divided  hy  £l  increased 
by  its  interest  for  a  year:  as  explained  in  page  162.  Agreeably 
to  this  correction  it  will  be  found  that  Mr.  Simpson's  rule  may  be 

expressed  by  the  formula    5X--r~ — rX  — :  which  denotes  half 
^  ^  2(H-p)       e 

the  value  of  an  assurance  of  the  given  sum  payable  on  the  extinc- 
tion of  two  joint  lives  of  the  same  age  with  the  oldest  of  the  two 
lives,  multiplied  by  a  fraction  whose  numerator  is  the  expectation, 
of  the  life  B,  and  whose  denominator  is  the  expectation  of  the  l^e  A. 
This  is  the  approximate  value  when  B,  or  the  life  in  expectation^ 
is'  the  oldest  of  the  two  lives.     But  if  B  be  the  youngest,  thia  valu« 

most  be  subtracted  from  s  x  -t-^—t-\  and  the  difference  will  be 

the  value  in  this  case. 

I  would  here  observe  that  Mr.  Dodson^s  formula  {Mai,  Sep, 
vol.  in.  Ques.  23)  is  deduced  from  precisely  the  same  series  as  ' 
Mr.  Simpson*s  formula:  nevertheless,  they  give  different  results 
when  expounded  numerically. 
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be  depended  upon  when  the  life  of  A  is  veiy  young, 
or  whm  there  is  any  considerable  difference  between 
the  ages  of  the  two  lives.  I  shall  however  enter  more 
at  large  on  this  singular  fact,  in  Chapter  XIV«  See 
also  what  has  been  already  said  on  this  subject  in  the 
note  in  page  187. 


QUESTION  XXXI. 

§  424.  To  find  the  value  of  a  Temporary  asm 
surance  of  a  given  'sum  payable  on  the  decease  of  A, 
provided  he  dies  before  another  life  B. 

SOLUTION.* 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  annuity  on  the  life  B,  and  add  unity 
to  the  product.     Call  this  the  Jirst  value. 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  annuity  on  a  life  older  than  B  by  the 

*  It  maj  be  necessary  to  observe  tliat  this  rule  is  only  an  ap* 
proximation  to  the  true  value,  agreeably  to  the  principles  laid  down 
in  the  note  in  page  194 ;  and  therefore  must  be  always  used^  not 
only  with  caution  but^  with  a  due  regard  to  the  tables  of  observa* 
tion  employed.  The  correct  value  may  be  obtained  by  the  help 
of  the  fonnula  in  Prob.  XXVII^  cor.  4  j  but,  as  that  formula  could 
not  be  conveniently  expresaed  in  words  at  length,  I  have  preferred 
the  one,  above  alluded  to^  for  the  iUustration  of  this  part  of  the 
subject. 
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given  term,  add  unity  to  the  product,  and  then  mul- 
tiply this  sum  by  the  expectation  of  B's  receiving  £l 
at  the  end  of  the  term.  Call  this  product  the  second 
value. . 

Divide  the  probability  that  A  will  die  before  the 
end  of  the  term,  by  the  number  of  years,  and  multiply 
the  quotient  by  half  the  given  sum.  Call  this  product 
the  third  value. 

Subtract  the  second  value  from  the^r^^,  and  divide 
the  remainder  by  the  amount  of  ^£1  in  a  year:  the 
quotient  thence  arising,  being  multiplied  by  the  third 
value,  will  give  the  present  value  of  the  given  sum 
required. 

Example  1.  What  is  the  present  value  of  <£lOO 
payable  on  the  decease  of  A  aged  7,  provided  that 
shall  happen  within  1 4  years,  and  provided  another  life 
Bj  aged  30,  be  then  alive :  interest  at  3  per  cent,  and  the 
probabilities  of  living  as  observed  at  Northampton? 

The  value  of  an  annuity  on  the  life  B,  aged  30j  is, 
by  Table  XXVII,  equal  to  1 6*922;  which  being  mul- 
tiplied by  2*03  (or  2  added  to  -03)  will  produce 
S4'35l66i  and  this,  being  added  to  unity,  will  give 
35-35 166  for  ihe^rst  value. 

The  value  of  an  annuity  on  a  life  14  years  older 
than  B  (that  is,  on  a  life  aged  44)  is  equal  to  13*929; 
which,  bang  also  multiplied  by  2^03,  will  produce 
28'27587.  This,  being  added  to  unity,  will  give 
29-27587;  which  being  multiplied  by  -50144  (or 
the  expectation  of  B's  receiving  £l  at  the  end  of 
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14  years*)   will  produce  14*68009  for  the  second 
value. 

The  probability  that  A  will  die  before  the  end  of 
the  given  term  is  eqiial  to  '14599,t  which  being  di- 
vided by  14  will  give  '010498;  and  this  quotient, 
multiplied  by  50  (or  half  the  given  sum)  will  pro^ 
duce  '5214  for  the  third  value. 

The  difference  between  the  ^rst  and  second  value 
is  20'67157;  which j  being  divided  by  r03,  will  giva 
200695.  This  quotient,  multiplied  by  •5214  will 
produce  10*464  for  the  value  required. 

This  is  the  sum  that  ought  to  be  given  for  the  as« 
surance  in  a  single  payment :  but,  if  we  wish  to  de«i 
termine  the  value  of  the  same  in  annual  payments,  we 
must  divide  this  sum  by  9-566  (or  unity  added  to  thd 
value  of  an  annuity  on  the  two  joint  lives  for  1 5  years)  ^ 
which  will  give  1*094  for  the  annual  payment  re^ 
quired. 

Example  -  2.  B  aged  60  will ^  if  he  lives  to  the  de« 
cease  of  A  aged  25,  be  entitled  to  a  legacy  of  .£100^ 
provided  that  event  shall  happen  within  15  years:  what 

*  The  pobability  thut  B  shall  live  to  the  end  of  14  years  is,  by 
the  rule  hi  Question  I^  eqdal  to  ?  j^|^  >  and  the  present  vailue  of 
jf  1  certain  to  be  received  at  the  end  of  that  period  is,  by  Tabte 
LVIll,  equal  to  *66U  :  the  product  of  these  two  quantities  will 
give  '50144  for  the  nxpectation  requiiod. 

t  The  probability  that  A  shall  five  to  the  end  of  14  years  is,  by- 
thb  rule  in  Qnestion  I,  equal  to  ^\^\  that  is,  equal  to  '85401. 
This  value,  subtracted  from  unity,  will  give  '14599  for  the  pf9^ 
bability  that  A  shall  i&  before  the  end  «f  that  peried* 

3  o 
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is  the  value  of  his  interest  therein,  reckoning  the  pro- 
babilities of  life  as  observed  at  Northampton^  and  the 
rate  of  interest  at  5  per  ceht  ? 

The  value  of  an  annuity  on  the  life  aged  60  is,  by 
Table  XXVII,  equai  to  8 '392  ;  which,  bemg  multi- 
plied by  2*05  and  added  to  unity,  will  make  18*2036 
for  the^r^^  value. 

The  value  of  an  annuity  on  a  life  aged  75  is  equal 
to  4*744  \  which  being  multiplied  also  by  2*05,  and 
added  to  unity  will  make  10*7252:  and  this,  being 
multiplied  by  •196S7  (or  the  expectation  of  B'^ 
receiving  d£l  at  the  end  of  15  years*)  will  produce 
2*1061  for  the  second  value. 

The  probability  that  A  will  die  before  the  end  of 
15  years  is  equal  to  *236S4t;  which,  being  divided 
by  15,  will  give  "015756;  and  this  quotient,  multiplied 
by  half  the  given  sum,  will  produce  '7878  for  the  third 
value. 

The  difference  between  the^r^^  and  second  value  is 
16*0975;  which,  being  divided  by  1*05,  will  give 
15*3310.  This  quotient,  multiplied  by  •7878,  will 
produce  1 2*07  8  for  the  value  required,  in  a  single 
payment. 

And  this  sum  being  divided  by  7*592  (or  unity 

*  The  probabilhy  that  B  shall  live  to  the  end  of  15  years  » 
equal  to  //t%,  and  the  present  valne  of  ^l  to  be  received  at  the 
end  of  that  term  is  eqnal  to  '48102:  the  product  of  these  two 
quantities  wilt  give  19637  for  the  expectation  i^aired. 

^t  The  probability  that  A  will  die  in  15  years  is  equal  to  l^\% 
subtracted  from  unity^  that  h,  equai  to  \Yih  ^^  '23634. 
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added  to  the  value  of  an  annuity  on  the  two  joint  lives 
for  1 4  years)  would  give  1  ^59 1  for  the  value  of  the 
tame  sum,  if  required^  in  anruial  payments. 


SCItOLIUMd 

$  42^.  If  the  term,  for  which  the  assurance  i% 
made,  happens  to  fail  within  the  limits  of  equal  decre- 
ments,  of  the  life  A,  as  found  in  the  given  table  of 
observations,  it  is  obvious  (from  the  method  of  de« 
duction  k)  the  note^  in  page  192,  &c)  that  this  rule 
will  give  the  exact  valtle*  This  is  the  case  in  the  se« 
cond  estample  hefe  given:  for,  by  referring  to  Ta? 
ble  }CXV,  it  will  be  found  that  from  the  age  of  25  to . 
40  the  decrements  of  life  are  exactly  equal:  and 
consequently  the  rule  is  in  this* case  strictly  correct 
Nevertheless,  if  the  value  of  the  same  assurance  be 
found  by  the  help  of  the  formula  gJ^en  m  Piob,  XXVII, 
cor.  4,  it  Will  come  out  equd  to  18*139:  and  I  can 
account  for  this  difference  in  no  other  way,  than  by 
supposing  there  is  some  error  in  the  tables  of  the  values 
of  the  annuities ;  for,  it  is  evident  that  the  two  results 
intg/u  to  be  precisely  the  same« 


QUESTION  XXXll. 


\ 
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§  420.  To  find  the  value  of  an  Assurance  of  a 
given  sum  payable  on  the  decease  of  A,  provided  he 
dies  cifler  another  life  B^ 

soa 
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SOLUTION. 

From  the  value  of  the  assurance  of  the  given  sum 
payable  on  the  decease  of  A,  subtract  the  value  of 
the  same  assurance  payable  on  the  decease  of  A,  pro- 
vided he  dies  before  B :  the  diflFcrence  will  be  the 
value  required.     See  §  241. 

Example  1.  What  is  the  present  value  of  ^100 
payable  on  the  decease  of  A  aged  20,  provided  B 
aged  40  be  then  dead :  reckoning  interest  at  4^  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Par  deux? 

'  The  value  of  the  assurance  of  c£lOO,  payable  on 
the  decease  of  A,  is,  by  Question  XXVII,  equal  to 
24' 107 ;  and  the  value  of  the  same  sum,  payable  on 
the  decease  of  A  provided  he  dies  before  B^  is,  by 
Question  XXX,  equal  to  14*460:  consequently  9*647, 
or  Jj9  :  12  :  11,  will  be  the  value  required. 

Having  thus  found  the  value  of  the  given  sum  pay- 
able on  the  decease  of  A,  provided  B  be  then  dead, 
we  may  easily  determine  the  value  of  a  similar  sum 
payable  on  the  decease  of  B,  provided  A  be  the  ez« 
tinct :  for,  We  have  only  in  such  case  to  deduct  the 
value,  found  by  the  rule,  from  the  value  of  the  same 
sum  payable  on  the  extinction  of  the  longest  of  the 
two  lives.  Thus,  the  present  value  of  <£l00  payable 
on  the  extinction  of  the  longest  of  two  lives  aged  20 
and  40  (at  the  rate  of  interest  &c,  above  mentioned) 
is,  by  Question  XXVII,  equal  to  1 6*748  j  bova  which 
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if  we  subtract  9*647,  as  above  found,  the  difference, 
or  7*101,  vrill  be  the  value  of  c£lOO  payable  on  the 
decease  of  B,  provided  he  dies  after  A. 

These  sums  are  the  values  which  ought  in  each  case, 
to  be  given  in  a  single  payment :  but,  if  we  wish  to 
determine  the  value  of  the  same  in  annual  payments 
till  the  claim  is  determined^  we  must  divide  the  single 
payment,  thus  found,  by  unity  added  to  the  value  of 
sn  annuity  on  the  two  joint  lives.  Or,  if  we  wish 
to  determine  the  value  of  the  same  in  annual  payments 
till  the  claim  becomes  due^  we  must  divide  the  single 
.payment  by  unity  added  to  the  value  of  an  annuity  on 
the'single  life>  on  which  the  assurance  is  made.*  Thus, 
9*647  being  the  value,  in  a  single  payment,  of  an 
SBSurance  of  £\O0  on  the  life  A  provided  he  dies 
after  B ;  it  follows  that  the  value  of  the  same  assurance, 
in  annual  payments  till  the  clain^  is  determined^  is 
equal  to  9*647  divided  by  18*545:  that  is,  equal  to 
*7 1 2,  or  14^  :  3d.  And  that  the  value  of  the  same 
assurance,  in  annual  payments  till  the  claim  becomes 
duey  is  equal  to  9*647  divided  by  17*624:  that  is, 
equal  to  -547,  or  10* :  1  irf. 

Example  2.  What  is  the  present  value  of  <£lOO 
payable  on  the  decease  of  A  aged  25,  provided  he 
should  die  after  B  aged  60 :  interest  at  5  per  cent, 
and  the  probabilities  of  living  as  at  Northampton  ? 

The  value  of  an  assurance  of  <£l00  on  the  decease 
of  A  is,  by  the  rule  in  Question  XXVII,  equal  to 

*  Seepage 353. 
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a{0*63S ;  and  the  Talue  of  the  same  s^m  payable  at  the 
isame  period,  proyided  B  be  then  extinct,  is,  by  Ques- 
don  XXX,  equal  to  18*762:  consequently  16'87J»  or 
^16:17:5,  will  be  the  value  required,  in  a  single 
paymeat. 

This  value^  being  divided  by  8*d83  will  give  2'0139 
^r  £2  ;  O  ;  S,  for  the  annual  payments  till  the  ciaioi 
is  deiermined:  or,  being  divided  by  14*5679  will  give 
1*158,  or  <£l  :  S  ;  2,  for  the  anmal  payments  dU  thf 
claim  b€^:Q7ikes  4ue. 


QUESTION  XXXIII. 

» 
%  427.    To  find  the  value  of  a  Temporary  a^ 

surance  of  a  given  sum  payable  on  the  decease  (^  A^ 

provided  he  dies  after  ^othar  life  B. 


SOLUTION. 

From  the  value  of  a  temporary  assprance  of  the 
given  6um  payable  on  the  decease  of  A,  subtract  the 
value  of  a  siioilar  temporary  assurance^  payable  on  the 
decease  of  A  provided  he  dies  before  B :  the  difierence 
will  be  the  value  required. 

Example.  What  is  the  present  value  of  a  legacy 
of  <£lOO  payable  on  the  decease  of  A  aged  25,  pro- 
vided he  dies  >^ith2n  15  years,  and  provided  also  that 
wother  f)erao»  B,  now  aged  60,  be  then  dead :  in- 
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terest  being  reckoned  at  5  per'  cent,  and  the  proba- 
tnlities  of  living  as  at  Northampton? 

The  value  of  an  assurance  of  £lO0  payable  on  the 
decease  of  a  person  aged  25,  provided  that  should 
happen  within  15  years,  is,  by  the  rule  in  Question 
XXIX,  equal  to  16*S54*;  and  the  value  of  a  similar 
assurance,  provided  another  person  now  aged  60  be 
then  living,  is,  by  Question  XXXI,  equal  to  12*078: 
consequently  this  latter  value  subtracted  from  the  for^. 
mer  will  leave  4*276,  or  £4 :  5  i6y  for  the  value  of 
the  assurance  required* 

SCHOLIUM. 

« 

§  428.  This  rule  will  still  be  correct  although 
the  given  term  exceed  the  number  of  years  between 
the  age  of  B,  and  the  pldest  life  in  the  table  of  obser- 
vations: but,  in  such  case,  the  value  of  the  assurance 
payable  on  the  decease  of  A  provided  he  dies  before 
B  (being  now  for  the  whole  continuance  of  the  joint 
lives)  must  be  found  by  Question  XXX  instead  of 
Question  XXXI :  and  the  value  thus  found,  being  de^ 
ducted  from  the  temporary  assurance  on  the  life  A» 
will  give  the  value  requiredf. 

*  The  value  of  the  assarance  od  the  whole  continuance  of  the 
life  18,  by  the  rule  in  Question  XXVII,  equal  to  30*633  3  and  the 
value  of  the  same  assurance  deferred  for  15  years  is,  by  the  rule  in 
Question XXVIII^  equal  to  14279:  consequently  the  difference 
between  these  two  vaiuesj  will  be  the  value  of  the  temporary  as« 
sunuce. 

f  Mr.  Morgan  has  given  a  singular  and  troublesome  rule  for 
this  case,  in  Dr.  Price's  Obs,  on  Eof,  Pay.  vol.  1^  page  70,  note  i. 
It  is  neither  simple  nor  corrects 
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Thus,  if  the  term  m  the  preceding  example  had 
been  40  years ;  then  the  value  of  the  assurance  on  the 
life  A  for  40  years  would,  fay  the  i^ule  in  Question 
XXIX,  be  equal  to  27  682*;  and  the  value  of  the 
assurance  on  the  same  life,  provided  B  be  alive  at  bis 
decease,  would,  by  Question  XXX,  be  equal  to  15*762} 
consequently,  this  latter  value  subtracte4  from  the 
former  would  leave  13' 920,  or  ^'l3:  18  :  5,  for  the 
value  required,  in  a  single  payment.  And  1 3*920  di^ 
vided  by  6*883  (or  unity  added  to  the  value  of  an 
wnuity  on  the  two  joint  lives)  will  give  1  '66 1  for  the 
value  of  the  same  in  annual  payments  till  the  clain^ 
is  determined:  or,  being  divided  by  14*164  (or  unity 
added  to  the  value  of  an  annuity  on  the  life  A  for  39 
years)  will  give  *983  for  the  same  value  in  annual  pay^ 
inents  till  tbe  sum  becomes  due. 


JM^m 


§  429.  Before  I  close  the  present  chapter  I  shall 
insert  the  solution  of  a  Question,  which  will  be  often 
found  of  considerable  practical  utility,  not  only  to  ia^ 
dividuals^  but  likewise  to  those  Societies  whose  business 
consist  in  granting  Assurances  on  lives. 

The  reader  must  be  already  aware  th^t  if  a  perspn 
were  to  make  an  assurance  at  any  of  the  0£|ces  on  his 

*  The  value  of  the  asstmnoe  on  the  whoU  c<mtmua$ic$  of  Che  life 
is,  as  in  the  preceding  note,  equal  to  30*633;  and  the  value  of  the 
^me  assurance  deferred  for  40  years  is,  by  the  rule  in  QuestiOQ 
XXVIII,  equal  to  2*951 :  consequently  the  latter  value  8ubtracte4 
firom  the  former  will  be  the  value  of  the  temporary  assuraooe  re* 
quired.     * 
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own  life  for  a  single  year,  and  to  repeat  this  at  the  end 
of  every  successive  year  to  the  utmost  extremity  of 
life^  the  annual  payment  (for  such  assurance)  would 
be  continually  increasing  till  his  death.  But,  if  he 
made  the  assurance  on  the  whole  conttmuince  of  his 
life,  and  contracted  with  the  Office  to  pay  the  value  of 
such  assurance  by  equal  annual  payments  during  his 
life  (as  is  usually  the  case),  it  is  evident  that  such  an- 
nual payment  ought  to  be  greater  than  the  premium 
required  for  an  assurance  for  a  sbgle  year  at  his  pre-^ 
sent  age,  but  less. th^n  the  premium  required  for  a 
similar  assurance  at  the  more  advanced  periods  of  life. 
Hence,  it  appears  that  if  a  person,  who  was  originally 
assured  for  the  whole  term  of  his  life,  should  be  de« 
sirous  (either  through  inability,  or  any  other  motive) 
of  renouncing  his  claim  upon  the  Office  and  of  can- 
celling his  policy,  he  ought  to  have  some  part  of  those 
gnnual  payments  returned  to  him ;  or,  in  other  words, 
a  compensation  ought  to  be  made  him  for  that  excess 
'm  the  annual  payments  which  he  has  been  advancing 
to  the  Society.  The  object  of  the  following  question 
is  to  determine  the  amount  of  that  remuneration. 


QUESTION  XXXIV. 

5  490.  To  find  the  sum  that  ought  to  be  given 
to  a  person,  who  is  assured  for  the  whole  term  of  his 
life,  for  a  given  sum,  in  order  that  he  may  renounce 
his  ckim  tberetPt 


458  ntACnCAL  QUBSTI0N8*  C/L 12. 


SOLUTION. 

Subtract  the  equal  annual  payment,  which  he  ba3 
been  giving  since  the  assurance  coiumenced,  from  the 
equal  annual  payment  which  ought  to  be  given  for  the 
assurance  of  the  given  sum  on  the  life  at  its  present 
age ;  multiply  the  remainder  by  the  value  of  an  annuity 
(increased  by  unity*)  on  the  life  at  its  present  age : 
the  product  will  be  the  sum  required. 

Example.  A  person  now  aged  50,  who  has  been 
paying  21 'TOO,  or  <£21  :  15:  10,t  annually  for  the 
assurance  of  <£lOOO  at  his  death,  is  desirous  of  discon- 
tinuing the  same;  what  sum  ought  to  be  given  to 
him,  by  the  Office,  as  a  compensation  for  so  doing : 
interest  being  reckoned  at  3  per  cent,  and  the  proba* 
bilities  of  living  as  at  Northampton  ?  I 

The  annual  premiums  which  ought  to  be  given  for 
the  assurance  of  ^1000  on  a  life  aged  50  is,  by  Ta- 
ble LI,  equal  to  45*300;  and  the  difference  between 
this  and  21*790  is  equal  to  23-510;  which  being 

*  This  supposes  that  the  policy  is  cancelled  immediately  before 
the  annual  payment  becomes  due:  but  if  immediately  t^er,  we 
must  multiply  the  remainder,  above  alluded  to,  by  the  value  of  an 
annuity  on  the  given  life,  without  the  addition  of  unity. 

f  This  is  the  annual  payment  for  the  assurance  of  jf  1000  on  • 
}if»  aged  20,  as  appears  by  Table  LI. 

I  The  rate  of  interest  and  probabilities  of  life,  in  such  commu- 
tations, ought  to  be  the  same  as  those  adopted  by  the  Office^  at 
which  the  policy  is  effected, 
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multiplied  by  18*436  (or  unity  added  to  the  value  of 
an  annuity  on  a  life  aged  50)  will  produce  315'880» 
Qx  £S15  5  17 ;  7,  for  the  answer  reqjiiredi* 


eCHOLIUiyl^ 

§  43 1 .  If  the  sura,  which  is  to  be  received  at  the 
death  of  the  assured,  has  been  increased  by  any  ad* 
dition,  or  bonus^  (as  will  oftentimes  be  the  case  in  the 
pquiiable  Society)  we  must  take  the  difference  be- 
tween the  annual  payment,  that  ought  to  be  given  for 
the  assurance  of  the  given  sum  together  with  iis  bonus, 
and  the  original  annual  payment  above  mentioned: 
and  the  remainder  multiplied,  as  before,  by  the  value 
of  an  annuity  (increased  by  unity)  on  the  life  at  it$ 
present  age,  will  give  the  sum  required*! 

*  This  case  may  be  stated  io  another  mannerj  at  follows.  The 
Society  may  be  considered  as  indebted  to  the  assured  in  the  present 
value  of  an  assnrance  of^^lOOO  on  a  life  aged  50;  which  is  equal 
to  GOb'QQ,  or  £60$  :  13  :  2.  And  the  assured  may  be  considered 
^  owing  to  the  Society  the  pr^esent  value  ofall  the  annual  payments 
of  /'21 :  15  :  10,  during  the  remainder  of  his  life  -,  the  first  of 
which  payments  is  supposed  to  be  made  immediately :  therefore  the 
value  of  all  those  payments  will  be  equal  to  2)  790  multiplied  by 
13*4365  which  produces  29278,  or  ^f  202  :  15  :  7.  Consequently 
ih%  interest  of  the  assured  in  his  policy  will  be  equal  to  the  ^Uf- 
^en£«  between  i;608:  13:2,  andi;292:  15  :  7  :  that  is,  equal  te 
^315  :  17  :  7^  .^  found  by  the  example  in  the  text* 

f  Or,  we  may  add  the  value  of  an  assurance  of  the  additional 
sum  on  the  give^  life,  to  the  value  found  by  the  preceding  solution  j 
fwhich  will  give  the  same  results. 


460  FA'AtrriCAX  gtS^BtTI0K8#  OLlt. 

Example.  Suppose  that  the  several  additions  made 
to  the  policy,  alluded  to  in  the  preceding  example, 
amount  to  £500 ;  in  which  case,  the  executors  of  the 
assured  would  be  entitled  to  £l500  on  his  death:  what 
sum  ought  now  to  be  given  him  for  renouncing  his 
claim  upon  the  Society;  the  interest,  &c,  being  as  in 
the  preceding  example? 

The  annual  premium  which  ought  to  be  given  for 
the  assurance  of  «£l500  on  a  life  aged  50  will  be 
67*950;  and  the  difference  between  this  and  21*790 
ss  equal  to  46*160 :  which  being  multiplied  by  1 3*436 
will  produce  620*206,  or  <£620 ;  4 : 1,  for  the  answer 
required. 

The  same  result  would  have  been  obtained  by  adding 
^304 ;  6  :  6  ( or  the  value  of  an  assurance  of  the  ad- 
ditional ,£S00  on  the  given  life)  to  ^315  :  17 :  7,  ai 
found  by  the  preceding  example* 

5  432.  These  two  examples  will  show  the  method 
of  proceeding  in  all  similar  cases,  whether  the  assurance 
depends  upon  a  single  life^  upon  any  joint  lives,  or  on 
any  other  contingency*  It  will  also  serve  to  show  the 
amount  of  the  debts  owing  by  a  Company,  whose 
business  consists  in  making  Assurances  on  lives :  smce 
these  are  the  sums  which  would  be  required  to  cancel 
the  respective  claims  on  the  Society,  and  may  conse- 
quently be  fairly  considered  as  money  owing  by  them. 
These  debts,  therefore,  being  deducted  from  the 
amount  of  capital  in  hand,  will  leave  the  net  surplu$ 
(Stock  belonging  to  the  Society :  and  it  is  this  net  sur* 
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plus  stock  aUme  that  can  be  oonttdered  as  the  true 
prq/its  of  the  concern^  and  as  the  only  fund  from  which 
any  divisions  ought  to  be  made  amongst  the  different 
members;  dther  by  way  of  interest,  dividend,  or 
bonus.  A  sodety  that  is  not  guided  by  some  principle 
of  this  kind  must  inevitably  terminate  in  disgrace 
and  ruin. 
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CHAPTER  XIIL 

On  Schemes  for  proiXding  Annuitiet  for  the  Bene/tt 

of  Old  ^Age^  ^nd  of  Widows^ 


1.     For  Old  Age. 


§  4S3.  X  HE  rule  given  for  the  solution  of  Question  VI, 
ia  the  preceding  Chapter,  is  of  considerable  practical 
use ;  since,  by  means  of  it,  we  are  enabled  to  deter- 
mine the  efficacy  and  propriety  of  those  schemes  and 
establishments  which  are  proposed  with  a  view  of  pro- 
viding Annuities  for  Old  Age.  For,  having  found 
the  present  value  of  an  annuity  of  <£l  per  annum  on 
any  given  life  or  lives,  to  commence  at  the  end  of  any 
number  of  years  from  the  present  time,  we  may  easily 
find  the  present  value  of  any  other  annuity  (either  in 
a  single  payment,  or  in  annual  payments,  or  in  botK) 
by  multiplying  the  present  values,  thus  deduced,  by 
that  other  annuity ;  agreeably  to  the  principles  already 
laid  down  in  the  note  in  page  362.  And  in  like 
manner,  having  found  the  present  value  above  alluded 
to»  we  may  readily  determine  the  annuity  that  ought 
.  to  be  given,  at  the  end  of  any  period,  for  a  given  sum 
paid  down  immediately ;  or,  for  a  given  sum,  part  of 
which  is  paid  immediately,  and  the  remainder  by  aa* 
nual  payments  till  the  end  of  the  given  term. 
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Thus,  it  appears,  by  the  second  example  in  page 
S78,  that  the  present  value  of  an  annuity  of  one 
pound  per  annum  on  the  life  of  a  female  aged  40,  to 
commence  at  the  end  of  10  years,  is  (reckoning  interest 
at  4  per  cent^  and  the  probabilities  of  life  as  observed 
in  Sweden)  equal  to  6'926,  or  jC6 :  18:6:  ccmse* 
quentiy  an  annuity  of  <£44  per  annum  to  commence 
at  the  same  period  would  be*  eqQal  to  304*744,  or 
<£304 :  14:  1  J,  in  a  single  present  payment.  And 
this  latter  sum  divided  by  7 '900  (or  unity  added  to 
the  value  of  an  annuity  on  the  given  life  for  9  years) 
will  give  S«'575,  orct'SS  :  11  :  6,  for  the  value  of  the 
same  annuity  in  annual  payments :  the  first  of  such 
payments  to  be  made  immediately,  and  the  remaining 
ones  at  the  beginning  of  every  subsequent  year,  pro- 
vided  the  given  life  is  then  in  being.  Or,  if  <£200 
(part  of  the  £,304:  :  14:  11)  be  paid  down  imme-' 
diately;  then  the  annual  payments  which  ought  in 
this  case  to  be  made,  in  order  to  supply  the  deficiency^ 
will  be  equal  to  the  remaining  sum  of  104"  744  divided 
by  7*900:*  that  is,  equal  to  13-259,  or  £lS  :  5 : 2. 

*  If  the  first  of  these  annual  payments  >s  not  made  till  the  end 
of  the  first  year>  then  the  sum  here  alluded  to  must  be  divided  by 
7'^75  (or  the  value  of  an  annuity  on  the  given  Ike  for  10  years) 
urhich  will  make  the  annual  payments  equal  to  14*013^  or  ^i  4 : 0 :  3 : 
and^  in  this  case,  the  last  annual  payment  will  be  made  at  the  tame 
time  that  the  first  payment  of  the  annuity  becomes  due.  In  the 
cases  mentioned  by  Dr.  Price  {Oh$,  on  Reu.  Pay.  vol.  i.  p.  141) 
and  to  which  I  shall  presently  allude,  the  payments  were  made 
Afl^  yearly  3  and  the  first  of  those  half-yearly  payments  was  paid 
down  with  the  Admission  money:  but  he  does  not  notice  thi» 
fact,  although  U  tnakcs  somo  dliference  in  Ihe  results. 
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In  like  manner  if  we  wish  to  determine  the  annuity 
that  ought  to  be  granted  on  such  life  at  the  end  cf 
10  years,  for  «£73  :  10 :  0,  paid  down  immediately^ 
and  c£6  :  1 4  : 0  in  annual  payments,  we  must  proceed 
as  follows.  Multiply  6*700  (or  the  amount  of  the 
annual  payment)  by  7*900  (or  unity  added  to  the 
value  of  annuity  on  the  given  life  for  9  years)*,  which 
will  produce  52*930,  or  £52  :  18  :  7,  for  the  total 
present  value  of  such  annual  payments ;  and  which 
being  added  to  the  admission  money^  or  <£73  :  10 :  O^ 
will  make  the  whole  value,  given  for  the  annuity,  equal 
to  1 26*430,  or  £\26  :  8  :  7.  Therefore  this  quantity, 
being  divided  by  6*926  (agreeably  to  the  principles 
laid  down  in  the  note  in  page  363),  will  give  18*254^ 
or  <£l8:5:0,  for  the  amoimt  of  the  annuity  re-« 
quired. 

5  434.  This  example  will  show  the  method  of 
proceeding  in  all  similar  cases;  and  I  have  taken  this 
one  in  particular,  because  it  is  the  one  assumed  by 
Dr.  Price  (^Obs.  on  Rev.  Pay.  vol.  i.  p.  137)  to  expose 
the  futility  and  iniquity  of  those  Schemes  that  were 
published  by  the  several  societies  instituted  about  the 
year  1770:  who,  by  holding  out  a  false  lure  to  the 
public,  took  in  the  unwary,  and  entailed  misery  and 
distress  on  the  unfortunate  adventurers.!    Happily  his 


*  If  the  first  annual  payment  is  not  to  be  made  till  the  end  of 
the  year,  we  must  multiply  67OO  by  7*4/5  (or  the  value  of  aa 
annuity  on  the  given  life  for  10  years) :  see  the  preceding  note. 

t  The  ibiiowiiig  are  the  terms  upon  which  some  of  those  S^ 
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efforts  were  crowned  with  success^  and  none  of  those 
public  societies  now  exist  to  disgrace  the  present  age. 
But  although  he  has  sufficiently  demonstrated  that 
those  bubbles  could  not  possibly  comply  with  the  terms 


cdeties  granted  annuities  to  members,  aged  40,  for  what  might 

happen  to  remab  of  iheir  lives  after  50  years  of  age. 

Admission       Annual      Annuihf 
Money.         Payment,    granted. 
£       s.  Jj       s,  £      8, 

The  Laudable  Society  . .  * 73  :  10  6  :  14        44  :    O 

Tlie  London  Auntiitants 25  :    O         10  :    O        44  :    0 

The  Equitable  Society  of  Ann*.  .32:0        13:0        44:0 
The  London  Union  Society  ....   37  :    O  7:0        54  :  12 

iTie  Amicable  Society  of  Ann*.  .28:ld  6:0        26i0 

The  Provident  Society  * 31  :  10  8  :    8        25  :    0 

Tbe  annual  payment  was  usually  paid  halfytBrlj;  and  the  first 
half  yearly  payment  waa  made  at  the  time  of  admission.  It  will 
be  rieadily  seen  (from  the  example  given  m  the  text)  that  there 
Was  no  probability  that  the  Societies  would  ever  be  able  to  con-^ 
6mte  these  enotmous  annuities  to  all  the  members.  The  tmth  is, 
that  (even  at  that  day)  they  were  styled  impositions  on  the  fuhUc 
proceeding  fiom  ignorance^  and  supported  h/  creduRty  and  folly, 
•'  But  (as  Dr.  Price  justly  continues)  this  is  too  gentle  a  censure. 
'*  There  is  reason  to  believe  that  wti^se  principles  have  contributed 
^*  to  their  rise  and  support.    The  present  members,  consisting 

chiefly  of  persons  in  tbe  more  advanced  ages  who  have  been  ad- 
*'  mitted  on  the  easiest  terms,  bcUe^^e  that  the  schemes  they  are 

supporting  will  last  their  time  and  that  they  will  be  gainers. 
"  And,  as  to  the  injury  that  may  be  done  to  their  successors  or  to 

younger  members,  it  is  at  a  distance,  and  they  care  Httle  about  it. 

Agreeably  to  this  principle  the  founders  of  these  societies  begin 
*  so  low  as  not  to  require  perhaps  z  fourth  or  affth  of  the  values 
*'  of  the  annuities  they  promise.  Afterwards  tiicy  advance  gra- 
«'  dually,  just  as  if  they  imagined  that  the  value  of  ths  annuities 
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held  out  to  the  public,  yet  he  has  not  shown  that  they 
were  so  deficient  and  absurd  as  they  will  appear  to  be, 
when  compared  with  the  values  deduced  as  above  from 
tlie  real  probabilities  of  life.*  The  present  examples 
will  be  sufficient  to  enable  any  one  to  examine  the  accu- 
racy and  sufficiency  of  similar  proposals :  and  I  shall 
not  detain  the  reader  with  any  further  comments  on 
this  subject,  as  it  is  probable  that  a  similar  circum- 
stance  will  not  soon  again  occur  to  call  forth  the  cen« 
sure  of  every  honest  member  of  society.  The  public 
are  now  better  acquainted  with  the  method  of  calca* 
lating  the  values  that  ought  to  be  given  in  such  cases, 
and  are  not  likely  to  become  again  in  this  manner  the 
dupes  of  any  artful  impostor.  Their  danger  now 
seems  to  lie  ii^  the  opposite  extreme. 


*  was  nothing  detercn'mate,  but  mcreased  with  every  iDcrease  of 
'  the  society.  Eut^  a&  no  ignorance  can  believe  this,  the  true  de* 
'  sign  appears  to  be,  I  o  form  soon  as  large  a  society  as  possible  by 
'  leading  the  unwary  to  endeavour  to  be  Joremost  in  their  applica* 
'  tions>  lest  the  advantage  of  getting  in  on  the  easiest  terms  should 
'  be  lost.  It  is  well  known  that  these  arts  have  succeeded  von- 
'  derfullyj  and  tliat,  in  consequence  of  them,  these  societies  now 
'  consist  of  persons  who  for  the  same  annuities  make  higher  or 
'  lower  payments,  according  to  the  time  when  they  have  been 
'admitted}  and  the  generality  of  whom,  therefore,  must  know 
'  that  either  more  than  the  \alues  have  been  required  of  the  mem- 
'  bers  last  admitted  ^  or,  if  not,  that  they  are  themselves  expecting 
'  considerable  annuities  for  which  they  have  given  no  valuable 
'  consideration:  and  which,  if  paid,  must  be  stolen,  from  thd 
'  pockets  of  some  of  their  fellow-members." 

*  Dr.  Price  f(;rmed  his  calculations  from  the  values  of  annuities 
deduced  from  the  l^ypothesis  of  M.  De  Moivre,  J 
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I  do  not»  however,  by  these  observations  at  all  in* 
tend  to  discourage  institutions  or  schemes  for  providing 
annuities  for  old  age.  On  the  contrary,  I  am  fully 
persuaded  that  a  society  or  office,  that  would .  proceed 
upon  all  efficient  and  liberal  plan,  might  be  of  essential 
advantage  to  the  state  and  highly  beneficial  to  the 
public.  Many  persons,  particularly  in  the  inferior 
stations  of  life,  Would  in  such  case  be  induced  to  lay 
by  (during  the  period  of  youth  and  vigour)  many  small 
sums,  which  are  now  squandered  in  riot  and  dissipa- 
tion J  and  by  endeavouring  to  get  a  little  money  be- 
forehand would  acquire  habits  of  industry,  and  be 
probably  enabled  thus  to  make  provision  for  them- 
selves in  the  more  advanced  periods  of  life,  when  they 
will  be  incapable  of  labour.  Thereby  rendering  them- 
selves not  only  more  independent  and  valuable  mem- 
bers of  society,  but  also  obviating  the  necessity  of  their 
applying  to  the  parish  for  relief.  Dr.  Price  justly  bb- 
serves  that  "  the  lower  orders  of  mankind  are  objects 
of  particular  compassion,  when  rendered  incapable, 
by  accident,  sickness,  or  age,  of  earning  their  sub- 
"sistence.  This  has  given  rise  to  many  very  useful 
societies  among  them  for  granting  relief  to  one  an- 
other, out  of  little  funds  supplied  by  weekly  contri- 
'*  butions."  It  is  much  to  be  feared,  however,  that 
many  of  these  establishments  are  formed  on  such 
vague  and  inefficient  plans,  without  any  regard  to  the 
true  principles  of  calculation,  that  they  are  n^t  always 
entitled  to  our  unqualified  approbation.  When  thus 
erroneously  founded,  and  perhaps  at  the  same  time 
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b^dly  aud  carelessly  conducted^  they  only  serve  to  in- 
crcase  the  misery  which  they  were  intended  to  ri^• 

move. 

§  435*  Under  these  circumstances  it  is  to  be  re« 
gretted  that  the  Legislature  has  not  adopted  some  ef* 
ficient  measures  towards  assisting  such  persons^  in  the 
humbler  stations  of  life^  as  might  be  desirous  of  em« 
ploying  thear  money  in  this  laudable  manner.  Two 
attempts  have  been  made  to  obtain  an  Act  for  this 
purpose:  but,  though  it  has  each  time  passed  the 
House  of  Commons,  it  has  been  as  regularly  thrown 
out  by  the  House  of  Lords*  I  cannot  here,  however^ 
omit  the  opportunity  of  inserting  the  pertinent  remarks^ 
on  this  subject,  of  a  very  able  writer*,  which  will  serve 
to  show  the  objects  that  those  bills  had  in  view. 

*  To  make  such  a  provision  for  one's  old  age,  is  so 

*  natural  a  piece  of  prudence,  that  it  seems  wonderful 

*  at  first  sight  that  it  should  not  be  generally  practised 

*  by  the  labouring  poor  above  described,  as  it  is  almost 

*  universally  by  persons  engaged  in  the  higher  paths 

*  of  industry,  such  as  the  several  branches  of  com» 

*  Mr.  Baron  Maseres,  in  a  pamphlet  which  be  publiShcd,  en- 
titled A  Proposal  for  estahlishing  Lift  Annuities  in  Parishes  for 

the  Ben^  of  the  Industrious  Poor:  London,  1772.  llie  learned 
author  has  lately  favoured  me  with  a  copy  of  that  pamphlet,  witb 
an  obliging  offer  that  I  might  make  what  use  of  it  I  pleased  in 
my  intended  publication :  and  I  lament  that  the  limits  of  the  pre- 
sent treatise  will  not  enable  me  to  enter  upon  the  subject  moic 
tlian  by  an  insertion  of  tlie  above  extract  from  that  vahiable  work. 
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merce,  sind  the  practice  of  the  liberal  professions': 
nor  can  their  negligence  in  this  respect  be  accounted 
for  in  any  other  Way  so  naturally  as  by  ascribing  it  to 
their  wanting  opportunities  of  employing  the  money, 
they  might  save,  in  some  safe  and  easy  method  that 
would  procure  them  a  suitable  advantage  from  it  in 
the  latter  periods  of  their  lives.  They  know,  for 
the  most  part,  but  little  of  the  public  futids;  and, 
when  it  happens  that  they  are  acquainted  with  them, 
the  smallness  of  the  sums  they  would  be  intitled  t© 
receive  (as  the  interest  of  the  money  they  could  afford 
to  lay  out  in  them)  is  no  encouragement  to  dispose 
of  it  in  that  way.  What  inducement,  for  instance, 
can  it  be  to  a  man,  who  has  saved  ten  pouiids  out  of 
his  year*s  wages,  to  invest  it  in  the  purchase  of  three 
per  cent  Bank  annuities,  to  consider  that  it  will  pro- 
duce him  about  six  or  seven  shillings  a  year  ?  It  is 
but  the  wages  of  three  days  labour.  And  if  they 
lend  their  money  to  tradesmen  of  their  acquaintance, 
as  they  sometimes  do,  'it  happens  not  unfrequently 
that  their  creditor  becomes  a  bankrupt;  and  the 
money,  they  had  trusted  him  with,  is  lost  for  ever ; 
which  discourages  others  of  them  from  saving  their 
money  at  all,  and  makes  them  resolve  to  spend  it  in 
the  enjoyment  of  present  pleasure.  But,  if  they  saw 
an  easy  method  of  employing  the  money  they  could 
spare,  in  such  a  manner  as  would  procure  them  a 
considerable  income  in  return  for  it  at  some  future 
period  of  their  lives,  without  any  such  hazard  of 
f  losing  it  by  another  man*s  folly  or  misfortune,  it  is 
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probable  they  would  frequently  embrace  it :  and  thus 
a  diminution  of  the  poor's  rate  on  the  estates  of  the 
rich,  an  increase  of  present  industry  and  sobriety  in 
the  poor,  and  a  more  independent  and  comfqrtable 
support  of  them  in  their  old  age  th^  they  can  othep- 
wise  expect,  would  be  the  happy  consequences  of 
such  an  establishment.  Now  this,  I  conceive^  might 
be  effected  in  the  following  plain  and  easy  method. 

*  1°  Let  the  churchwardens  and  oversecjrs  of  every 
parish  be  impowered  by  Act  of  Parliament  to  grant 
life-annuities  to  such  of  the  inhabitmts  of  the  parish 
as  shall  be  inclined  to  purchase  them,  to  commence 
at  the  end  of  one,  two,  or  three  years  (or  such  other 
future  period  of  tipie  as  the  purchaser  shall  choose) 
and  to  be  paid  out  of  the  poor's  rate  of  the  parish, 
so  that  the  lands  and  other  property  in  the  parish 
that  is  chargeable  to  the  poor's  rate,  shall  be  answer- 
able for  the  payment  of  these  annuities*  This  cir- 
cumstance would  give  these  annuities  great  credit 
with  the  poor  inhabitants,  by  setting  before  them  so 
solid  and  ample  a  security  for  the  regular  payment 
of  them* 

*  2^  Let  the  annuities,  thus  granted  to  the  poor  in- 
habitants, be  such  as  arise  from  a  supposition  that 
the  interest  of  money  is  three  per  cent  j  or  some  higher 
rate  of  interest,  if  the  churchwardens  or  overseers  of 
the  poor  shall  think  fit  to  make  qse  of  such  higher 
interest* 

*  S®  But,  at  the  rate  of  three  per  cent,  the  purchaser 
should  have  a  right  to  an  annuity,  and  the  churcb^ 
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wardens  and  overseers  of  the  poor  should  be  com- 
pellable to  grant  it. 

*  4^  No  annuity,  depending  upon  one  life,  should 
exceed  5201.  a  year. 

*  5®  No  less  sum  than  SL  should  be  allowed  to  be 
employed  in  the  purchase  of  an  annuity.  This  is  to 
avoid  intricacy  and  muhiplicity  of  accounts. 

*  6°  An  exact  register  of  these  grants  should  be 
kept  by  the  churchwardens  and  overseers  of  the  poor 
in  proper  books  for  the  purpose,  in  which  the  grants 
should  be  copied  exactly,  and  the  copy  of  each  grant 
subscribed  by  the  person  to  whom  it  is  granted  :  or, 
if  he  cannot  write,  marked  with  his  mark,  and  sub- 
scribed by  two  other  persons  as  witnesses.  And  this 
copy  in  the  •  register-book  of  the  parish  should  be 
good  evidence  of  the  purchaser's  right  to  the  annuity, 
in  case  the  original  deed  of  grant  to  the  purchaser 
(which  was  delivered  to  him  at  the  time  of  the  pur- 
chase)  should  afterwards  be  lost. 

*  7°  The  money,  thus  paid  to  the  churchwardens  and 
overseers  of  the  poor  for  the  purchase  of  life-annuities, 
should  be  employed  in  the  purchase  of  three  per 
cent  Bank  annuities,  in  the  joint  names  of  all  the 
churchwardens  and  overseers ;  and^y  them  transferred 
at  the  expiration  of  their  offices  to  their  successors, 
and  so  on  to  the  next  successors  for  ever,  so  as  to 
be  always  the  legal  property  bf  the  churchwardens 
and  overseers  of  the  poor  for  the  time  being,  in  trust 
for  the  persons  who  should  be  entitled  to  the  several 
life-annuides,  granted  in  the   manner  above  men- 
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tloned ;  and  the  interest  of  this  money  should  \>b 
received  every  half  year,  and  invested  in  the  purchase 
of  more  principal  annually,  so  as  to  make  a  perpetual 
fund  for  the  payment  of  these  life^nnMrties.  And 
when  any  annuity  became  due,  the  churchwardens 
and  overseers  of  the  poor  should  pay  it  out  of  thi* 
fund ,  and  should  sell  a  sufficient  part  of  the  principal 
for  that  pqrpose,  where  the  interest  was  not  sufficieit 
for  the  pui*pose,  as  would'  generally  be  the  case  > 
and  the  deficiencies  (if  any  were)  of  both  principa) 
and  interest  should  be  made  good  out  of  tb^  poor's 
rate  assessed  upon  the  parish.  But  this  could  hardly 
ever  happen,  if  the  annuities  granted  to  the  pur« 
chasers  were  such  as  would  be  proportional  to  tho 
money  contributed^  upon  a  supposition  that  the  iii^ 
terest  of  money  was  only  three  per  cent }  becau^  that 
is  a  lower  interest  than  that  which  the  parish  would 
receive  from  the  government  for  the  same  money^ 
by  investing  it  in  the  three  per  cent  Bank  annuities, 
as  that  stock  is  now  twelve  per  cent  under  par,*  and 
is  not  lil^ely  soon  to  rise  to  par  again.  So  that  the 
landholders  of  the  parish,  and  the  owners  of  other 
rateable  property  in  it,  need  be  under  very  little  ap- 
prehensioi}  of  having  their  estates  exorbitantly  bor- 
thened  by  a  great  increase  of  fhe  poor's  rate,  in  order 
to  make  good  the  payment  of  these  an^nuities.  On 
the  contrary,  they  would  be  gainers  by  this  institution, 
as  was  observed  above,  since  many  of  the  poor  who 

^  It  is  now  (1810)  above  SO  per  cent  under  par. 
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'  must  Otherwise,  in  their  old  age,  come  to  be  a  bur<« 
^  then  upon  the  parish,  would  pow  be  maintained,  ixx 
^  part  at  least,  by  annuities  paid  to  them  out  of  a  fun4 
♦  of  thar  own  raising.' 

Agreeably  to  this  plan,  a  bill*  was  brought  into  the 
House  of  Commons  in  the  year  1773  by  Mr,  William 
Dowdeswell,  and  passed,  on  a  division  after  a  debate, 
by  a  majority  of  two  to  one  of  all  the  members  present; 
but  it  was  rejected  by  the  House  of  Lords  in  conse* 
quence  of  the  oppoation  of  Lord  Cambden,  who  con« 
ceived  that  the  measure  might  be  ultimately  injurious 
to  the  landed  inlerest;  since  the  value  of  future  leases 
might  be  afieqted  by  an  increase  of  the  poor*s  rate  to 
make  good  any  deficiency  arising  from  the  failurie  or 
defection  of  the  scheme.  A  bill  of  a  similar  nature, 
however,  with  tables  computed  by  Dr.  Price,t  was  in- 
troduced in  the  year  1789 ;  but  shared  a  similar  fate« 
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%  436*  The  rules,  by  which  Question  XIII  and 
XVIII,  in  the  preceding  Chapter,  are  solved,  are  very 
useful  in  enabling  us  to  determine  the  advantage  and 
propriety  of  those  schemes  which  are  instituted  with  a 

*  A  copy  of  tbU  bUl,  togietli^r  with  the  tables  that  were  com- 
puted for  It,  are  inserted  by  Mr.  BArpo  Masere«  in  his  Doctrine  of 
Itife  Annuities, 

+  Ibese  Tables  are  inserted  in  Dr.  Price's  Oh,  on  Rev,  Pay, 
vol.  ij.  page  4/3. 
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view  to  provide  j4nnuities  for  Widows^.  For,  having 
found  the  present  value  of  a  reversionary  annuity,  or 
a  deferred  reversionary  annuity,  of  <£l  per  annum  on 
any  giv^n  life  after  any  other  given  life,  we  may  readily 
find  the  present  value  of  any  other  annuity  (either  in 
a  single  payment,  or  in  annual  paym.ents^  or  in  botk^ 
by  multiplying  the  present  value,  thus  obtained,  by 
that  other  annuity.  And  in  like  manner,  having  found 
the  present  value  above  alluded  to,  we  may  easily  de- 
termine the  annuity  which  ought  to  be  granted,  to  the 
life  in  reversion,  for  a  given  sum  paid  down  imme* 
diately  j  or,  for  a  given  sum,  part  of  which  is  paid 
down  immediately,  and  the  remainder  by  annual  pay- 
ments during  the  existence  of  the  life  in  possession. 
Or,  according  to  any  other  plan  which  may  be  pro- 
posed. 

Thus,  let  the  scheme  of  a  society,  for  granting  an- 
nuities to  widows,  be  such  that,  if  a  member  lives  one 
year  after  admi^ion,  his  widow  shall  be  entitled  to  a 
life  annuity  of  <£20:  M  seven  years,  to  ^10  more  (or 
jEsO  in  the  whole):  *^  fifteen  years,  to  <£lO  more  (or 
^40  in  the  whole).  What  ought  to  be  the  annual 
payments  for  members  aged  30,  40,  and  50  years  re- 
spectively, and  supposing  them  of  the  same  ages  as 
their  wives:  interest  being  reckoned  at  4  per  cent, 

*  These  observations  relate  to  the  method  of  determining  the 
beat  mode  of  providing  Annuities  for  Widows :  but  those  inqairies 
which  relate  to  the  best  mode  of  providing  for  the  payment  of  any 
given  Sum  to  a  widow,  ou  the  death  of  her  husband,  are  answered 
by  Question  XXX,  in  the  preceding  Chapter. 
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and  the  probalnKties  of  living  as  observed  in  Sweden 
amongst  males  and  females  respectively ;  and  also  as 
observed  at  Norihampion  and  at  London  ? 

By  proceeding  according  to  the  rules  laid  down  in 
the  Scholium  in  page  394*,  we  shall  find  that  the  an- 
nual payments  which  ought  to  be  made  ty  the  mem- 
bers, of  the  respective  ages  above  mentioned,  will  (ac- 
cording to  the  several  tables  of  observations  made  use 
pf )  be  as  follow : 

jiges*  Sweden.        Northampton.      London. 

SO     =;:     6-90  7 '66  8*52 

40  .  ?3     7-89  8-09  906 

50     =     8-50  8-40  9-51 

\  have  selected  this  scheme  as  being  that  on  which 

*  For  example:  the  value  of  a  reversionary  annuity  on  the 
life  of  a  female  aged  30  after  tlie  life  of  a  man  aged  also  30^  and 
deferred  for  one  year  provided  both  the  lives  continue  so  long^  is 
(by  the  rule  in  the  Scholium,  according  to  the  Sweden  observa- 
tions) equal  to  3*108:  consequently  the  present  value  of  jm  an- 
nuity of  >C^0,  under  the  same  circumstances,  is  62'i6o,  In  like 
manner,  the  present  value  of  ^10  per  annum  on  the  same  life, 
(deferred  for  seven  years  provided  both  the  lives  continue  so  }ong, 
is  equal  to  21 '680.  And  by  the  same  rule  the  present  value  of 
£\0  per  annum,  deferred  ior fifteen  years,  is  under  the  like  circum- 
stances equal  to  12*566. 

These  values,  being  added  together,  are  equal  to  96404  j  or  the 
value  of  the  expisctation,  described  in  the  scheme,  in  a  single  [»e« 
sent  payment:  and  which  being  divided  by  13*965  (or  unity 
added  to  the  value  of  an  annuity  on  the  two  joint  lives)  will  give 
6903  for  th^  value  of  the  same  expectation  in  annual  payments, 
as  stated  in  the  text.  In  like  manner  may  be  found  the  answer 
to  all  Questions  of  a  siipilar  kind. 
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the  London  Annuity  SocUtyfor  the  Benefit  4)f  Widows 
set  out  in  1765.     The  Laudable  Society,  which  was 
formed  on  nearly  a  similar  plan,  had  been  established 
in  the  year  1761.     In  each  of  these,  the  annual  con- 
tribution of  every  member  was  five  guineas  only,  pay* 
able  half-yearly;  for  which  payment,  his  widow  was 
entitled  to  the  annuities  stated  in  the  scheme  above 
mentioned,  according  to  the  conditions  there  eitpressed. 
Nothing,  however,  can  more  fully  show  the  inadequacy 
of  the  means  for  carrying  into  effect  the  intentions  of 
those  Societies  than  the  examples  above  giveiu    For 
it  will  be  seen  that,  on  the  supposition  that  the  mem^ 
bers  are  of  the  sa7h€  ages  as  their  wives,  the  Societies 
received,  on  an  average,  little  more  than  three  Jiftlu 
of  the  true  value  of  the  annuities :  but,  on  the  sup^ 
position  that  they  are,  one  with  another,  ten  year^ 
older  than  their  wives,  it  will  be  found  that  they  re- 
ceived only  one  Iialf  of  the  true  value  of  such  an- 
nuities. The  consequences  of  such  inequitable  measures 
were  highly  injurious.     The  more  early  annuitants  en- 
joyed the  full  sums,  according  to  the  conditions  of  the 
plan:  but,  after  pursuing  this  pernicious  course  for 
some  years,  the  Directors  at  length  Ustened  to  the 
voice  of  reason ;  and,  in  consequence  of  the  repeated 
warnings  that  were  given  them,  found  it  necessary  to 
adopt  one  of  the  two  following  plans%  order  to  main- 
tain the  permanency  and  security  of  the  establish- 
ment:— to  increase  the  premiums,  or  diminish  the 
annuity.     The  London  Annuity  Society^  at  an  early 
period,  adopted  the  former  proposal,  and  thus  preserved 
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119  boaoqj  and  its  credit :  "but  the  Laudable  Society^ 
although  it  repeatedly  reduced  the  annuities,  had  been 
tob  long  struggBog  with  the  errors  of  its  original  esta- 
blishnient  to  enable  it  to  derive  much  permanent  ad* 
vantage  fvom  this  procrastinated  remedy*  **  If  circwn- 
<<  stances  therefore  should  still  continue  unfavourable^ 
^<  the  next  measure  must  be  the  dissolution  of  the 
^  Society,  and  a  division  of  the  remaining  capital 
^  among  the  annuitants  and  surviving  members,  in 

proportion  to  their  respective  interests  in  the  funds 

of  the  Society*/* 


C€ 


§  4S7.  Such  will  be  the  final  issue  of  every  scheme 
that  is  not  founded  on  correct  observations  and  on 
mathematical  principles :  and  though  my  remarks  have 
been  confined  to  the  two  establishments  above  men- 
tioned, they  will)  I  fear,  apply  with  too*  much  justice 
to  sever^  others  of  a  similar  nature.  ^'  There  are  in 
^  this  kingdom  many  institutions  for  the  benefit  of 
**  widows  besides  the  two  on  which  I  have  now  re- 
^  marked ;  and  in  general,  as  far  as  I  have  had  any 
^  information  respecting  them,  they  are  founded  on 
^  plans  equally  inadequate,  having  been  formed  just 
^*  as  fancy  has  dictated,  without  any  knowledge  of 
^^  the  principles  on  which  the  values  of  reversionary 
^*  annuities  ougkt  to  be  calculated.  The  motives, 
"  which  influence  the  contrivers  of  these  institutions, 

*  See  the  history  of  these  two  Societies,  brought  down  to  tlie 
present  period,  in  Dr.  Price's  Ohs,  on  Rev,  Pay,  vol.  i.  pages 
7i-104. 
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may  be  hudable ;  but  they  oug^A^  (I  think)  to  have 
informed  themselves  better/'— "  The  longer  such 
*^  schemes  are  carried  on^  the  more  mischief  they 
must  produce.  Tis  vain  tp  form  such  establish-* 
ments  with  the  expectation  of  seeing  thar  fate  de- 
termined soon  by  experience.  If  not  more  extrava-* 
gant  than  any  ignorance  can  well  make  them,  they 
will  go  on  prosperously  for  20  or  80  years ;  and  if 
at  all  tolerable^  they  may  support  themselves  for  40 
or  50  years,  and  at  last  end  in  distress  and  ruin. 
All  inadequate  scheme^  lay  the  foundation  oi present 
relief  on  future  calamity ;  and  afford  assistance  to  a 
^^few  by  disappointing  and  distressii^  multitudesJ^^ 

The  very  Jearned  and  able  writer,  froin  whose  work 
these  quotations  are  made,  employed  his  great  abilities 
in  detecting  the  pe*lmicious  tendency  and  iniquity  of 
the  several  schemes  above  alluded  to.  His  remarks 
on  this  subject  are  invaluable,  and  will  always  be  con« 
suited  with  advantage.  He  has  not  only  shown  how 
far  the  vaiious  societies,  then  in  existence,  erred  from 
the  true  line  of  equity  and  propriety  (predicting,  there- 
from, their  incapacity  and  ruin);  but  has  likewise 
pointed  out  some  of  the  best  schemes  for  providing 

annuities  for  widows-^uch  as  might  be  '^  durable,  and 

• 

^^  at  the  same  time  easy  and  encouraging.'*  As  I  can- 
not add  much  to  the  observadons  of  so  intelligent  an 
author  I  must  refer  the  reader  to  that  work,  for  anv 
further  information  on  this  subject. 

*  Dr.  Price's  Ohs,  on  Rev.  Pay,  vol.  i.  Chapter  II. 
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CHAPTER  XIV. 

^n  Account  of  the  several  Companies,  establuhed  in 
London^  for  Life  Assurances j  &c* 


The  Amicable  Society* 

S  438. 1  H£  first  establishment  of  this  kind,  in  pomt  of 
time,  is  the  Amicable  Society  for  a  perpetual  Assurance 
office ;  which  was  founded  by  a  charter  of  Queen  Anne 
in  1 706,  at  a  period  when  the  subject  of  Life  Assurances 
was  but  little  understood.  Its  original  plan  was  con* 
sequently  in  many  instances  exceedingly  defective, 
absurd,  and  inequitable :  and,  though  it  has  since  un- 
dergone several  partial  reforms,  it  is  still  liable  to  many 
objections.  It  was  limited  by  its  first  charter  to  the 
disposal  of  shares  or  numbers,  not  exceeding  2000, 
held  by  single  lives ;  and  entitling  to  claims  when  they 
drpp.  For  each  of  these  shares  every  new  purchaser 
paid  down  at  entrance  £l :  10:0,  besides  Jjl  :  11:0, 
as  the  first  quarterly  payment  of  £,6  :  4 :  O  per  annum 
to  be  continued  during  his  life.  An  annual  dividend 
of  X*  ^  '.  4  :  0  for  each  share  was  allowed  to  every  pur- 
chaser, out  of  the  profits  of  the  society;  which  re- 
duced the  annual  payment,  on  each  share,  to  £5.    No 
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one  persoa  was  allowed  to  purchase  mofe  duln  three 
•bares;  nor  were  any  admitted  to  be  porchasefs  whose 
ages  wefe  below  12  or  abote  45 1  and  all  between 
those  ages  were  adiAlCted  dtt  the  iame  terms.  Ererf 
person  admitted  became  a  member  s  stnd  the  net  an-^ 
nual  income,  arising  from  ad  the  annual  pat/ments^f 
was  equally  divided  among  the  nominees  of  such' 
members  as  happened  to  die  within  the  year.  In  1 757 
the  society  engaged  that  this  dividend,  though  it  might 
be  more,  should  not  be  less  on  each  share  than  <£l25; 
and  in  1770  they  guarantied  that  it  should  not  be  less 
than  <£l50. 

Such  are  the  outKnes  of  the  plan  upon  which  thtf 
business  of  this  society  was  formerly  ccKiducted.  k» 
absurdity  and  injustice  are  maaifest  in  irs  two  most 
prominent  features:  1^  in  regubting  the  dividends,- 

*  MAiag  ;(10,000  when  the  society  was  Rdl ;  beiog  £5  uef 
laeooie  on  each  of  the  2000  shares.  The  admktanu  money  of 
£7  :  10 :  Oy  together  with  such  profit,  iateresi  or  improvemeotj  as 
the  Society  might  be  able  to  make,  were  carried  to  a  separate  ac* 
count.  In  1757  these  savings  had  accumulated  to  ;£'25,300  three 
per  cent  stock  5  which  in  1770  bad  increased  to  ^33,300.  Out 
of  this  stock,  the  sum  of  >g^4000  Consols  and  ;^1 1,000  Reduced 
Has  in  1770  appropriated  and  set  aparr,  together  with  ail  future 
savings,  as  a  fund  for  augmenting  the  claims  to  the  full  sum  of 
£  150,  whenever  they  fell  short  of  that  amount  under  the  dividend 
directed  by  the  charter.  In  178O  the  stock  of  the  Society  had 
been  increased  to  ^51,300}  and  in  1790,  to  jf  54,300  three  per 
cent  annuities,  together  with  some  property  hi  bouses.  Out  of 
this  amount,  the  sum  of  ;^SO,000  stock  was  appropriated  in  aid  of 
the  fund  above  mentioned :  but  the  remainder  cannot  be  disposed 
of  without  the  consent  of  two  successive  General  Courta. 
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among  the  nominees^  by  the  number  of  members  that 
die  within  the  year ;  whereby  that  benefit  is  made  to 
depend  not  on  the  value  of  the  contribution,  but  on  a 
contingency:  2°  in  requiring,  from  ail  the  members, 
the  ^ame  payments  without  regarding  their  differences 
of  age*  The  utility  of  this  institution  however  (de^* 
fective  as  it  is)  has  been  virtually  acknowledged,  and 
the  plan  thereof  sanctioned,  by  the  grant  of  three  sub« 
sequent  charters:  one  in  17^0,  providing  for  the 
better  regulation  of  the  society;  the  next  in  1790^ 
enabling  it  to  enlarge  the  number  of  its  members  to 
4000  )*  and  the  last  in  1 807,  whereby  the  society  is 
enabled  to  render  itself  more  extensively  useful,  and 
thereby  it  has  obtained  several  other  powers  for  the 
better  regulation  and  conduct  of  the  business  of  the 
corporadon. 

By  this  new  charter  the  society  is  enabled  to  grant 
twelve  shares  on  each  life  at  any  age  between  8  and  67* 
It  is  also  empowered  to  proportion  the  premiums  on 

*  When  the  Society,  in  1770,  guarantied  that  the  dividend  on 
each  share  should  not  be  less  than  ^1 50^  the  number  of  subscribers 
increased  very  considerably:  the  natural  consequence  of  which  was, 
(in  a  Society  so  constituted)  that,  for  the  first  10  or  15  years,  the 
dividends  rose  from  ;^l50to^200;  and  in  some  years  even  to 
jf  300.  A  similar  rise  was  produced  from  the  increase  of  the  number 
of  shares,  by  the  charter  of  179O:  but  these  effects  were  temporary 
only,  and  necessarily  ceased  with  the  cause  that  produced  them. 
They  were  sufficient  however  to  prove  to  the  8(x:iety  the  absurdity 
of  their  plan,  had  they  been  disposed  to  profit  by  experience.  Of 
late  years,  the  dividend  has  been  gradually  decreasing  i  but  it  ii 
nouf  fixed  that  it  shall  not  be  less  than  ;^180. 
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admission,  and  the  annual  contributions  for  each  share, 
to  the  age  and  other  circumstances  of  the  parties  on 
tvhose  lives  the  Assurance  is  made;  with  further 
power  to  grant  (when  appfied  for  by  the  parties)  An^ 
nuities  in  lieu  of  the  amount  insured,  or  in  lieu  of  po« 
Kcies  which  it  may  be  desirable  no  longer  to  continue. 
The  rvhole  of  the  annual  contributions  for  every  share 
granted  previous  to  this  charter,  and  sever^eighths  of 
the  contributions  on  shares  subsequently  granted,  are 
to  be  divided  every  year  amongst  the  claimants  by 
deaths  which  happen  in  that  year :  and  the  corporation 
now  engages  that  each  share  (although  it  may  be 
more)  shall  not  produce  less  than  c£l80.* 

The  several  charters  provide  that  the  joint  stock. 


*  Tlie  following 

are  some  of  the  Rates,  on  whicii  persons  are 

now  admitted  to  become  shareholders^ 

according  to  the  ugts  of  the 

lives  assured. 

Ages. 
15 

Premium  on 
Admission. 

£        s.      d. 

1:11:6 

• 

Annual 
Payments. 

£       s.        d. 

3  :  10:  6 

20 

1  :  14  :  6 

4:0:6 

25 

1   :  17  :  0 

4:9:0 

30 

1  :  J9  :  6 

A  :  ig  :  0 

35 

2:2:6 

5  :  11  :  6 

40 

2  :     5  r  0 

6:7:6 

45 

2  :     9:0 

7:7:0 

50 

2  :   13   :  0 

8  :  12  :  0 

55 

2  :   16  :  6 

10  :     4  :  O              * 

60 

3  :     1:6 

12  :     6:0 

65  3:6:6  15  :     6  :  O 

The  annual  payments  are  to  be  made  hd^j%3i\j\  and  the  fiist 
half  yearly  payment  is  to  be  made  at  the  time  of  admissioo. 
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raised  by  the  accumulation  of  the  reserve  found  neces- 
sary for  the  security  of  this  guarantee,  is  to  be  im- 
proved for  the  benefit  of  all  the  members,  according 
to  their  respective  interests :  and  no  division  of  this 
capital  is  to  be  made,  otherwise  than  in  the  payment 
of  claims  on  death,  without  the  consent  of  two  suc- 
cessive General  Courts  of  the  members  of  the  cor- 
poration. And  the  Society  is  now  enabled  to  effect 
assurances  for  any  number  of  years^  or  on  the  joint 
continuance  of  lives^  or  on  survivorships^  or  on  any 
other  contingency  of  life.* 


The  Rotjal  Exchange^  and  London  Assurance 

Companies. 

§  439.  The  Royal  Exchange  Assurance  Company 
was  formed  about  the  time  of  the  South  Sea  Bubble ; 
and  is  one  of  the  few  projects  which  has  survived  that 
troublesome  period,!  and  preserved  its  credit  to  the 
present  day.  It  was  established  by  charter  dated  June 
22,  1 720,  under  the  name  of  The  Royal  Exchange 

*  No  table  has  yet  been  published  of  the  terais  on  which  these 
Assurances  are  effected, 

f  Out  of  above  fwo  hundred  visionary  schemes^  that  were 
forn^ed  .add  carried  into  ^ect  at  that  time,  only  four  exist  at  pre- 
sent !  viz.  the  Royal  Exchange  Assurance  Company,  the  London 
Assurance  Company,  the  York  Buildings  Company,  and  the  £nglish 
Copper  Company.    See  Macpherson*s  Annals  of  Commerce,  vol.  iit. 
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Assurance^  for  insuring  ships  and  goods  at  sea^  or 
going  to  seiz^  and  for  lending  money  on  bottomry. 
This  charter  was  granted  by  virtue  of  an  Act  of  Par- 
hament  (6  Geo.  I,  c.  18):  but  in  the  foUowmg  year 
(April  29,  1721)  the  king  (by  virtue  of  his  preroga- 
tive) granted  them  another  charter  for  the  Assurance 
of  Lives  and  against  casualties  and  accidents  by  fire^ 
under  the  name  of  The  Royal  Exchange  Jlssurance 
of  Houses  and  Goods  from  Fire. 

The  London  Assurance  Company  had  a  similar 
origin,,  and  Was  incorporated  in  consequence  of  the 
Act  above  mentioned.  It  is  also  empowered  to  grant 
Assurances  on  Lives. 

In  addition  however  to  the  powers  and  privileges, 
which  are  common  to  both  these  Companies,  the 
Royal  Exchange  was  further  authorised  and  enabled 
(by  Act  33  Geo*  III,  c.  14)  to  sell  and  purchase  jhir 
nuities  either  immediate  or  reversionary,  under  certain 
restricdons :  and  for  the  purposes  of  that  act  only  they 
are  (over  and  above  the  names  by  which  they  waie 
before  styled)  to  assume  the  name  of  The  Royal  Ex^ 
change  Assurance  Annuity  Company.  In  order  to 
render  full  security  to  the  Annuitants  under  this  act, 
it  is  provided  that  the  money  received  for  the  annuity 
shall  (as  often  as  it  shall  amount  to  ^1000)  be  laid 
out  in  government  security ;  the  interest  or  dividends  on 
which,  the  Corporation  may  from  time  to  time  recdve: 
but  they  are  prohibited  from  touching  any  part  of  the 
principal  till  the  extinction  of  the  life  on  which  the 
annuity  is  granted.    And  for  the  sake  of  preventuig 
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any  fraud  in  this  respect^  it  is  enacted  that  the  timp 
and  place  of  the  death  and  burial  of  each  annuitant 
shall  be  inserted  twice  at  least  in  the  London  Gazette : 
and  that  a  certificate  of  such  death  or  burial^  with  an 
account  of  the  annuity  depending,  shall  be  left  at  the 
Office  in  London ;  to  be  inspected,  without  fee  or  re* 
vard,  by  any  person  interested  in  any  annuity  granted 
by  virtue  of  that  act.  And  it  is  likewise  further  en- 
acted^ that  no  agreement  for  the  selling  or  purchasing 
of  any  annuity  shall  be  valid^  unless  at  the  price  stated 
in  a  Table  which  is  directed  to  be.  hung  ^p  in  some 
conspicuous  place  in  the  Office ;  and  which  table  shall 
be  remaining  in  the  office  at  the  time  of  granting  the 
annuity. 

It  is  difficult  to  discover  upon  what  principles  ^his 
Corporation  has  deduced  its  table  of  the  Rates  of  Life 
Annuities.*  Those  rates  have  certainly  not  been  <le* 
duced  from  any  obsdrvadons  hitherto  published ;  nei- 
ther do  they  agree  with  any  probable  rate  of  human 
mortality ;  but  seem  to  have  been  formed  at  random, 
without  any  regard  to  the  true  principles  of  the  science* 
The  values  for  all  the  lives  under  SO  years  of  age  are 
much  too  low^  even  when  compared  with  M*  De  Par^ 
cieux's  Observations,  at  4  per  cent :  but,  above  that 
age,  they  err  considerably  more  from  the  true  value, 
in  the  contrary  extreme.    If  however  their  rates  be 


*  Their  rates  of  Life  Assurances^  as  well  as  those  of  the  London 
jimrance  Company^  are  the  same  as  those  adopted  by  all  the  other 
Offices :  of  which  I  shall  speak  hereafter. 
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compared  with  those  proposed  by  Government  (as 
plained  at  the  end  of  this  chapter),  they  will  be  found 
ultogether  too  high :  and  few  persons,  who  are  enabled 
to  accept  the  proposals  there  alluded  to,  will  be  di^ 
posed  to  sacrifice  so  considerable  a  diflference  by  pur* 
chasing  an  annuity  at  the  OfBce  of  the  Royal  Ex- 
change Company:  or  indeed  at  any  other  Office  whose 
terms  have  yet -been  published. 


Equitable  Societif. 

§  440.  These  were  the  only  three  Companies  for 
granting  Life  Assurances  till  the  establishment  of  the 
Equitable  Society  in  17o2;*  which  was  formed  in  con- 
sequence of  Mr.  Simpson's  lectures,  recommending 
such  an  institution.  It  appears  likewise  that  Mr.  Dod- 
son  was  active  in  recommending  the  plan  of  this  society; 
and  composed  some  tables  for  its  use.  It  is  truly  de^ 
serving  the  name  which  it  has  assumed :  it  being  cer- 
tainly one  of  the  most  Equitable,  as  well  as  the  most 
important,  of  all  the  societies  that  have  ever  yet  be^i 
formed  for  the  purpose  of  granting  Assurances  on 
lives. 

*  Several  Societies  however  had  beea  formed^  and  still  exiil^ 
for  the  purpose  of  assuring  the  lives  of  a  particular  class  of  the 
coramunityj  such  as  Naval  and  Militaiy  men,  Clergynaen,  School- 
masters and  others.  But  it  is  not  my  intention  to  enter  into 
any  inquiry  on  the  principles  whereon  these  Societies  have  beeq 
^tablished. 
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'  By  its  constitution,  the  assured  are  mtUUal  assurers 
one  to  the  other ;  and  participate  equally*  in  all  the 
profits  and  advantages  of  the  concern.  These  profits 
are  estimated  from  certain  periodical!  valuations  of 
ali  the  claims  upon  the  society,  compared  with  its  pr^ 
aent  assets*!  One  third  of  the  clear  surpbis  stock  b 
then  set  apart  as  a  fund  for  the  permanency  and  future 
security  of  the  concem»§  But,  the  remaining  two 
thirds  are  divided  amongst  the  assured;  and  tlur 
amount  of  each  person's  share  (estimated  in  proportion 
to  the  time  that  he  has  been  a  member)  is  added  to 
his  policy :  so  that  his  representatives  will,  at  bis  de* 

*  This  applies  only  to  those  persons  who  are  assured  for  the 
whole  continuance  of  their  lives:  that  right  has  not  yet  been 
extended  to  those  who  are  assured  for  a  term  of  years,  except  a 
Bonus  should  happen  to  be  declared  during  the  terna  for  which 
the  assurance  is  mades  ti^d  then  only  In  case  the  life  should  hap* 
pen  to  become  extinct  between  the  time  of.  dedttring  such  bonus 
and  the  end  of  the  given  term:  which^  in  most  ordinary  cases^  can 
be  but  a  partial  advantage. 

f  The  period  of  ten  years  (which  has  been  adopted  by  the  So- 
elety)  is  certainly  too  great  an  interval  |  since  few  persons  can 
expect  to  enjoy  tfae^/W/  value  of  their  inteiest  in  the  concem.  A 
new  plan,  however,  lias  just  been  adopted  by  the  Society  (vihich 
I  shall  presently  mention)  that  will  in  some  measure  remove  this 
objection,  as  far  as  the  old  members  are  concerned. 

%  See  the  method  of  making  these  valuations  in  Question 

XXXIV,  page  457. 

§  Wiien  it  is  considered  that  this  reserved  third  is  continually 
improved  at  interest,  to  the  end  of  the  next  period,  for  the  use  of 
all  the  members,  and  then  merges  into  the  general  stock  to  bp 
again  divided  3  ii  will  appear  that  a  person  assuring  at  the  Equitable' 
Society,  in  its  present  established  state  (with  its  reserved  third  hi 
abeyance),  receives  nearly  the  whole  of  his  share  of  the  current 
profits  of  the  concern. 

2l4 


iM  ON   TH£  LONBOK  *  CIl  I4k 

eease,  prbbibly  receive  amsiderably  more  than  th* 
original  sum  insured.  That  this  has  hitherto  been  the 
case  will  appear  from  the  following  statement. 

In  the  year  1786,  the  addition  of  1|  per  cent  on 
ihs  sum  assured^  which  had  been  made  to  the  claims 
in  1782,  for  every  annual  payment  prior  to  that  year, 
was  increased  to  2^  per  cent.     In  the  years  1791, 
179S,  and  1795,  still  further  additions  were  made;, 
amounting  together  to  4  per  cent.    In  the  year  1 800^ 
another  addition,  of  2  per  cent^  was  made  to  the 
claims:  and  we  have  just  seen  a  still  further  bonus 
declared,  of  8^  per  cent  per  annum,  on  all  claims 
from  assurances  effected  before  December  7,  1809* 
So   that  at    this  time,  the  assurances  of  the  year 
1800  are  increased  hy  Htkt  addition  oi  25  percent; 
those  of  1790  are  increased  by  86  per  cent }  those  of 
1780  are  increased  by  180  per  cent ;  those  of  1770  are 
increased  by  290  per  cent ;  and  those  of  1 762  are  in^ 
creased  by  378  per  cent.     Or,  in  other  words,  (for  I 
qinnot  be  too  explicit  upon  this  important  subject,)  the 
executors  of  a  person  assured  at  this  Office  m  the  year 
180O,  for  the  sum  of  ^'lOOO  only,  will  on  his  decease^ 
be  entitled  to  the  sum  of  <£l250:  but,  if  the  assurance 
has  been  effected  in  1790,  they  will  be  entitled  to 
^1860:  if  in  1780,  to  <£2800:  if  in  1770,  to  £3900: 
and  if  in  1762  (when  the  Society  was  fifst  established) 
they  will  be  entitled  to  the  enormous  sum  of  «£4780. 
Now,  at  no  other  OfEce  (with  the  exception  of  the 
partial  advantages  derived  from  assuring  at  one  or  two* 
of  the  Societies  hereafter  mentioned)  would  the  exe- 
cutors be  entitled  to  receive  a  shiUii^  more  than  the 
sum  of  £  1000  originally  assured.    Surely  these  ^ar^* 
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ispesik  sufEciently  for  themselves;  and  f^ow,  moer 
decidedly^  the  impolicy  of  assuring  at  those  Officesr 
whose  sole  object  is  gain,  and  who  consequently  make 
no  return  of  their  immense  premiums. 

But  the  most  important  alteration  in  the  plan  of  thk' 
Society  was  that  which  .was  brought  forward  and  pro«: 
posed  at  the  General  Court  held  December  7,  1809i 
where  it  was  resolved  that  in  future  the  addition  of  2  per 
cent  on  the  sum  assured  should  be  made  to  each  ex- 
isting policy  at  the  end  of  every  year,  for  the  next  lO 
years :  at  the  end  of  which  period  another  valuation  is  to 
tske  place,  when  the  surplus  profits  of  the  Society  (after 
allowing  for  the  bonus  just  alluded  to)  will  be  divided 
amongst  the  existing  policies,  in  the  usual  manner.  So 
numerous  however  were  the  applications  for  adfnxs^on 
into  the  Society,  on  this  proposal  being  made  known 
to  the  public^  that  it  was  thought  necessary  and  proper 
tp  amend  it.  At  the  next  General  Court  (December 
}  9,  1 809)  it  was  therefore  resolved  to  limit  this  ad-> 
vantage  to  the  persons  already  assured  at  the  Office^ 
and  to  such  claims  only  as  should  arise  prior  to  the* 
next  division  of  profits.  Consequently,  by  this  new 
plan,  the  executors  of  a  person  already  assured  at  this 
Oifice  will  be  entitled  to  receive  (in  addition  to  any 
other  bonus  which  may  have  been  declared)  2  per  cent^ 
(on  the  original  sum  assured)  for  every  year  which 
has  transpired  since  the  date  of  the  last  division  of 
profits  and  the  time  of  his  death.  But,  this  benefit 
i$  not  yet  extended  to  members  effecting  assurances. 
subsequent  to  the  date  above  mentioned. 

The  proceedings  of  this  Society  have  hitherto  been 
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founded^ oh  a  firm  and  darable  basis:  and  the  DU 
rectors*  have,  in  their  management  of  it,  shown  the 
greatest  prudence  and  discretion.  Guiding  themselves^ 
by  the  light  of  mathematical  science  ( without  which 
no  establishment  of  this  kind  can  be  ever  upheld) 
they  have  taken  no  step  which  can  at  all  hazard  its 
permanency  or  safety;  *  and,  in  order  to  secure  the 
same  prudence  and  discretion  in  the  future  conduct  of 
its  members,  the  Society  has  provided  by  certain  laws, 
^  That  no  allowance  to  claimants  shall  ever  be  made 
*'  without  a  previous  investigation  of  its  afiairs,  and 
•*  the  concurrence  of  four  ^ftks  of  its  members  at 
•*  three  successive  General  Courts ;  and  also  that  such 
^  allowance  shall  in  no  instance  exceed  ttvo  thirds  of 
•*  the  clear  surplus  stock  of  the  Society/*  By  these 
restricdons,  as  far  as  human  precaution  can  operate^ 
the  danger  of  intemperate  measures  is  avmded :  and 
there  is  every  reason  to  hope  that  an  insntution, 
founded  on  such  liberal  principles  and  defended  by 
^uch  wholesome  provisions,  will  not  only  be  secure, 
but  continue  to  improve  in  credit  and  prosperity.! ' 

•  The  Directors  are  chosen  annually  by  the  members  of  the 
Society:  and  four  General  Courts  are  held  in  the  year  j  at  which 
are  exhibited  accounts  of  the  state  of  the  Company,  and  at  which 
■re  formed  such  rules  and  regulations  as  may  be  deemed  necessaiy 
for  its  advancement.  But«  by  a  law  made  in  January  1810,  no 
person,  admitted  a  member  subsequent  to  December  19,  I8O9,  has 
a  voice  at  the  general  meetings  unless  he  has  been  assured  for  5 
years  in  the  sum  of  j^2000  on  the  whole  continuance  of  a  life. 
Nor  can  any  such  pereon  be  chosen  a  director  unless  he  has  been 
assured  for  5  yean  io  the  sum  of  £5000. 

f  See  the  history  of  this  Society,  brought  down  to  the  present 
time,  in  Price's  Olt,  on  Rev,  Pay,  vol.  I,  Chapter  II,  Section  7. 
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Other  Societies. 

$  441.  Soon  after  the  establishment  of  the  Equitable 
Assurance  Company  a  number  of  societies  sprang  up, 
(ail  about  the  same  time*),  which  assumed  the  false 
and  alluring  title  of  Institutions  ^'  for  the  benefit  of 
Old  Age/'  These  institutions  were,  for  the  most  part, 
gross  impositions  on  the  public ;  proceeding  from  ig- 
norance or  knavery,  and  encouraged  by  credulixy  and 
folly.  The  promoters  of  them  were  principally  per- 
sons in  the  more  advanced  ages  of  life,  ^d  who  ima- 
gined the  schemes  would  last  their  time:  they  were 
consequently  little  anxious  about  the  durability  of  the 
plan,  axul  desirous  only  of  getting  a  numerous  body 
of  subscribers,  that  their  4>lunder  might  be  the  greater. 
'  Agreeably  to  this  principle,  the  founders  of  these  so- 
cieties began  so  low  as  not  to  require  so  much  as  a 
fourth  or  a  ^fth  part  of  the  values .  of  the  annuities 
which  they  undertook  to  pay :  and  encouragement  was 
also  held  out  to  ^arly  applicants.  These  base  attempts 
to  deceive  and  allure  the  ignorant  and  distressed  (and 
ij^hich  unfortunately  succeeded  too  well )  first  induced 

*  Tlie  Laudable  Society ,  the  Amicable  Society  of  Annuitants> 
the  Provident  Society,  tiie  London  Annuity  Society^  the  EquitaUo 
Society  of  Annuitants,  the  Westminster  Union  Society^  the  Lon* 
don  Union  Society,  the  Consolidated  Union  Society,  the  Publio 
Annuitant  Society,  the  Rational  Society,  the  Friendly  Society  of 
Annuitants,  and  many  others  (whose  Dames  are  now  lost  or  for« 
gotten)  were  all  established  about  the  yoar  1 770  and  1 77 1  • 
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Dr.  Price  to  publish  his  Observations  on  Reversionary 
Payments.  **  On  the  first  appearance  however  of  this 
^^  work,  the  rage  for  establishing  new  Societies  imme- 
**  diately  subsided ;  a  partial  reformation  took  place 
^'  in  some  of  those  which  had  been  already  formed : 
**  and  in  a  short  time  the  greater  part  of  them,  con- 
^^  vinced  of  their  mistakes,  dissolved  themselves.  A 
^^  few,  indeed,  persevered  in  an  obstinate  adherence 
to  their  original  plans;  but  they  have  long  ance 
exhibited  a  melancholy  proof  of  their  own  folly, 
^^  and  of  the  truth  and  justice  of  the  admonitions  which 
**  had  been  wasted  upon  them.*  ** 

The  general  practice  of  the  promoters  of  those 
schemes  was  to  attract  the  weak  and  credulous  by 
holding  out  the  most  easy  and  advantageous  terms. 
These  arts  succeeded  wonderfully  well  at  first ;  till  the 
public  became  better  informed  on  the  subject;  when 
they  soon  fell  into  disrepute  and  contempt.  But  al- 
though such  specious  proposals  should  always  be  viewed 
with  suspicion,  the  public  should  be  cautious  not  to 
fall  into  the  opposite  extreme,  and  suffer  themselves 
to  be  enticed  into  the  payment  of  exorbitant  rates, 
under  the  delusive  plea  of  stability  and  security.  They 
ought  to  satisfy  themselves  that  any  extra  charge  which 
is  made*  upon  them  (over  and  above  the  iiadr  value, 
after  allowing  a  proper  and  liberal  compensation  to 
the  proprietors)  is  sacredly  and  inviolably  appropriated 
to  secure  the  permanency  of  the  establishment,  and  to 

*  Jtttrod.  to  Dr.  Price's  Ob.  on  Rev.  /Vy. 


Ch.  14^  A88URAKCB  COMPANIES.  498 

provide  for  those  unfavourable  events  which  sometimes 
arise  and  overturn  the  best  contrived  schemes. 

Towards  the  end  of  the  last,  and  the  beginning  of 
the  present  century,  several  new  Public  Companies 
were  formed  for  the  purpose*  of  making  Assurances 
on  Lives,  granting  Annuities,  &c :  viz  the  JVestminsier 
Society  in  1792  j  the  Pelican  in  1 797 ;  the  Globe  in 
.1799  J  the  Albion  in  1805 ;  the  Rock  and  the  Provi^ 
.dent  Institution  in  1806;  and  the  Eagle j  (he  Hope^ 
the  London  Life  Association  and  the  Atlas  in  1807* 
None  of  these  societies  however  are  confined  solely  to 
the  granting  of  Life  Assurances :  since  they  all  unite, 
thereto,  the  purchase  or  sale  of  Annuities  y  and  five 
of  them  (in  addition  to  the  other  two  branches)  are 
engaged  in  Fire  Assurances.  It  is  not  my  intention 
to  enter  into  the  nature  and  form  of  all  these  different 
Societies ;  since  the  major  part  of  them  do  not  (as  fisur 
as  the  subject  of  this  work  is  concerned)  profess  to 
hold  out  any  peculiar  advantages  to  the  public.^  But, 
as  two  of  them  in  particular  differ  materially  in  this 
point  from  all  the  rest,  I  shall  devote  a  few  lines  to 
their  separate  explanation  and  examination. 

The  Provident  Institution* 

§  442.  The  Provident  Institution  was  formed  in  1 806, 
with  a  view  ^*  to  enable  the  industrious  and  economical 

*  There  is  some  trifling  difference  between  them  as  to  the^cer 
4VI  admismn^  and  as  to  military  persons :  but,  these  are  paltry 
■  considerations  compared  with  those  which  I  shall  hereafter  men- 
tioo. 
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to  appropriate  their  savings  most  beneficially  to  their 
different  objects  of  prudence  or  affection ;  and  to 
encourage  that  laudable  dispo^tion  by  affording  an 
ample  guarantee  for  the  fulfilment  of  the  benefits 
proposed,  iviihout  curtailing  them  by  commercial 
views  of  profit.    With  these  objects  several  hundred 


€( 
CC 

<c 

*^  noblemen  and  gentlemen  have  entered  into  a  sub^ 
**  scription  of  £,250fiOO  to  constitute  an  original  ca- 
>^  pital  ^ ;  and  taking  upon  themselves  the  sole  ro^ 
**  sponsibility  of  the  establishment,  they  render  the  in- 
**  sured  and  annuitants  proprietors,  and  entitle  them 
^^  equally  to  participate  in  profits,  after  the  expenses 
^^  of  an  economical  arrangement  are  defrayed,  in  which 
^^  the  Presidents,  Directors,  Trustees  and  Auditors 
^^  act  gratuitously.  Thus,  by  the  specific  sum  insured, 
**  and  the  dividon  of  contingent  profits,  every  member 
**  of  this  institution  has  ih^  fullest  value  possible  \,  for 
^^  his  payments,  without  being  subject  to  any  calls  or 
**  risk  whatever." 

This  institution  not  only  makes  Assurances  on  lives, 
but  also  buys,  and  sells  Annuities,  and  grants  Endow- 
ments forchildrem  Their  proposals,  at  first  aght, 
appear  to  be  the  same  as  in  the  Equitable  Society ; 
since  all  the  proprietors  are  stated  to  participate  equally 
in  the  pi:ofits  of  the  concern.  There  is  however  this 
material  difference,  that,  in  the  Provident  Institution, 

I 

*  These  subscribers  are  not  obliged  to  iasore  thdr  oum  lives,  as 
is  the  case  at  M  the  other  newiy  established  Offices. 

f  This  is  a  false  assertion,  as  will  evkieDtly  appear  in  the 
quel 
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those  profits  are  shared  in  conjunction  with  the  several 
hundred  noblemen  and  gemlemen  who  have  gtutran^ 
tied  *  the  capital ;  and  who  appear  not  to  have  wholly 
lost  sight  of  the  commercial  views  of  profit  in  esta* 
blishing  this  concern  f* 

The  Rock. 

§  443.  The  Rock  Life  Assurance  Company  was 
formed  also  in  the  year  1806;  and  appears  in  some 
respects  to  have  followed  the  plan  of  the  Equitable  So- 
ciety :  it  is  however  in  its  nature  essentially  different. 
In  the  Rock,  the  assured  are  not  mutual  assurers  one 
to  the  other :  neither  do  they  participate  eqitaVy  m  the 
profits  of  the  concern.  For,  though  at  certain  periods 
(of  not  less  than  seven  years  J)  an  estimate  is  made  of 
those  profits,  and  two  thirds  of  the  same,  after  cfe- 
ducting  the  sum  of  five  thousand  pounds  therefrom  §, 
are  divided  amongst  all  the  policies,  as  in  the  Equitable 
Society  ;  yet  the  remaining  third,  instead  of  being  im- 
proved for  the  benefit  of  all  the  parties,  is  appropriated 

*  A  small  portion  only  of  the  capital  has  been  actually  advanced. 

f  See  some  observations  on  the  Bates  of  this  Society  in  §  374 
and  446. 

X  Tht  first  division  of  profits,  however,  is  not  to  take  place  till 
after  the  expiration  of  twelve  years  from  the  establishment  of  the 
Society* 

}  This  is  provided  for,  hi  the  Deed  of  Settlement,  although  it 
is  not  mentioned  in  the  Prospectus  of  the  Company.  See  a  pam« 
phlet  issued  by  this  Society  under  the  erroneous  and  illusive  title 
of  Tht  Principles  of  Life  Assurance  explained^ 
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to  the  use  of  the  proprietors  only.  This  third  pact  i 
thus  for  ever  lost  to  the  rest  of  the  assured ;  and,  at 
the  end  of  the  next  period,  another  third  part  is  like- 
wise taken  away :  which  continual  subtraction  opefates 
in  the  inverse  method  to  that  pursued  by  the  Equitable 
Society,  and  must  in  a  course  of  years  make  a  very 
material  di£Ference  in  the  amount  to  be  added  to  the 
policies  at  each  respective  office.* 


General  Observations. 

§  444*  With  respect  to  the  remaining  institutions  of 
diis  kind  now  in  existence,  I  believe  they  are  all  formed 
with  a  view  to  private  interest,  and  do  not  profess  to 
hold  out  any  peculiar  advantage  to  the  public,^  It 
will  be  recollected  that,  a  few  years  ago,  there  existed 
in  this  country  a  great  rage  for  Joint-Stock  Companies; 
and  the  public  were  much  amused  with  the  various 
proposals  that  dsaly  issued  from  the  press.  The  enor* 
mous  profits  that  are  made^  by  granting  Life  Assurances 
and  Annuities,  attracted  the  hopes  and  expectations  of 
many  persons ;  and  several  of  the  more  rec^it  Offices 
may  ascribe  their  origin  to  these  .popular  impressions. 
The  success^  attending  the  establishment  of  these 

^  It  will  appear  from  this  view  of  the  subject  that  a  penoa  ia- 
soriDg  at  the  Rock  does  not  stand  a  chance  of  recelviog  even  one 
half  the  additional  pront  that  he  would  probably  obtain  by  insuring 
at  the  Equitable.    See  the  note  in  page  487. 

f  See  the  note  in  page  493. 
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Offices^  aipd  of  similar  undertakings,  encouraged  othem 
to  come  forward,  not  only  with  the  like  proposals,  but 
mth  various  fanciful  schemes  and  visionary  projects : 
9pd  Aere  was  every  appearance  that  the  times  of  the 
Soutb-Se^  Bubble  were  about  to  be  revived.  The. 
same  measures,  however,  that  put  a  stop  to  the  ne- 
farious practices  of  that  period^  were  now  resorted  tot 
^he  act  of  6  Geo.I»  c.  18,*  after  lying  dormant  above 
30  years,  was  applied  to  the  correction  of  this  publie 
grievance ;  and  the  decision  of  the  Court  of  King's 
Oonch^  in  the  case  of  The  King  versus  Dodd^  put  a 
etop  Co  aU  these  delusive  projects.  As  the  ojHnion  of 
the  Lord  Chief  Justice  (Ellenborough)  on  that  occasion 
cumot  be  made  too  public,  and  as  it  has  some  con« 
AQction  with  the  present  subject,  T  shall  make  no 
upology  for  here  inserting  it. 

*^  This  case  has  been  very  liilly  argued,  and  the  ap- 
^^  plication  for  an  information  has  at  least  had  this 

*  By  that  statute  it  was  declarad  that  aU  the  mischietoos  utir 
ffertakings  and  attempts  therein  described,  tending  to  the  common, 
^rievance^  prgudice  and  inconvenience  of  bis  Majesty's  subjects, 
ill  their  trade  and  commerce^— «nd  all  public  subscriptions,  re- 
oeipts,  payments,  assignments  or  transfers*  for  the  purpose  of  furth* 
ering,  countenancing,  or  proceeding  in  such  undertalungs, — and 
more  parttcolarjy  the  presuming  to  act  as  a  corporate  body,  and 
Intending  to  raise  and  transfer  any  shares  in  such  concerns  witbout 
l^gal  authority  (either  by  Act  of  Parliament  or  Royal  Cbarter)-;- 
should  be  illegal  and  void.  All  such  undertakings  are  declared  to 
be  a  public  nuisance;  and  persons  oflbnding  therein  are  not  only 
subject  to  the  usual  fines  in  such  cases,  but  are  fortlier  liable  to  the 
^pendUdi  anAfor&kure  of  the  statute  of  Pr^enmnire. 
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good  effect,  that  it  has  produced  a  full  discus^oo 
•*  of  the  queetion,  and  has  given  a  general  notoriety 
**  to  the  existence  of  the  statute  of  the  6  Geo*  I :  so 
that  no  person  can  hereafter  pretend  to  say  that  if 
is  an  obsolete  law ;  and,  on  that  account,  no  longer 
to  be  enforced  against  such  as  offend  against  the 
provisions  of  it.  After  a  lapse,  however,  of  eighty* 
seven  years  since  any  authenticated  proceeding  has 
*^  been  had  upon  this  branch  of  the  act,  and  when 
other  ways  are  still  open  to  the  party  now  aj^lying 
to  put  this  act  in  force  against  offenders,  the  Court 
"  (in  the  exercise  of  a  sound  discretion,  under  all  the 
**  circumstances  of  the  case)  will  forbear  to  interfere 
^'  in'  this  extraordinary  manner.  But,,  at  the  same 
^^  time  we  wish  it  to  be  understood  that  it  is  not  be- 
"  cause  we  think  that  the  facts  brought  before  us  are 
not  within  the  penalty  of  the  law :  but  we  choose  to 
express  ourselves  with  the  greater  reserve,  because 
ihe  defendant  may  still  be  indicted,  pid  the  Court 
''  may  still  be  called  (upon  the  removal  of  the  indict* 
^*  mcnt  by  certiorari^  or  upon  an  information  filed  by 
the  Attorney-General)  to  give  their  opinion  on  this 
very  case.  But  (independent  of  the  general  tendency 
*^  of  schemes,  of  the  nature  of  the  project  now  befone 
^'  us,  to  occasion  prejudice  to  the  public)  there  is  be- 
**  sides  in  this  prospectus  a  prominent  feature  of  ini»- 
«  chief:  for^  it  therein  appears  to  be  held  out  that  m 
*'  person  is  to  be  accountable  beyond  the  amount  of 
/^  the  share  for  which  he  shall  subscribe,  the  condmoQi 
*^  of  which  are  to  be  included  /in  a  Deed  of  Trust  t» 
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^'  be  enrolled.     But  this  is  a  mischievous  delusiim^ 
**  calculated  to  ensnare  the  un-^ary  public.      As  to 
"  the  subscribers  themselves,  indeed,  they  may  stipu- 
**  late  with  each  other  for  this  contracted  responsibility ; ' 
**  but  as  to  the  rest  of  the  world,  it  is  clear  that  each 
*^  partner  is  liable  to  the  whole  amount  of  the  debts 
"  contracted  by  the  partnership.     I  forbear  to  com- 
*^  ment  on  lesser  circumstances ;  such  as  the  smallness 
*^  of  the  sum  to  be  subscribed  in  the  first  instance,*^ 
*'  (which  seems  to  carry  an  appearance  of  holding  out 
^^  a  lure  to  the  unwary)  and  other  features  in  the 
^^  case.     But  ( considering  that  this  is  brought  forward 
*^  after  a  lapse  of  so  many  years  since  any  similar  pro* 
*' secution  was  instituted,  and  brought  forward  by  a 
**  party  who  does  not  profess  to  have  been  himself  de- 
«<  luded  by  the  project ;  and  the  statute  having  been 
**  passed  principally  for  the  protection  of  unwary  per- 
>*  sons  from  delusions  of  this  kind)  the  Court  think. 


tt 


in  the  exercise  of  their  discretion,  that  they  should 


*  Of  all  tbe  Life  Assurance  Companies  that  have  lately  beeii 
established^  the  Gloht  is  the  only  one  that  has  paid  up  its  subscript 
tion  inJulL  The  remaining  ones  have  divided  their  capital  into 
small  shares^  on  which  10  per  cent  only  has  been  paid.  Thus^  the 
Eagle  professes  to  have  a  capitis  of  Two  Millions |  whereas  it 
10  reaHty  consists  of  no  more  than  ;C200^000^  which  is  divided 
into  40,000  shares  ot£5  each.  And  the  Rock,  which  professes  to 
have  a  capital  of  Onb  Million^  is  divided  into  50^000.  shares  of 
1 2  each.  A  similar  observation  will  apply  to  most  of  the  other 
Societies.  It  is  true  that  they  have  reserved  a  privilege  of  making 
mccU  for  the  remainder:  but  I  hope  no  circamstances  will  ever 
Jirney  Hfhci^pin  th^ir  power  or  pretensions  may  be  disputed, 

52  k  2 
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f*  not  now  enforce  the  statute  against  tfak  defendant, 
^^  at  the  relation  of  a  person  so  circumstanced :  leaving 
^^  the  relator  to  the  common  law  remedy  by  indict^ 
''  ment ;  or  the  defendant  to  be  proceeded  against 
^  by  His  Majesty's  Attorney-General  ex  qfficioy  if  be 
^  should  deem  it  adviseable  for  the  protection  of  the 
^  public.  But,  the  Court  thmk  it  is  fit  that  this  rule 
•*  should  be  discharged  without  costs.  And  they  re* 
*^  commend  it  as  a  matter  of  prudence  to  the  partiet 
•*  concerned,  that  they  should  forbear  to  carry  into 
**  executioh  this  mischievous  project,  or  any  other 
**  speculative  project  of  the  like  nature,  founded  on 
^joint-stock  and  tramferable  shares  :  and  we  hope 
^  that  this  intimation  will  prevent  others  from  engaging 
**.  in  the  Kke  miackievous  and  illegal  projects.^** 

With  respect  to  the  constitutions  of  the  several  As* 
surance  Companies  above  alluded  to,  they  are  all  of 
them  (with  the  exception  of  the  Amicable  and  Eqiih 
table  Societies )  m  one  particular  neariy  the  same.  In 
each  of  them  the  Assured  may  be  divided  into  two 
classes^  Proprietors  and  NoB-Proprietors«  The  former 
are  those  who  hold  shares  in  the  concern  and  who  di» 
vide  allt  the  profit  among  themselves :  and  the  lattet 

^  East*8  Reports^  in  Easter  Term  1808,  vd.  ix.  page'925* 
f  This  most  be  taken  with  Borne  limitation  aa  &r  as  it  regard* 
Die  Prcvident  Imtkuiion  and  the  Rock^  c^^reeably  to  what  I  har« 
above  stated^  when  apeakiog  of  those  cooopanies.  There  is  also 
the  following  advantage  holdout  by  the  Hope  InsuranQp  Gompany: 
viz.  "  Persons,  not  being  proprietors,  who  insure  fbr^500  fqKm 
**  their  owa  livOs,  wtJ),  upoo  the  pigrme&l  of  inmidMingy  per  ospt 
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consist  of  eucfa  other  persons  as  have  been  induced  from 
ignorancey  persuasion^  or  necessity  to  effect  assurance^ 
at  those  Oflices;  and  who  (although  they  pay  th^ 
same  premium  on  their  policy  as  at  the  Equitable  SO' 
ciety)  will  never  receive  a  shilling  more  than  the  san» 
wiginally  insured. 

For,  it  is  necessary  here  to  remark  (and  I  think  i( 
in  observation  of  considerable  importance)  that  th$ 
rates  of  Assurances  oa  lives  do  not  differ,  in  the  leasts 
at  any  of  th^  Offices :  so  that  whether  a  person  makea 
an  assurance  at  the  Equitable  Society  where  the  6U9| 
assured  is  continually  increasing  in  value,*  or  whether 
)ie  effects  it  at  any  other  Office  where  no  additional 
advantage  is  derived,  he  pjays  precisely  the  same  pre* 
miuml  Surely  this  important  hct  cannot  b^  s^* 
dently  known  by  the  public,  else  it  is  difficult  to  coOt 
ceive  how  any  of  the  newly  established  Offices  should 
(ever  have  been  able  to  extend  their  business  beypnd 
the  limits  of  their  own  proprietary .f 

f'  f  on  their  admission)  beyond  the  premium  paid  for  the  Assuraiice^ 
be  entitled,  out  of  the  proiits  of  the  Life  Fund^  to  such  iateres^ 
or  dividend  as  may  be  paid  on  a  £50  share  to  the  several  pro^ 
prietors  thereof;  and  so  on  in  Uke  manner  for  every  £500  so 

*'  insured.    £ut  in  no  case  whatever  are  ihey  to  be  re8poDsib]0 

y  for  any  clalnis  which  the  Life  Fund  may  be  called  opon  to  pey^ 

y  the  Capital  of  the  Cpmpany  being  of  sufficient  magnitude  fyf 

*'  that  purpose." 
*  See  page  488. 
f  Every  proprielor,  jn  all  these  n^swly  established  Societies,  j^ 

Mtged  to  insure  a  given  sura  on  his  ow^^  or  on  som^  pthpr  p^r- 

•od's  life. 
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Independent^  however,  of  the  superior  advantage 
of  insuring  at  the  Equitable  Society,  there  is  a  satisfac- 
tion arising  from  the  consciousness  of  its  superior 
securitr/,*  This  security  originated  from,  and  is  prin- 
cipally maintained  by,  t^e  power  which  each  member 
po^esses  (in  his  own  right)  of  giving  his  vote  and 
opinion  on  all  the  proceedings  of  the  Society :  so  that 
no  unfair  advantage  can  be  taken  by  any  particular 
class  of  the  assured.  On  the  contrary,  at  all  the  other 
Offices!  the  management  of  the  concern  is  in  the 
hands  of  the  Proprietors  onlif :  and  the  Non-Proprietors 
(or  those  who  assure  at  the  office  without  holding  any 
share)  have  no  voice  whatever  in  the  administration  of 
the  affairs  of  the  Company.  They  may  see  the  pro- 
prietors voting  large  dividends  amongst  themselves^ 
and  the  capital  of  tlie  society  (which  ought  to  be  im- 
proved with  the  greatest  economy)  annually  dwindling 
away:  but,  though  this  should  be  apparent  to  the 
most  common  observer,  they  would  be,  in  a  great 

*  A  person  who  makes  an  Assurance  against  Fire  is  content  if 
the  Office,  at  whicli  he  insures^  possesses  the  present  confidence  of 
the  public  and  of  himself :  since  he  may  remove  his  policy  to  any 
other  Office  whenever  he  doubts  its  stability  or  responsibleness* 
Not  so  with  a  lAfe  assurance :  fbr^  a  policy  of  that  kind,  onoe  en« 
tered  into,  cannot  be  removed  without  considerable  loss  and  incon- 
venience to  the  party  >  and,  as  the  claim  may  not  become  due  for 
20,  30  or  40  years  (nay,  perhaps  for  more  than  half  a  centory)  it 
therefore  particularly  believes  him  to  be  satisfied  not  only  with 
the  present  flourishing' state  of  the  society  but  with  the  prospect  of 
its  permanency  and  future  solvency. 

f  Excepting  the  Amicable  Society. 
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measure,  unable  to  relieve  themselves.  '  For^  most 
persons,  after  continuing  the  payments  on  their  policies 
through  a  series  of  years,  would  think  it  too  serious 
an  injury  to  withdraw ;  and  would  rather  risk  the  issue 
of  the  event. 

Now,  though  I  by  no  means  widi  or  intend  to  cast 
any  reflection  on  the  present  managers  of  any  of  the 
more  recent  Societies,  many  of  whom  I  know  to  be 
men  of  strict  honour  and  integrity,  and  who  (consi^ 
dering  themselves  equally  trustees  for  the  public  as  for 
the  <9ac/e^y)  would  not  give  their  sanction  to  any  measure 
that  was  likely  to  endanger  its  security,  or  hazard  its  re« 
putation ;  yet  their  voice  may  not  always  prevail  against 
a  numerous  body  of  proprietors,  neither  can  their  ser- 
vices be  perpetuated.  And  the  sad  experience  of  al* 
most  all  preceding  establishments  of  a  similar  kind, 
which  have  been  formed  with  a  view  to  the  benefit  of 
posterity,  shows  that  this  is  not  an  imaginary  evil 
only:*  and  that  it  becomes  every  person  connected 
with  such  Societies  to  be  particularly  cautious  that  no 
attempts  are  made,  either  through  ignorance  or  design, 
to  risk  the  security  of  the  establishment  by  grasping 
too  eagerly  at  immediate  or  enormous  profits.  They 
should  bear  in  mind  the  advice  that  was  given  to  the 
Directors  of  the  Equitable  Society  by  a  celebrated 

*  Let  any  person  read  the  nefarioas  practioes  alluded  to  hj  Dr. 
Price  in  Lis  Observaiiom  on  Rei/,  Pay.  aod  by  Mr.  Dale  in  his  CaU 
€uiatio7u  deduced  fromjirst  Principles;  he  will  then  be  convinced 
tbat^he  members  cannot  keep  too  vigilant  an  eye  over  thd  pro* 
ceedings  of  their  society. 
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writer  on  these  subjects^  a&d  the  adoption  of  which 
has  tended  to  raise  that  establishment  to  its  present 
state  of  eminence.  ^^They  should  condder  what 
^  distress  would  arise  from  the  failure  of  the  concern 
^'  at  any  future  time ;  and  what  are  the  dangers  which 
^  ought  to  be  carefully  guarded  against  in  order  to 

•*  secure  success.'' ^^  That  it  is  not  to  be  expected 

^  that  any  society  can  meet  with  difficulties  in  its  in* 
<^  fancy ;  because^  not  till  the  ^d  of  many  years,  after 
it  has  acquired  its  maximum  of  members^  will  the 
mttximum  of  yearly  claimants  and  annuitants  come 
upon  it.  Should  it,  therefore,  through  inattention 
^  to  this  remaiic,  and  the  encouragement  arising  from 
^*  the  possession  of  a  large  surplus^  be  led  to  check  or 
*•  stop  the  increase  of  its  stock  [or  to  divide  the  pro* 
•*  fits  of  the  concern}  too  soon,  the  consequ^ces 

**  m%ht  be  highly  pernicious.*" *'  That  it  is  of 

^  ^eat  importance  to  the  safety  of  such  a  society  that 
^  its  affairs  should  be  under  the  inspection  of  abte 

*  The  dtetinguishing  principle  of  the  London  Life  Assocmtitm 
h,  that  the  profits  resulting  from  its  transactions  shall  be  shared  hf 
the  members  during  life:  whereby  the  security  of  that  estahlislv* 
ment  must  be  considerably  impaired.  For,  "  in  matters  of  chance 
it  is  impossible  to  say  that  an  unfavoarable  run  of  events  will 
not  come,  which  may  hurt  the  best  contrived  scheme.  The  cal- 
"  culations  only  determine  prohabiUiies;  and  agreeably  to  these 
"  it  may  be  depended  on  that  events  will  happen  omtke  whole.  Bxki, 
**  at  particular  periods,  and  in  parikular  instanoesj  great  dariationl 
^  win  often  happen  $  and  these  deviations,  at  the  commeacemeat 
"  of  a  scheme,  must  prov^  either  very  fiivouraUe  or  veiy  vohh 
♦'  vourable.'* 
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^*  tnathematidatis.  Mel^choly  eicperience  shows  that 
*<  none  but  mathematicians  am  qualified  for  forming 
*^  and  conducting  schemes  of  this  kind.  In  short; 
'*  dangerous  mistakes  may  sometimes  be  committed> 
*'  if  the  affidrs  of  such  a  society  are  not  managed  fnu 
••  gaily,  carefully,  and  prudently.*'* 


Rates  for  Life  Assurances^ 

$  445.  I  cannot  conclude  this  chapter  without  some 
observations  on  the  Rates  of  Life  Assurances  published 
by  the  several  Companies  above  alluded  to :  and,  as 
those  rates  are  the  same  in  all,  my  remarks  will  equally 
apply  to  each  of  those  different  societies ;  excepting 
perhaps  the  Equitable^  the  nature  of  whose  establish- 

*  I'rice^s  Ols,  on  Rev.  Pag.  vol.  1^  page  1^9*  l^e  same  author 
(in  pointing  out,  in  another  place,  the  dangers  to  which  a  Society 
of  this  kind  is  exposed)  remarks,  *'  that  there  are  no  questions,  the 
**  BOluttOB  of  Which  requires  a  stricter  attention,  or  greater  skiH  in 
"  investigatioQ,  tiym  som^  fa  the  doctrine  of  Assuianoas.  IXifficolt 
^'qaestiotis  ahs  sometimes  brooghc  lo  the  S<»cfMy5  and  the  Di- 
^  rectors^  aot  bdtig  Ibemtelves  maftbeiaatidans,  are  mider  a  ne^ 
**  cesaity,  ia'  mak'ing  their  demands,  ^  being  governed  by  their 
"  Actuary:  aad  sbould  he  happen  to  be  unqualified,  he  must  mafcia 
"  mistakes,  and  either  the  Public  or  the  Socii^  will  be  injured. 
"  Id  short,  the  Society  can  scarcely  be  sensiUe  enough  of  the 
importance  of  both  abilities  and  probity  in  the  servants  it  em- 
ploys :  nor,  therefore,  of  tbe  particular  reason  there  b  for  guarding 
their  places  against  the  applications  «f  candidates  who,  on  any 
''  future  vacancies,  may  cRdeavour  to  intrade  themselves  by  their 
"  connexions  or  influeBot.' 


ft 
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ment  renders  It  not  of  so  much  moment  what  the  rates 
are,  provided  every  member  pays  in  proportion.*  The 
promoters  of  that  concern  showed  their  sound  judge* 
ment  and  good  sense  in  adopting  such  tables  of  the 
probabilities  of  life  as  were  rather  below  than  above  the 
truth.  They  first  made  use  of  Mr.  Simpson's  Table 
for  London ;  Ijut,  finding  these  too  inaccurate,  they 
changed  them  for  the  Northampton  Table.  Ex« 
perience  has  confirmee!  the  propriety  of  their  choice ; 
but,  at  thfe  same  time^  has  proved  to  us  that  the  North' 
ampton  Table  is  by  no  means  a  corret  index  of  the 
rate  of  human  mortality  amongst  the  members  of  such 
a  society .t  It  has,  however,  been  adopted  by  all  the 
other  ofBces,  under  the  delusive  plea  that  "  experience 
*^  has  shown  it  to  be  the  most  just  and  liberal  scale, 
"  whereby  to  estimate  a  fair  value  between  the  two 
**  parties.**  But,  however  applicable  the  Northampton 
Table  may  be  to  the  use  of  a  society  constituted  as  the 

*  I  should  ILkewise  except  the  Amkahh  Society,  whose  platt 
and  constitution  differ  so  materially  from  the  others. 

t  Mr.MorgaA  says  (Price's  Ohs,  on  Rev.  Pay.  vol,  1>  page  183) 
that  the  decrements  of  life  in  the  Equitahle  Society^  from  the  yeti 
1768  to  1800^  compared  with  the  decrements  of  life  in  the  North* 
umpton  Table^  appear  to  have  been  from  the  age  of 

JO  to  20  in  the  ratio  of  1  to  2  ^ 

•    20  • .  30 1  to  2 

30  • .  40 3  to  5 

40  . .  50 3  to  5 

50  . .  60 5  to  7 

60  . .  80 4  to  5 

All  ages  together  ......  2  to  3 
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Equitable  is^  it  certainly  is  not  entitled  to  the  same 
degree  of  approbation  as  affording  a  fair  estimate  of 
the  value  of  annuities  and  assurances  between  the  pub- 
lic and  a  trading  company ;  nor  even  as  between  two 
individuals,  unless  under  particular  circumstances.  A 
more  just  and  equitable  scale  ought  to  be  adopted  hj 
those  societies  who  do  not  make  any  return  to  the 
assured,  of  the  vast  profits  that  arise  from  this  specieB 
t>f  daily  traffic ;  and  would  tend  more  to  the  increase 
of  their  business  in  this  way,  and  would  likewise  be 
more  honourable  to  themselves,  than  the  disgraceful 
practice  of  bribing  solicitors>  agents  and  others  to  effect 
assurances  at  their  OfBces:  thereby  notoriously  in^ 
ducing  those  pardes  to  sacrifice  the  interest  of  their 
employers  and  their  friends.*  For,  the  money  which 
is  applied  to  this  base  purpose  can  be  considered  ^ia 

*  Many  of  the  public  Companies,  who  do  not  make  any  return 
pf  the  profits  to  the  assured^  allow  a  liberal  premium  (generally  5 
per  cent  on  the  payment  made)  to  any  person  who  will  procure 
an  Insurance  to  be  effected  at  their  Office :  and  this  commission  it 
a/f0  allowed  to  ony  person  who  makes  the  onntMi/ payment  pro* 
irided  it  be  not  the  party  himself!!!  Ap  artifice  which  is  easily 
seen  through :  but  which  opens  such  a  door  to  fraud  and  imposi- 
tion^ tliat  it  cannot  be  too  severely  reprobated.  And  however 
much  it  maybe  sanctioned  by  the  Directors  in  their  pK^/iccapacity^ 
we  are  all  aware  what  their  «motions  would  be  if  they  discovered 
any  of  their  tradesmen  tampering  with  their  oum  servants  in  this 
opprobrious  manners  since  they  must  well  know  who  would 
eventually  pay  for  it.  I  omit  to  give  the  names  of  those  com- 
panies who  have  adopted  this  nefarious  practice,  under  the  hope 
that  such  a  mean  and  improper  artifice  will  uot'be  encoun^ged  ta 
fiituie» 


no  other  light  than  as  unjustly  taken  from  the  pockets 
of  the  assured ;  and  would  be  more  properly  and 
more  equitably  employed  in  being  appropriated  to* 
wards  a  reduction  of  the  rate  of  assurance :  since^  if 
Ae  Company  can  afford  to  allow  it  to  die  agents  k 
purely,  can  afford  to  allow  it  to  the  principal ;  and  it 
evidently  belongs  more  justly  to  the  latter  than  to  the 
former. 

The  Tables  of  the  Rates  of  Li£e  Assurances,  at 
published  by  the  several  Companies,  are  precisely  the 
game  in  each ;  and  are  usually  three  in  number :  viz. 
one  for  Single  lives,  one  for  Joint  lives,  and  the  other 
^on  the  Contingency  that  one  life  diail  die  before  aa^* 
^Qther  life.*  These  rates  are  all  deduced  from  Bm 
iHertkampton  observations,  and  at  the  rate  of  three  per 
iCenC  interest.  By  thus  computing  the  values  from  the 
lowest  probabilities  of  life,  and  at  the  lowest  rate  of 
interest,  the  Rates  become,  in  most  cases,  MX  a  third 
more  than  they  ought  to  be  when  calculated  from  the 
pore  correct  tables  of  the  probabilities  of  life  as  ob- 
served in  Sweden^  at  the  rate  oifaur  per  cent  interest } 
and  still  more  do  they  di&r  from  the  true  value  as 
deduced  from  the  probabilities  of  life  as  observed  by 
M.  De  Parcieux,  at  the  same  rate  of  interest. 

*  These  Tables  are  LL  I>n,  and  LIU  at  the  eod ^  and  vUch 
may  be  had  at  any  of  rhe  Assurance  Offices.  On  a  comparkoo  of 
thern^  as  issued  by  the  different  Offices^  they  will  be  fbnnd  to  be 
^1  alike :  there  being  only  a  trifling  difierenee  of  a  pmmf  or  two* 
fence  per  cent  in  any  of  them  y  which  issoroetimei  in  excels  di4 
ftometimes  in  defect,  « 
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New,  since  the  rate  of  human  mortality,  amongst 
the  members  assured  at  such  Societies,  is  by  no  means 
iCorrectiy  indicated  by  the  Northampton  *  table  of  ob- 
servations^ but  approximates  more  nearly  to  the  ob- 
Mnrations  made  in  Srvederiy  or  to  those  made  by  M.  De 
ParcieuTyiiie  public  may  fDrm  a  tolerably  correct  idea  of 
the  immense  t  profit  that  is  made  by  this  species  of  daily 
traffic  ;  and  may  learn,  to  thdr  own  cost^  the  impolicy 
of  insuring  at  those  Offices  whose  sole  object  is  gain^ 
and  who  consequently  make  no  return  of  any  part  of 
these  exorbitant  demands.  A  single  instance  will  il- 
lustrate this. 

A  person  aged  20  is  desirous  of  assuring  his  own 
life  for  ^5000 :  the  sum  demanded  for  this  purpose 
by  all  the  Assurance  Companies  is  <£2140:  2:  O. 
But  the  true  value  of  such  snm,  as  deduced  from  the 
Sweden  Observations^  is  no  more  than  ^1422  :  10 :  0, 
if  we  take  the  rate  of  interest  at  4  per  cent ;  and  no  more 
than  £l  128: 10: 0,  if  we  take  the  rate  of  interest  at  S 
per  cent :  or  when  deduced  from  the  obsen'^ations  of  3/. 
De  Par  deux ^  it  is  no  more  than  £l  358 :  2  :  O,  taking 
interest  at  4  per  cent;  and  no  more  than  j£l078 :  16 : 0, 
taking  interest  at  5  per  cent,  A  person,  therefore, 
of  this  age  who  insures  the  above  sum  at  any  of  those 
Offices,  which  make  no  return  of  any  part  of  th^  prc- 

*  It  is  Id  the  ratio  of  only  2  to  3.    See  the  oote  In^iage  506. 

t  Some  idea  may  be  fiurmed  of  these  eooraiouB  gaiiss,  frotn  th» 
large  sums  which  have  occasionallj  beeiv  added  to  the  pelieie$  «^ 
the  Equitable  Society;  and  nvhich  have  amounted  to  above  ong 
million  and  a  half  in  present  money.    See  page  48S. 
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miam,  may  be  considered  as  throwing  away  betwttn 
seven  hundred  and  a  thousand  pounds  *•    I  say  that 
this  sum  is  thrown  away  by  insuring  at  sitck  Offices^ 
because,  by  effecting  the  same  assurance  at  the  Equi- 
table Society  J  the  money  thus  paid  down  is  carried  tx) 
a  common  stock,  and  the  whole  f  of  the  profits  of  the 
concern  (after  the  expenses  of  an  economical  establish- 
ment  are  defrayed)  are  from  time  to  time  divided 
amongst  all  the  persons  assured,  and  added  to  their 
policies  t  so  that    the  executors  of  a  person  assured 
at  that  office  have  a  chance  of  receiving  (at  his  death ) 
considerably  more  |  than  the  sum  originally  insured. 
The  public,  I  presume,  are  not  aware  of  this  important 
iact ;  otherwise  it  is  difficult  to  concave  how  the  othar 

*  These  calculations  are  deduced  from  the  soppontion  that  tbm 
whole  precnitun  is  paid  down  immediately  in  one  payment  .•  but, 
nearly  the  same  diffeiences  will  arise  if  we  suppose  the  premiams 
to  be  made  atmually.  For  the  annual  payment  which  would  be 
required^  by  all  th^  Offices^  for  the  assurance  above  alluded  to,  is 
^^108:  19:  0:  whereas  the  value  of  the  same,  deduced  from 
the  observations  of  M.  De  Pardeux,  is  >C7i  :  14 :  3,  if  interest  be 
taken  at  4  per  cent,  and  only  Ji65i  10 :  O,  if  interest  be  taken  at  5 
per  cent. 

f  Every  person  now  insuring  at  that  OfBoe  may  be  considered 
^  partaking  of  the  whole  of  the  profits  of  the  concern ;  for  the 
reasons  g^ven  in  the  note  in  page  497* 

X  They  have  a  chance  of  recdving  considerably  more,  for  two 
reasons  f  in  the  first  place  <he  Society  can  generally  make  oibre 
than  three  per  cent  interest  of  their  money  ;md  secondly,  the  lives 
do  ^ot  die  off  so  hst  as  the  computations  suppose.  So  that  the 
money  is  not  only  improved  at  a  better  rate  of  interest,  but  also 
for  a  longer  period* 


Offices  should  ever  have  beea  ^able  to  effect  a  siagle 
policy,  except  such  as  the  EquitaUe  Society  had  re? 
fiised, 

*  The  same  observations  \vill  apply  to  the  case  of 
Joint  lives;  since  the  values  are  here  also  deduced 
firom  the  Northampton  table  of  observations^  and  at  the 
rate  of  three  per  cent  interest.  But,  if  we  take  the 
case  of  Contingent  assurances  (that  is,  of  an  assurance 
made  on  a  given  life,  or  the  contingency  that  it  dies  be* 
fore  another)  we  shatt  find  srill  greater  cause  for  censure. 
For,  independent  of  the  rates  bang  computed  from 
the  lowest  probabilites  of  life  and  at  the  lotvest  rate  of 
interest,  they  are  also  deduced  from  a  rule  given  ij 
Mr.  Simpson  *,  which  produces  a  result  that  is  oftefiif 
times  more  than  one  third  of  the  true  value  too  much, 
even  when  computed  from  the  Northampton  table,  at 
S  per  cent  interest ! — ^A  single  instance  will,  confirm 
this  also. 

A  person,  lO  years  of  age,  is  desirous  of  assuring 
the  sum  of  i' 100  on  his  life,*  on  the  contingency  that 
lie  dies  before  another  person  aged  60.  The  sum  which 
would  be  demanded  by  all  the  Assurance  Offices  (not 
even  excepting  the  Equitable)  is  ^M2:  18:  6.  in  a 
dhgle  payment,  or  jCl :  6 :  0  in  annual  payments 
during  the  joint  lives.  But  the  true  value  which  aught 
to  be  given  for  the  same  ( even  on  the  supposition  that 
the  rate  of  interest  is  tw  more  than  S  per  cent,  and  the 
probabilities  of  living  the  same  as  observed  at  Norths 

*  See  the  Scholium  in  page  446, 


ompion)  18  only«£lO:  IS:  O*  in  %9ingla  ^ymetfi 
and  «£l :  1 :  5  in  atmual  payments :  ooosequendy  the 
Offices  demand  about  a  fourth  part  of  the  true  ?alqe 
more  than  {on  their  otsn  data)  is  just  and  equitable. 
If  the  value,  however,  had  been  dedueed  firom  Ae 
probabiBdesof  living  as  observed  by  M.  De  PardeuSf 
and  at  the  rate  of  4^  per  cent  interest,  it  would  be 
«£9 :  3 :  1  in  a  single  payment,  and  only  eighutn 
ehiUings^nd  ninepence  in  annual  payments:  which 
makes  the  Office  rate,  in  this  case,  nearly  one  ha{fthf 
true  value  too  much ! 

Mr.  Morgan  has  taken  considerate  pains  to  prove 
^t  Mr.  Simpson's  rule  for  finding  the  value  of  these 
contingent  reversions  is  exceedingly  defective  f ;  an4 
that  it  oftentimes  leads  to  conclusi(H)s  too  eironeous  lo 
be  overlooked.    Now,  since  the  trw  values  can  m  aU 

• 

cases  be  obtained  with  so  little  troul^,  it  is  somewhat 
ringular  that  the  incorrect  values,  in  Table  LLD  above 
lUuded  to,  diould  still  be  adopted  (not  only  by  the 
Equitable  Society^  but  also  by  every  other  Office  in 
London)  for  die  purpose  of  determining  the  sums  that 

«  I  take  this  sum  from  Mr.  Morgan's  calculatkm  in  Pitf.  Thmu 
for  17864  ps^  3445  who  says  that  he  has  compaced  it  with  the 
mun  deduced  frooi  the  exact  values  of  annuities  on  the  joint  lives 
involved  in  the  solation. 

f  See  Phil.  Trans,  ihid.  The  singular  formula  however,  from 
which  Mr.  Morgan  has  deduced  his  values^  has  at  length  been 
amcoded  bj  him  in  the  last  edition  of  Dr.  Frice*s  Obs.  on  Bfiv.Pmg. 
Note  (O).  See  what  has  been  said  in  the  note  in  page  I87  of  the 
present  work. 
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are  required  for  effecting  assurances  on  the  condngency 
here  mentioBed.  Amoi^  the  numerous  societies 
that  have  lately  been  estabUshed,  is  there  no  one  Ac« 
tuary  that  has  the  confidence  to  propose  a  new  table 
of  the  value  of  such  ^sswnincesj  founded  on  a  true  and 
proper  basis :  or  will  the  several  Companies  still  per-^ 
severe  in  their  unjust  and  illiberal  demands  ?  Surely 
their  profits  must  be  sufficiently  great  by.  taking  the 
lowest  rate  of  interest^  and  the  lowest  probabilities  of 
living  as  the  basis  of  their  calculations ;  without  adding 
thereto  the  unfair  advantage  arising  from  the  use  of 
inaccuriite  rules*. 

The  following  tables  (given  by  Mn  Morgan  him* 
self.f)  of  the  present  value  of  c£lOO  payabfeonthe 
decease  of  A«  provided  B  be  then  alive,  will  show 

how  far  Mr.  Simpson's  approximation,  the  only  nde 

^ow  ifi  use  [^by  the  Assurance  Qffices"^^  may  be  de« 

pended  upon." 


€€ 
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>  These  observations  will^  in  a  great  measarej  apply  also  to  the 
Equitable  Society  -,  since  those,  who  assure  on  this  contingency^ 
pay  more  in  proportion  than  the  rest  of  the  members :  and  it  i» 
curious  to  observe  how  servilely  the  other  Offices  have  followed 
their  example.  See  what  has  been  abready  said  upon  this  subject 
in  the  note  in  page  188. 

f  See  PHI.  Tram.  ibid. 
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IiMcreat  S  per  ceDt^  JVbrdUNNjfMm 


Am  of 

Value  by 

£iai|Moiit 

rule. 

Value  by 

correct 

rule. 

Age  of 

A^of 

B 

Value  by 

Stmp«ia> 

rule. 

10 

10 

2475 

247<5 

do 

20 

«7S* 

10 

aO     ; 

23*50 

22*  U 

20 

50 

1929 

10 

30 

21-47 

19'84 

30 

30 

30  21 

10 

40 

iptV 

17*10 

$0 

«D 

18-t» 

lO 

M 

16'21 

14XH 

40 

40 

32*37 

10 

60 

12-93 

10-65 

40 

60, 

2278 

M 

70 

$'i5 

7«f 

« 

70 

i578 

Valnebf 

correct 

role. 

18-65 
30-21 
IT-Sl 

32-87 
81*91 

l#-8» 


IiUomt  4  per  ceot,  £t^wbt  ObtervatiQiis^ 


A|«of 

lA 

u 

16 
20 

Mr 

aa 

36 


Afeof 

B    ' 

20 
40 
20 

fid 

40 
60 


Value  br 

Skaptojra 

rule. 

I7'88 
16-83 
19-84 
13W 
20vi4 
16-81 


Value  by 

jcorrcct 

rule. 

16-4» 

1871 
19*84 

9*80 

1760 
12-29 


A«of  Ageof  3j^_^_^^  comet 

raw*    -  xvK. 

40      40       2099  20-09 

40      76  .      9-81   ,  0^1 

42      60        19*58  10-11 

81      fO  .     14*00  .  U^O 

60      60       36-34  36*34 

64      76       22-81    I  28*81 


U  will  be  seen  by  this  comparison  tbat>  when  die 
^ges  of  the  two  lives  are  equals  the  exact  values  are 
fiMifidby  4tber  nile  * :  but  when  there  is  any  coob« 
deiibfe  inequd&y  between  the  ages  of  the  two  lif8s, 
Ae  tdoes  by  Mr*  8iinpson*8  rule  are  in  many 


*  Owbg  to  0Oioe  rtrange  error  in  Ydg  calcoktioi^  Mr.  Moiyni 
has  made  the  valuet  deduced  fiom  Mn  Simpson's  foimiila  O^o* 
cording  to  the  Sweden  observations  and  when  the  lives  are  equal) 
tfi^^reiU  from  those  obtained  b7  the  conect  nde :  wheieaa  it  mnst 
be  evident,  from  an  inspection  of  the  fimBola  in  the  note  in  paga 
446^  that  th^  ought  in  sochcase  to  be  pmmfy  the  same.  The 
correction  of  this  error  is  the  only  alteration  I  hire  made  in  the 
Table. 


« 
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their  bei^g  used  by  any  office*  pr^$mg  to)^  gv^dlA 
i>y  mathematical  prindples* 

Rates  of  Life  Annuities. 

%  446.  The  obsenrations  which  I  hare  made  in  pagr 
d6l  will  i^ply  vith  equal  force  to  the  terms  od  which 
<ihe  Pravideni  Institution  grants  deferred  lile  imimr 
lies.  For  iaatance :  the  sum  of  «£l  16 :  8 :  0  is  der 
jiianded  for  an  aonuity  of  ^SO  cp  the  lifecf  a  penrao^ 
Aow  ^ed  SO,  to  commence  when  4ie  is  40^  years  cf 
age.  Now  the  value  of  the  same  aunuity,  ou  the  life 
of  ajpersem  aged  40^  is  (at  the  same  Office)  estimated 
iit  J^23e.  But  <^  1 1 6  :  8  :  .0  put  out  to  interest  at  5 
.per  .cent  for  90  ye^urs  would  amoimt  to  <£S08  : 1 6 :  10; 
40*  to  near  <£lS  snor^  than  the  sum  for  which^hemig^ 
ihm  obtain  the  same  annuity,  without  the  risk  of  lodng 
his  money  in  the  mean  time  !lt 

With  respect  to  the  value  of  Life  Annuities  ingeo^ 
jTal,  atthis  Office,  (and  which  is  the  only  one,  escoept  thfs 
Koyal  Exchange,  that  has  hitherto  published  4t»  iwea)^ 
I  would  observe  that,  like  the  values  adoptKl  by  that 
Corporation,  they  are  too  tow  in  the  younger,  and  too 
high  iji  the  older  periods  of  life.  The  cause  of  which 
jnqmaly  is  too  apparent:  sinc^  lif(&  annuides  are  ge» 
-oeraUy  purchased  by  those  ctf  mqre  adyanotd  ages^  and 
>are  seldom  resorted  to  by  the  yowtg.  I  .would  how* 
ever  remark  that  those  persons  who  are  desirous  of 
purchasing  annuittes  oo  their  own  Ut^s,  oron.ainr 
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other  person^s  life,  oY  on  two  lives  with  benefit  of  sm^ 
vivorsbip,  have  now  *  an  opportunity  of  doing  it  with 
much  greater  security  and  advantage,  than  at  any  of 
the  Offices  above  alluded  to.  For,  by  the  act  48  Geo.  Ill, 
c.  142,  any  person  may  exchange  Reduced  or  Ctm- 
solidcLied  3  per  cent  stock  for  an  annuity  on  the  life  of 
-a  nominee  not  younger  than  55  and  not  older  than  7^ 
years  of  age.  And  as  the  terms,  on  which  this  ex- 
change can  be  made,  are  always  more  advantageous  to 
the  party  than  by  a  direct  purchase  of  such  annuities 
at  any  of  the  Offices ;  it  is  probable  that  this  plan  will, 
for  the  ftiture,  be  the  only  one  resorted  to,  in  such 
cases,  as  long  as  it  remains  in  eflPect  f.    Thk  observa- 

*  In  my  Doctrine  of  Interest  and  jinnuities,  page  106,  I  sug- 
gested the  propriety  and  advantage  to  Government  in  exchanging 
vome  of  the  Public  Stocka  for  Life  Annuities :  and  I  proposed  to 
«nter  tnore  at  large  on  this  subject  at  some  future  opportonitf. 
Bot,  as  that  plan  has  since  been  adopted  on  so  £iir  and  JibeHil  a 
scale>  I  can  only  add  my  best  wishes  for  its  success. 

f  The  rate  at  which  the  exchange  can  be  made  depends  on  the 

price  of  the  stock  on  the  day  preceding  the  day  of  transfer  :  and 

the  exchange  may  be  effected  at  any  time  when  the  price  of  the  5 

per  ceDtt  is  between  60  and  81  ;  the  terms  varying  according  to 

.every  one  percent  difTereoce  in  the  market  prke  of  the  stock. 

The  limits  of  this  work  will  not  enable  roe  to  insert  the  whole  «f 

the  Table  given  in  the  act :  I  shall  therefore  subjom  only  a  few  of 

*  the  values  of  annuities  on  Single  lives  according  to  three  d\f(ettat 

'prices  of  stock  3  to  which  I  shall  add  the  terms  of  the  Royal  Ejc- 

change  Assurance  Annuity  Compmsy  and  of  the  Provident  lostito* 

tion  (the  only  ones  that  have  hitherto  published  their  rates), 

whereby  an  ealiraate  may  be  formed  of  their  comparative  advan- 

tages.     I  would  previously^  however,  observe  that  the  annuities 

granted  by  povemment  and  by  the  Frovkfent  Institatioa  are  pay* 
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don,  however,  applies  only  to  such  persons  as  wish  to 
purchase  annuities.  But  there  are  many  others  who 
are  obliged,  from  various  causes,  to  sell  or  grant  an- 
nuities on  their  own,  or  on  other  persons',  lives :  and 
several  of  the  Offices  are  in  the  habit  of  purchasing  the 
same ;  or,  of  advancing  money  on  such  contingencies. 
I  am  unacquainted  with  the  terms  on  which  this  part  of 
their  business  is  conducted :  neither  do  I  suppose  that 
they  are  nicely  weighed  by  that  class  of  persons  who 
are  driven  to  such  an  unfortunate  and  ruinous  measure, 

Concltision. 

m 

§  44'7.  Before  I  conclude  this  subject  I  ought  to 
mention  that,  in  consequence  of  the  pernicious  prac* 
tice  of  raising  money  by  the  sale  of  Life  Annuities^ 

Me  kaif-yearhj  :  whereas '  those  granted  by  the  Royal  Exchange 
are  payable  quarterly.  But  tliis  does  not  make  any  material  dif- 
ference in  the  true  value. 


Royal 

Provident 

Government  Rates. 

Age. 

Exchange 

Institution 

4  per  cent. 

4\  per  cent. 

5  per  cent. 

Rates. 

Rate*. 

or 
Stock  at  75. 

or 
Stock  66^. 

or 
Stock  at  90. 

35 

15-380 

15-606 

14-563 

13*878 

l'^*04« 

40 

14700 

14-800 

13*761 

*  13-072 

12371 

45 

13700 

13700 

12*821 

12*232 

1 1*050 

50 

12*820 

12*600 

Il7i9 

11  299 

10714 

55 

12050 

11-495 

10038 

10-256 

9  836 

§0 

10-870 

10*250 

9494 

9009 

S-889 

65 

9*800 

9000 

8-242 

8-081 

7792 

70 

8  770 

7750 

6-849 

6734 

6*522 

75 

7750 

6500 

5395 

5*333 

5*  195 

Sik  OK  THB  I^ONfDON  £&•»• 

^hich  was  much  promoted  by  the  secrecy  with  whicA 
toch  transactions  were  conducted,  it  was  enacted  by 
17  Geo.  Ill,  c,  26  (commonly  called  the  Annuity  Act) 
that  a  memorial  of  all  deeds,  bonds,  &c.  for  granting 
Life  Annuities  shall,  within  20  days  of  the  execution 
thereof,  be  enrolled  in  the  Court  of  Chancery  ;  which 
tliemorial  shall  not  only  contain  the  date,  names  of  all 
the  parties  (atid  for  whom  any  of  them  are  trustees), 
SUid  of  ail  the  witnesses,  but  shall  h'kewise  set  forth 
the  amount  of  the  annuity,  the  consideration  (which 
shall  be  in  money  only  •),  and  the  name  of  the  an- 
nuitant :  otherwise  such  deed,  &c.  shall  be  null  and 
void  t^ 

l^his  being  the  case,  it  would  be  almost  impossible 
for  any  of  those  sodetifes,  of  the  nature  of  Joint-Stock 
Companies,  to  deal  in  this  kind  of  securities ;  since  the 
names  of  all  the  proprietors  (amounting  to  some  faun* 
dreds,  or  perhaps  to  sonie  thousands^)  niust  be  inserted 
in  the  deed :  and  it  would  in  &ct  be  difficult,  if  not 
impossible,  to  collect  all  those  names,  at  the  time  of 
making  any  one  contract,  owing  to  the  fluctuating  state 
of  the  proprietary.  To  obviate  this  inconvenience, 
aome  oi  those  Societies  have  obtained  Acts  of  Parlia- 

*  Bank  notes,  a  cheque  oh  a  banker,  A  promissory  iMe,  or  a 
bill  of  exchange  are  held  to  be  a  good  considieratidn  provided  tb^ 
are  paU  when  due,  and  also  provided  that  tbcy  are  Jully  sei  forth 
in  the  deeds. 

f  There  are  tome  exceptions  to  this  act ;  amongst  ^tkxSi  are  ao- 
nmties  granted  ly  any  Corporate  Body,  or  under  pnj  autho^ty  or 
tnist  created  by  Act  of  Parliament. 

i  See  the  note  in  page  dQQ, 
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nent  with  a  Tiew  to  enable  them  to  tntol  wch  SMflie* 
fu^s  in  the  names  of  the  partiea  to  wch  deeds^  Uc  | 
and  with  an  intention  that  such  enrolment  nngbt  (all 
other  requisites  of  the  Anmiity  A  ct  bang  duly  complied 
^th)  be  as  good  and  effect ual,  to  all  intents  and  pur- 
poses, as  if  the  naaassoiail  the  parties  interested  were 
inserted  therein. 

The  Societies,  that  have  obtained  theses  iUuave  * 
Acts,  are  the  Globe^  the  Albion,  the  London  Lijk 
dissociation^  the  Pelican^  and  the  Provident  Jh$iit$^ 
tion  :  and  there  is  a  clause  in  those  acts  whereby  these 
Companies  are  enabled  to  prosecute  and  to  me  m  the 
name  of  one  of  their  officers ;  but  they  luive  not  the 
privilege  of  being  sued  in  the  saine  mumer.    And  !t  is 

*  See  the  Acts  47  Geo.  III«  Sess.  1,  c.  xxx,  xxxi,  ^xxii,  xxxiii 
and  xxxiv.  Owing  to  a  strange  oversight,  these  Acts  became  of 
ho  eflect^  almost  as  sodii  as  formed  |  and,  in  oider  to  render  them 
of  anf  real  serrice  to  the  parties^  it  was  foaod  nepessary  to  have 
them  amcoded.  The  Glohi,  the  jMion  and  the  PeUctm  thers* 
fore  obtained  new  Acts  for  that  pnrpose^  in  the  very  same  jear  5 
being  47  €rco.  Ill,  Sess.  2,  c.  Ixxxvi,  Ixxxvii  and  lxxs;viii :  but 
the  London  Life  ji^sociation  and  the  Provideni  Imtituiion  remain 
in  thsir  original  doubtful  state.  These  new  Aefs^  boweeer,  being 
still  open  to  some  objections,  were  farther  amended  and  etpbuj^ 
ed  (at  least,  the  titles  se  express  it)  by  49  Geo.  Ill*  c.  cxxBi,  cxsdr 
and  cxxr. 

Under  shelter  of  these  statutes,  the  jtlbton  boldly  dalms  the 
ambiguous  quality  of  being  *'  Empowered  by  Act  of  Fartiament  :** 
but  the  Provident  Institution,  with  tea  right  and  more  eflfxmlMjr, 
falsely  asserts  that  it  is  "  specially  empowered  by  Aclof  Fsdiamnt 
^*  for  the  Insurance  of  Lives^  and  the  grant  and  purchase  of  Anaid* 
''  ties/*  Surely  this  artifice  is  unwocthy  the  respectable  names  at 
the  head  of  thos^  Sodetiea. 


520    TBB  LOteBOM  A86URANCS  COMPANIES.    Chs  14. 

moreover  expressly  provided  by  each  Act  ^^that  nothing 
*^  therein  contained  shall  extend,  or  be  deemed,  coa- 
*^  strued,  or  taken  to  extend  to  incorporate  the  said 
**  society  or  partnership  i  or  to  relieve  oj:  discharge  the 
^^  said  society  or  partnership  (or  any  of  the  members 
**  thereof,  or  subscribers  thereto  respectively)  from  any 
^^  responsibility,  contracts,  duties  or  obligations  what?- 
^^  soever ;  which,  by  law^  they  may  (now,  or  at  any 
^'  tioie  hereafter)  be  subject  or  liable  to,  either  as  be- 
^  tween  such  society  or  parmership  and  others ;  or 
^^  between  the  (or  any  of  the)  individual  members  of 
^^  such  society  or  parmership  and  others ;  or  among 
**  themselves ;  or  in  any  other  manner  whatsoever." 

I  cannot  close  this  chapter  without  observing  that,  by 
statute  14  Geo.  Ill,  c.  48,  it  is  enafrted  that  no  Assu- 
ranee  shall  be  made  on  lives,  wherein  the  party  assured 
hath  no  interest ;  that  in  all  policies  the  name  of  such 
interested  party  shall  be  inserted  }  and  nothing  more 
shall  be  recovered*  thereon  than  the"  amount  of  the  in* 
terest  of  the  assured^  And  it  has  lately  been  decided 
that,  although  an  interest  existed  t/p  to  the  very  time 
that  the  claim  became  4uey  yet,  if  such  interest  be 
afterwards  destroyed,  the  money  could  not  be  recover^ 
ed.  See  (in  East's  Reports,  Vol.  9,  page  72)  the  case 
of  Godsall  and  others  versus  Bolderq  and  others^  three 
of  the  directors  of  the  Pelican  {^ife  Assurance  Com* 
pany,  who  refused  to  pay  the  sum  of  <£500,  insured  on 
the  life  of  the  late  Mr.  Pitt,  under  the  plea  that  his 
debts  had  been  paid  by  Parliament; 
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TABLE   L 
Shoving  die  Number  of  Persons  injing,  at  the 


>«in; 


StockHolm 

ChMter   J 

Ages 

Lend. 

Vienna 

Bcrlb 

Nor- 
wich 

North, 
ampt. 

^^mM90^^k^^M                  ■ 

Males 

Fcoi« 

Males 

Fan. 

0 

1000 

1000 

1000 

1000 

1000 

1000 

1900 

1000 

1000 

1 

680 

^n 

611 

542 

633 

730 

743 

773 

828 

2 

548 

m 

521 

471 

528 

595 

625 

67s 

739 

3 

492 

443 

468 

430 

485 

544 

582 

624 

(m 

4 

452 

405 

433 

400 

434 

517 

553 

588 

648 

5 

426 

381 

413 

377 

403 

498 

536 

571 

623 

6 

410 

366 

398 

357 

387 

481 

521 

556 

^ 

1 

397 

355 

386 

344 

376 

467 

6og 

543 

601 

6 

388 

346 

377 

337 

367 

457 

499 

537 

596 

9 

380 

338 

370 

331 

361 

447 

492 

528 

591 

10 

373 

330 

364 

327 

356 

440 

487 

524 

588 

11 

367   325 

359 

322 

353 

434 

483 

521 

585 

12 

361 

321 

356 

318 

350 

429 

478 

519 

583 

13 

356 

317 

354 

314 

347 

424 

474 

516 

579 

14 

351 

314 

351 

310 

344 

419 

470 

513 

576 

15 

347 

310 

348 

306 

341 

415 

465 

511 

572 

Id 

343 

306 

345 

302 

338 

411 

461 

506 

568 

17 

338 

301 

342 

299 

335 

407 

457 

501 

563 

18 

334 

296 

339 

295 

332 

403 

452 

496 

558 

19 

329 

291 

335 

291 

328 

398 

446 

490 

553 

20 

325 

285 

331 

2B8 

324 

394 

441 

485 

547 

21 

321 

279 

327 

284 

320 

389 

434 

479 

543 

22 

316 

273 

323 

280 

315 

384 

428 

473 

538 

23 

310 

207 

319 

276 

310 

379 

421 

467 

533 

24 

305 

201 

315 

273 

305 

374 

415 

461 

528 

25 

299 

254 

311 

209 

297 

369 

409 

454 

523 

26 

294 

247 

306 

265 

293 

364 

402 

448 

515 

27 

288 

240 

302 

261 

287 

358 

396 

441 

508 

28 

283 

233 

297 

256 

281 

352 

389 

434 

500 

39 

278 

226 

291 

251 

275 

346 

3a3 

428 

493 

30 

272 

219 

285 

247 

2(^ 

341 

376 

422 

485 

31 
32 

266 

212 

279 

243 

264 

336 

370 

417 

479 

266 

205 

273 

239 

25p 

331 

364 

412 

473 

33 

254 

198 

267 

235 

254 

326 

357 

4Q7 

467 

34 

248 

19'^ 

261 

231 

249 

321 

351 

402 

461 

35 

242 

185 

254 

226 

243 

316 

344 

397 

455 

>  •^ 


TABLE  t 
serm^  AgoB^  and  Pbeet  tberda  mendoiitd. 


. 

/ 

Agtt 

Brei» 

Swedtn 

Pamb 

• 

Holy 
Creas 

1000 

Vaud 

Aunts 

• 

TO£lt». 

• 

bw 

MalM 

Fern. 

fioCh 

m 

Brand. 

V  ■•^■«« 

lU 
Hollao** 

1000 

m 
FruBce 

1000 

O 

1000 

1000 

1000 

1000 

1000 

1000 

1 

769 

770 

791 

780 

775 

8I7 

811 

804 

745 

2 

659 

7^0 

7^9 

730 

7I8 

754 

765 

768 

709 

3 

614 

686 

704 

695 

687 

708 

7^5 

736 

662. 

4 

585 

662 

679 

671 

664 

677 

715 

70t- 

662 

5 

503 

647 

666 

656 

642 

651 

701 

689 

647 

^ 

546 

635 

654 

644 

622 

630 

688 

676 

634 

7 

532 

624 

643 

634 

607 

614 

677 

664 

624 

8 

523 

615 

635 

625 

595 

601 

667 

652 

615 

9 

515 

608 

628 

6I8 

5S5 

594 

G5g 

640 

007 

10 

508 

601 

622 

611 

577 

389 

653 

639 

600 

11 

502 

596 

616 

606 

570 

585 

648 

633 

5y5 

12 

497 

591 

612 

602 

564 

562 

643 

627 

5yo 

13 

492 

587 

608 

597 

559 

S79 

639 

621 

585 

14 

488 

583 

604 

594 

554 

576 

635 

61b 

581 

15 

483 

579 

601 

590 

54g 

573 

631 

611 

578 

16 

479 

575 

597 

586 

544 

569 

626 

606 

574 

1? 

474 

571 

593 

582 

539 

565 

622 

601 

^70 

Id 

470 

567 

589 

578 

535 

56 1 

618 

596 

565 

^9 

465 

563 

585 

574 

531 

557 

6)4 

590 

661 

20 

,461 

558 

581 

570 

527 

553 

610 

584 

556 

21 

456 

553 

577 

565 

522 

548 

606 

577 

551 

22 

451 

548 

572 

560 

517 

542 

602 

571 

545 

23 

446 

543 

5(38 

555 

512 

5.7 

597 

566 

540 

24 

441 

538 

564 

551 

507 

53) 

592 

559 

5M 

25 

436 

532 

559 

546 

502 

525 

587 

551 

520 

26 

431 

527 

555 

541 

498 

519 

582 

543 

522 

27 

426 

521 

550 

535 

495 

512 

577 

535 

5)7 

28 

421 

5W 

544 

530 

492 

506 

572 

526 

512 

29 

^s 

510 

539 

525 

489 

500 

567 

517 

506 

30 

409 

505 

533 

519 

486 

494 

563 

508 

5a' 

31 

403 

^99 

527 

513 

482 

489 

558 

^99 

495 

32 

397 

493 

521 

507 

477 

483 

553 

490 

490 

33 

391 

487 

515 

501 

472 

478 

548 

482 

484 

34 

384 

481 

508 

495 

467 

472 

544 

474 

479 

35 

377 

475 

502 

488 

462 

466 

539 

467 

474 

924 


TABLE  I    Continued. 


Ages 
36 

Lend. 

Stockhohn 

Vienna 

Berlin 
237 

Nor- 
wich 

North- 
am  pt. 

Chester   | 

Males 

Fem. 

Males 

Fem. 

23(5 

K9 

248 

221 

311 

338 

391 

448 

37 

230 

172 

242 

216 

230 

306 

331 

385 

442 

38 

224 

166 

236 

211 

223 

300 

325 

379 

435 

39 

218 

160 

230 

205 

216 

295 

318 

373 

429 

40 

212 

154 

223 

199 

209 

2i)0 

312 

366 

422 

41 

207 

148 

217 

194 

203 

284 

305 

360 

415 

42 

201 

142 

210 

189 

m 

279 

299 

352 

408 

43 

194 

136 

204 

185 

192 

274 

.292 

345 

401 

44 

187 

130 

J  97 

181 

187 

268 

285 

337 

394 

45 

180 

124 

190 

176 

182 

263 

279 

329 

387 

46 

174 

119 

184 

171 

177 

257 

272 

322 

380 

47 

107 

113 

177 

165 

172 

251 

265 

314 

373 

48 

159 

108 

371 

159 

167 

245 

259 

306 

3(56 

49 

153 

102 

164 

153 

162 

239 

252 

298 

359 

SO 

147 

9? 

158 

U7 

157 

233 

245 

290 

352 

51 

141 

91 

152  , 

142 

152 

227 

238 

281 

345 

52 

135 

86 

146 

137 

147 

221 

231 

273 

338 

53 

130 

81 

141 

133 

142 

215 

224 

264 

331 

54 

125 

7(i 

135 

128 

137 

208 

217 

256 

325 

55 

120 

71 

130 

123 

132 

202 

210 

249 

318 

50 

1X6 

67 

125 

117 

127 

195 

203 

241 

312 

57 

111 

62 

120 

111 

121 

1S8 

19^ 

234 

306 

58 

106 

58 

115 

106 

115 

161 

189 

226 

300 

59 

101 

54 

110 

101 

IQtj 

175 

182 

219 

293 

60 

90 

50 

105 

96 

103 

168 

175 

211 

266 

61 

92 

46 

100 

91 

97 

161 

168 

201 

277 

62 

87 

42 

94 

87 

92 

154 

161 

190 

265 

63 

83 

38 

88 

82 

88 

147 

154 

178 

253 

64 

78 

35 

82 

77 

84 

13() 

147 

167 

242 

65 

74 

31 

77 

71 

80 

132 

140 

156 

232 

66 

70 

28 

72 

67 

75 

124 

133 

148 

224 

67 

65 

26 

67 

62 

70 

116 

126 

141 

217 

68 

61 

23 

62 

57 

65 

109 

119 

136 

210 

69 

56 

21 

57 

52 

60 

101 

113 

130 

202 

70 

52 

20 

52 

48 

55 

94 

106 

123 

193 

71 

47 

17 

47 

44 

51 

86 

99 

115 

181 

73 

43 

}5 

42 

40 

47 

79 

92 

103 

167 

73 

39 

13 

38 

36 

43 

73 

85 

92 

153 

74 

35 

11 

33 

33 

39 

66 

78 

61 

139 

75 

32 

10 

•   • 

28 

30 

35 

59 

n 

72 

127 

'SSI9 

TABLE  I    Continued* 


L 


Ages 

Bres- 
law 

3;o 

Swedea 

*^ 

Males 

Fern. 

Both 

36 

469 

496 

482 

37 

h63 

468 

490 

477 

38 

356 

457 

485 

471 

39 

349 

451 

479 

465 

40 

342 

445 

473 

459 

41 

335 

438 

467 

453 

.42 

328 

431 

459 

445 

43 

321 

423 

452 

437 

44 

314 

415 

444 

430 

45 

307 

407 

437 

422 

46 

299 

399 

429 

414 

•47 

291 

391 

423 

407 

48 

283 

383 

416 

400 

49 

275 

375 

410 

392 

50 

267 

367 

4a'{ 

365 

51 

259 

357 

395 

376 

42 

2^0 

348 

387 

^7 

53 

241 

338 

379 

358 

54 

232 

* 

329 

370 

349 

55 

22^1 

319 

362 

340 

56 

216 

310 

353 

331 

^7 

209 

300 

345 

3*22 

58 

201 

290 

336 

312 

59 

J93 

-280 

327 

303 

60 

186 

* 

270 

317 

293 

61 

178 

260 

306 

282 

62 

170 

249 

294 

271 

63 

\6d 

237 

282 

259 

64 

\55 

220' 

270 

247 

65 

147 

214 

258 

235 

66 

140 

203 

246 

224 

67 

132 

191 

234 

212 

68 

124 

1/9 

222 

200 

69 

JI7 

U)7 

210 

187 

70 

109 

154 

198 

175 

71 

101 

142 

185 

162 

72 

93 

129 

^71 

149 

73 

85 

,117 

156 

135 

74 

77 

'105 

140 

121 

75 

69 

94 

125 

108 

Paritth 

in 
Brand. 


456 
450 
444 
438 
432 

42> 

422 

417 
412 

407 

400 
394 

388 
381 
374 

367 
359 
351 
343 
334 

324 
314 
304 

293 


"*«■-•■ 


271 
260 
248 
236 

224 

213 
202 
190 
178 
166 

153 
138 
122 

107 
9^ 


Holy 
Cross 


460 

453 

447 

441 

435 

428 
422 
416 
409 
402 

394 
387 
380 
373 
365 

358 
351 
344 
335 
327 

319 
310 
301 
292 


282   283 


273 
264 
255 
245 
236 

226 
216 
206 
195 
185 

175 
164 
155 
144 
134 


Vaud 


533 
527 
520 
513 
506 

500 
494 
488 
482 
476 

46^ 
461 
451 
441 
431 

422 
414 
406 

397 
388 

377 
364 
346 
331 
314 

299 

286 

274 
262 
250 

236 
220 
202 
184 
168 

153 
140 
129 

H9 
109 


Anot«. 
in 


HolUttid  France 


460 
453 
446 
439 

432 

425 

419 
413 
407 

400 

393 
386 
378 
370 
362 

354 
345 
336 
327 
318 

309 
300 

291 
282 

273 

264 
255 
245 
235 
225 

215 
205 

195 
185 

175 

165 

155 
145 
135 
125 


Toats. 

in 


460 
464 
459 

454 
449 

444 
439 

434 

429 

424 

419 
413 
406 
402 
396 

390 
384 
378 
371 
363 

355 

346 

338 

32i^. 

319 

309 

299 

288 

278 
267 

256 
245 
234 
222 
211 

167 
175 
162 
148 


I 
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TABLE  I    Coninnc^ 


AgM 

Lead. 

VitDU 

Bnlia 

Nop. 

North- 
unpc. 

CH«,      1 

™- 

f™ 

M*U. 

faa. 

le 

U 

6 

33 

47 

33 

«3 

«a 

6< 

116 

n 

U 

tf 

19 

34 

SO 

4« 

u 

£8 

106 

7t 

» 

$ 

16 

21 

26 

40 

03 

«3 

SB 

79 

'9 

4 

13 

U 

SS 

S« 

46 

'? 

8S 

so 

17 

3 

10 

IS 

30 

31 

40 

4J 

7e 

«l 
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« 

14 

U 

27 

33 

36 

« 

BS 

S 

c 

13 

UJ 

24 

30 

31 

57 

«s 
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10 

14 

ao 

23 

76 

<7 

M 

1 

3 

8 

13 

17 

30 

n 

37 

89 

1 

2 

7 

10 

14 

19 

US 

W 

0 

1 

6 

8 

12 

15 

33 

W 

0 

1 

5 

f 

9 

13 

19 

M 

o 

0 

4 

6 

« 

11 

le 

•9 

o 

0 

3 

ff 

< 

9 

14 

go 

X) 

0 

2 

4 

4 

7 
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«> 

o 

0 

1 

a 

3 

5 

e 

11 

V 
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0 

0 

3 

1 

4 

9 

» 
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o 

0 

1 

O 

1 

2 

7 

t* 

o 

a 

0 

o 

0 

J 

1 

5 

»» 

■0 

« 

0 
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o 

0 

3 

«« 

0 

0 

o 

0 

o 

0 

2 

V 

o 

o 

0 

0 

0 

o 

1 
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TABLE  I    Ccmtlnued. 


Ages 

Bret- 

Sweden 

Parish 

• 

Holy 

Vaud 

Anatt. 

Tonu. 

•  * 

Uff 

Male^ 

F«m. 

Both 

lO 

« 

in 
liollima 

in 

Rrance 

76 

61 

84 

Ill 

96 

80 

124 

98 

114 

134 

77 

5Z 

74. 

93 

84 

99 

IM 

85 

103 

120 

78 

45 

65 

86 

75 

59 

106 

71 

92 

106 

79 

38 

56 

75 

66 

51 

9S 

J8 

82 

94 

60 

32 

48 

65 

56 

44 

V 

46 

72 

81 

81 

2ff 

41 

55 

47 

38 

7S 

36 

62 

70 

88 

22 

34 

46 

38 

32 

69 

»9 

53 

t 

^ 

83 

i8 

27 

38 

.  31 

25 

6l 

24 

45 

49 

64 

15 

21 

30 

24 

• 

21 

S3 

20 

38 

40 

B6 

12. 

16 

22 

19 

15 

44 

^7- 

31 

33 

t 

96 

9 

12 

17 

14 

11 

as 

14 

26 

20 

87 

(J 

9 

13 

11 

8 

39 

11 

»d. 

21 

88 

4 

7 

10 

8 

6 

33  ■ 

9 

J4', 

16 

80 

2 

5 

8 

6 

4 

18 

7 

10. 

19 

00 

1 

4 

6 

5 

3 

13 

6 

1 

7\ 

S 

m 

0 

8 

4- 

8 

2 

10 

4 

»: 
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0 

2 

3 

2 

1 

8 

3 

4' 
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08 

0 

1 

2 
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0 

6 

» 

2, 

* 

■   04 

0 

0 

1 

0 

0 

4. 

1  . 

1 

X 

*   96 

0 

0 

1 

0 

0 

2 

*>: 

o; 

« 

06 

0 

0 

0 

0 

0 

1 

0. 

o< 

D 

'  97 

0 

e 

0 

0 

0 

0: 

o; 

0.       01 

« t 


S2B 


TABLE  n. 


Shoning  the  Expectation  of  Life,  at  the 


Ages 
Birth. 

Lond. 

Stockholm 

Vienna 

Berlin 

Nor- 
wich 

North- 
ampt. 

Chesto* 

Male» 

Fem. 

Males 
2813 

Fem. 

17-90 

14-25 

18*10 

16-37 

1 785 

23- 16 

2518 

33-27 

5 

3528 

3105 

37)2 

3654 

28-67 

40-22 

4084 

4320 

4744 

10 

34-91 

3000 

3689 

3702 

3715 

40*26 

3978 

4192 

45il7 

15 

3232 

26-74 

33-43 

3411 

33-65 

3750 

3651 

3805 

4136 

20 

1&^7 

23-85 

3001 

31-39 

30-34 

34-37 

33  43 

34-86 

3810 

25 

26-6(5 

21-40 

2680 

28-32 

27-47 

31-56 

3085 

3200 

34*78 

30 

24  11 

19*42 

2398 

25-62 

25-25 

2893 

28-27 

2925 

3227 

35 

2176 

17'58 

21-62 

22-66 

2276 

2606 

25-68 

2597 

2936 

40 

1950 

15-61 

1925 

20-49 

2091 

2318 

23-08 

2292 

26-37 

45 

1763 

1378 

1717 

1782 

18-85 

20-30 

20-52 

20  20 

23-50 

50 

15-84 

1195 

15-12 

15-88 

16-40 

1755 

17-99 

17-64 

20-fc 

55 

13-91 

10-30 

1289 

13-50 

1414 

14-88 

15  58 

15  14 

1752 

QP 

11-69 

8-69 

10-45 

11-65 

12-49 

1236 

13-21 

12-36 

14-20 

05 

9'^ 

739 

8-39 

9*51 

10*48 

1006 

10-88 

1079 

1194 

70 

800 

5*81 

616 

8-30 

8-69 

812 

8-eo 

8*05 

8-81 

75 

6-27 

409 

4-39 

637 

708 

6-44 

6-54 

7*00 

714 

80 

4-86 

320 

309 

5-50 

6-07 

5-15 

4-75 

5-43 

5-20 

85 

3-04 

178 

202 

3-33 

4-50 

3-50 

3-37 

4-25 

4-81 

90 

•00 

•00 

•00 

1-50 

2-83 

1-50 

2-41 

250 

3-46 

95 

•00 

•00       00 

•00 

•00 

•00 

-75        00 

1-21 

-  ^ 

529 


TABLE  II. 


several  Ages,  and  Places  therein  mentioned. 


\ges 


Birth, 

5 

10 

la 

20  • 

25 
30 
35 
40 
45 

50 

53 

eo 

65 

70 

75 
80 

S5 

90 


Bres" 
law 


95 


2660 
41-47 
40-40 
37*40 
3415 

30-89 
27  81 
2492 
2219 
1956 

1707 

14  77 

12-3J 
9*86 
745 

551 

407 

237 

•00 

•00 


Sweden 


M;iles 

33*20 
4562 
4394 
4050' 
36(j5 

33(53 
30-34 
2709 
2375 

2071 

1772 
1498 
12-24 

9/8 
760 

5SQ 
427 
3  16 
202 
•00 


Fern. 


3570 
4800 
46  25 
4276 
^9  15 

35-58 
32-17 
2903 
25-21 
2257 

1926 
10  15 
13  08 
1049 

79^ 

603 

447 
3  40 
2-55 
107 


Both 


I  Parihh 

in 
Brand. 


34*42 
46-7  J 
4507 
41  64 
38  02 

14-58 
31-21 
28  03 
24-60 
2161 

1846 
1553 
1263 
10  10 

772 

591 
4-28 
3  23 
205 
100 


32-51 
45  08 
4493 
42  10 
3876 

35-56 
3166 
28  17 
2495 
21-33 

17  p8 

I4S3 

I2tt) 

957 

701 

5'53 
4-27 
2-83 
150 
•00 


Cross 


3393 
46-30 
4600 
42-25 
38  60 

35-58 
32-66 
2943 
26  40 
23-35 

2040 

i7  47 
1486 

12-30 
1000 

7-87 
575 
390 

289 
100 


Vaud 


37-56 

^711 
45  66 
42- 17 
3853 

3484 
31  33 
2761 
24  24 
2O62 

1749 

14-14 

11-84 

926 

7*52 

5-36 

4-24 

3-21 

00 


.\nntt». 
in 

tlollaM(< 


•00 


3447 
44-45 
12-71 
39-55 
J631 

3327 
30-92 

28-36 
25-49 
22-34 

19-41 
16^^72 
1410 
1156 
915 

681 
505 
3-38 

2-47 
•00 


Tonts. 

in 
France 


3^79 

48-191 
46*76 
43-46 
4O08 

37-01 
33-96 
3073 
27*30 
2377 

20-24 
1688 
13-86 
1107 

8-34 

579 
473 

3  45 

179 
•83 


2U 


530 


TABLE    III. 


Showing  the  Number  of  Persons  living  and  dying  at 
every  age,  according  to  the  observations  of  M.  Dc 
Parcieiix, 


■  f 

, 

11 

i 

Age 

Living*  I 

)ying 

Age 
34 

Living  Dying 

- 

Age 

65 

Living 

Dying 

3 

1000 

30 

702 

8 

395 

15 

4 

970 

22 

35 

694 

8 

66 

380 

16 

5 

948 

18 

36 

686 

8 

67 

364 

17 

6 

930 

15 

37 

678 

7 

68 

347 

18 

7 

91.' 

13 

38 

671 

7 

69 

329 

19 

8 

902 

12 

39 

664 

7 

70 

310 

19 

9 

890 

10 

40 

657 

7 

71 

291 

20 

10 

680 

8 

41 

650 

7 

7% 

271 

20 

11 

872 

6 

42 

643 

7 

73   251 

20 

12 

866 

6 

43 

636 

7 

74 

231 

20 

13 

860 

6 

44 

629 

7 

75 

211 

19 

14 

854 

6 

45 

622 

7 

76 

192 

19 

13    818 

6 

46 

615 

8 

77 

173 

19 

16 

842 

7 

47 

607 

8 

78 

154 

18 

17 

835 

7 

48 

599 

9 

79 

136 

18 

18 

828 

7 

49 

590 

9 

so 

118 

17 

19 

821 

7 

50 

581 

10 

81 

101 

16 

20 

&\4 

8 

51   571 

IL 

82 

85 

14 

21 

806 

8 

52   560 

It 

83 

71 

12 

22 

798 

8 

53 

549 

11 

84 

59 

11 

23 

790 

8 

54 

538 

12 

85 

48 

10 

24 

.782 

8 

55 

526 

12 

85 

38 

9 

25 

774 

8 

56 

514 

12 

87 

29 

7 

26 

766 

8 

57 

502 

13 

88 

22 

6 

27 

758 

8 

58 

489 

13 

89 

16 

5 

28 

750 

8 

59 

476 

13 

90 

11* 

4 

29 

742 

8 

60 

463 

13 

91 

7 

3 

30 

734 

8 

61 

450 

13 

92 

4 

2 

31 

726 

8 

62 

437 

14 

93 

2 

1 

32 

7I8 

8 

63 

423 

14 

94 

1 

1 

33 

-1 

710 

8 

64   409 

14 

95   0 

0 

I 
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TABLE     IV. 

Showing  the  Expectation  of  Life,  according  to  the 

observations  of  M.  De  Parcieux. 


Age 

1 
Expectation 

Age 
34 

Expectation 

Age 

expectation 

3 

4771 

31-52 

65 

11-26 

4 

48-17 

35 

3088 

66 

10-69 

5 

48-27 

36 

30-23 

67 

1014 

6 

48*20 

37 

29'58 

68 

9*61 

7 

4798 

38 

28-89 

69 

9'11 

8 

4766 

39 

28-18 

70 

8-64 

9 

4730 

40 

2748 

71 

817 

10 

46-83 

41 

26-77 

72 

773 

11 

4626 

42 

2606 

73 

731 

12 

45-58 

43 

25-34 

74 

690 

13 

44'89 

44 

24-62 

75 

6-50 

14 

44-20 

45 

23-89 

76 

610 

15 

43-51 

46 

23*15 

77 

5-71 

16 

42-82 

47 

2245 

78 

5-36 

17 

42*17 

48 

2174 

79 

5  00 

18 

41-52 

49 

2107 

80 

4-69 

19 

40-87 

50 

20-38 

81 

4-39 

20 

40-22 

51 

1973 

82 

401 

21 

39-62 

52 

1911 

63 

3-84 

22 

3900 

53 

18*48 

84 

3-52 

23 

3840 

54 

17-65 

85 

321 

24 

37'7S 

55 

1725 

86 

2-92 

25 

37-17 

56 

16-64 

87 

2*67 

26 

36-55 

57 

16-02 

88 

2*36 

27 

3593 

58 

15-44 

89 

206 

28 

35-30 

59 

14-84 

90 

177 

29 

34-69 

60 

14  25 

91 

1-50 

30* 

3406 

61 

13-65 

9a 

1*25 

31 

33-29 

62 

1304 

93 

100 

32 

32-80 

63 

12*43 

94 

•00 

33 

32-16 

64 

11*86 

'»■ 

- 

.  ^.._     . 

SS2 


TABLE    V.  - 


Shoviing  the  value  of  an  annuity  on.  a  Single  Life,  de- 
duced from  the  observations  of  M.  De  Parcieux. 


Ages 

3 

H 

4 

H 

5 

6 

3 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

]ier  C«wi 

22  028 

1 9  96O 

18-242 

y&jdG 

154/5 

13391 

4 

22'3(^ 

20-319 

lS55g 

17052 

15-752 

13-(}.i3 

5 

22-5ij7 

20-518 

I8749 

17233 

15923 

U787 

Q 

22726 

20-647 

18-877 

\7'Z5f 

16-043 

13-8C7 

7     22  79^ 

20*720 

18-953 

17-435 

16-121 

13972 

8      22*b]3 

20754 

lb-996 

1 7  482 

16171 

14  024 

9 

22  815 

20770 

Xiy^ni 

175   5 

16209 

14  066 

10 

22766 

20742 

19  008 

17*512 

16-213 

14079 

11 

22664 

20  665 

18949 

1 7'468 

16179 

14061 

12 

22-506 

20  536 

18  844 

17*380 

16-106 

14C07 

13 

22343 

20403 

18  734 

17-269 

16O29 

13-C51 

14 

22-175 

20266 

18  620 

17194 

15949 

13-892 

15 

22  002 

20  123 

18502 

17095 

15  805 

13-630 

16 

21-823 

19976 

18-3^0 

16-991 

\^'777 

13765 

17 

21666 

19-849 

I8-275 

16-905 

15705 

13713 

18      21-505 

J97i7 

I8I67 

I68I5 

15  629 

13058 

19 

21-339 

19581 

\  8  054 

16721 

15551 

13601 

20 

21108 

19441 

17-938 

16624 

15469 

13541 

21 

21020 

19321 

17  841 

16544 

15  403 

13496 

22 

20  867 

19197 

17740 

16-462 

15  3i6 

13  450 

23 

20-7  fl 
20550 

19071 

17637 

16377 

15  205 

13  401 

24 

18  940 

17530 

Iu2b9 

15i9JI 

13350 

25 

20386 

18  805 

17420 

16198 

15  117 

13-296 

26 

20-217 

18-667 

17306 

16-104 

15  039 

13143 

27 

20043 

18-524 

17-188 

16-006 

14-957 

13  185 

28 

19-864 

18-377 

17066 

isgi^ 

14873 

13  rio 

39 

19  681 

18-22  J 

16-940 

15-800 

14  785 

13  063 

30 

19492 

18  009 

16  bio 

15-691 

14-693 

.12996 

31 

19-298 

17907 

\6'675 

15-578 

14-598 

12-930 

32 

19099 

17741 

\()'535 

15-460 

14499 

12858 

33 

I8893 

17568 

16390 

15-338 

14395 

12-783 

34 

18-682 

17390 

16:240 

15  211 

14-287 

12-704 

35 

18-464 

17207 

16-084 

15078 

14175 

12*623 

583 


TABLE  V    Continued. 


Age* 

3 

H 

4 

per  Cent 

5 

6 

36 

per  Cent 

per  Cent 

per  Ceiit 

per  Cent 

per  Cent 

ia240 

17017. 

15922 

14-941 

14  057 

12  535 

37 

I8OO9 

16820 

15-755 

14-797 

13934 

12  444 

38 

i7742 

16-590 

15-556 

14  624 

13783 

1 2-329 

39 

17-407 

36352 

15349 

14-444 

13625 

12  206 

40 

17*183 

16' 105 

15-133 

14-254 

13-459 

12076 

41 

16  889 

15-843 

14907 

14056 

13284 

11-939 

42 

16585 

15-581 

14-673 

13-8^9 

13  100 

11793 

43 

16271 

15-304 

14-427 

13-631 

12-906 

11038 

44 

15946 

15016 

14171 

13-403 

1 2702 

11-473 

45 

15-609 

14716 

13*904 

13164 

12-487 

11-299 

46 

15-260 

14-405 

13-625 

12913 

12261 

11  113 

47 

14-925 

14- 105 

13-357 

12-672 

12044 

10935 

4& 

14-578 

13704 

13076 

12-419 

11-815 

10746 

49 

1 4-244 

13-494 

12607 

12176 

11-595 

10564 

50 

13-899 

13183 

12-526 

11-921 

11363 

10372 

51 

1 3567 

12-883 

12-255 

1 1  '675 

11-140 

10  187 

52 

13-248 

12-596 

11-095 

11-440 

10927 

10010 

53 

12919 

12-298 

11725 

11195 

10-703 

9823 

54 

12-579 

11-089 

1 1  4-43 

IO-()38 

10  468 

9625 

65 

12-252 

1 1  -692 

11-173 

10691 

10  242 

9436 

56 

11-914 

1 1-383 

10-891 

10-433 

10006 

9'235 

57 

1 1-565 

1 J  ()63 

- 10-597 

10163 

9757 

9024 

58 

1 1  228 

10-755 

10-314 

9-902 

9*517 

8-819 

59 

10881 

10436^ 

K)020 

9631 

9-266 

8604 

(X) 

10  522  . 

10104 

9713 

9  346 

9003 

8-376 

61 

10  151 

9760 

9393 

9049 

8  726 

8- 1 35 

62 

9766 

9402 

9060 

8  738 

8  135 

7-880 

63 

9:ig2 

9053 

8734 

8-433 

b-150 

7629 

64 

9005 

86gi 

8-394 

8-114 

7850 

736J 

65 

8-6(M 

82 14 

SO39 

77b0 

7535 

7  082 

66 

8-212 

79^4 

7-^9^ 

7-451 

7*224 

^S03 

67 

7  83() 

7  584 

7'350 

7129 

691 8 

6528 

68 

7*460 

7234 

7019 

6814 

6a20 

6259 

69 

7104 

6  896 

6609 

6-511 

6331 

5997 

70 

6  7ii6 

6575 

6-3^ 

6-221 

6055 

5747 

71 

6424 

6-250 

6084 

5935 

5773 

5-489 

73 

6105 

5-946 

5794 

5648 

5505 

5  248 

73 

5789 

5-644 

5-506 

5-373 

5-246 

5006 

74 

5-479 

5  348 

5-222 

5-101 

4'9S5 

4-766 

75 

517s 

5060 

4945 

4-^36 

4730 

4531 

SS4, 


TABLE  V    Continued. 


Ages 

3 

s^ 

4 

H 

s 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

76 

4-862 

4755 

4-652 

4-553 

4-458 

4-278 

77 

4-557 

4-462 

4-370 

4-281 

4195 

4033 

78 

4-273 

4-188 

4105 

4025 

3-948 

3-802 

79 

3-984 

3-9O8 

3-834 

3-763 

3694 

3  563 

80 

3*730 

3-662 

3-596 

3-533 

3471 

3353 

81 

3-448 

3-428 

3-370 

3  313 

3-258 

3153 

82 

3-269 

3-216 

3-164 

3-114 

3065 

2-971 

83 

3-031 

2-984 

2939 

2-895 

2*853 

2770 

84 

2-757 

2-717 

2-679 

2-641 

2-604 

2-534 

85 

2-490 

2-457 

2-424 

2-392 

2361 

2-301 

86 

2-240 

2212 

2185 

2158 

2132 

2-081 

87 

2023 

2000 

1977 

1*955 

1933 

r89X 

88 

1747 

1-728 

1-711 

1-693 

1675 

1*642 

89 

1-474 

1-460 

1-446 

1-433 

1418 

1-394 

90 

1-208 

1198 

1-187 

11 78 

1166 

1149 

91 

•955 

•948 

•941 

•934 

•924 

•913 

92 

•721 

-716 

•712 

707 

r703 

•694 

93 

•485 

•483 

•481 

•478 

•476 

■472 

,94 

•000 

•000 

•000 

•000 

•000 

•   -000 

sss 


TABLE    VI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  of  M.  De  Parcieux. 

Difference  of  age  0  years. 


Com- 
mon 

3,L 

H 

Com- 
mon 

H 

4^ 

r 

Com-I    ^ 

muu  I     »'5i 

H 

A-e 

per  Cent 

per  Cen 

Age 
36 

per  Cenr 

per  Cent 

.4ge 
71 

per  Cent 

per  Cent 

13  839 

12  408 

3968 

3-8I7 

37 

13  603 

12-274 

72 

3735 

3*599 

3 

15785 

13571 

38 

13-438 

12095 

73 

3-507 

3*384 

4 

16-364 

14072 

39 

13  203 

11907 

74 

3-285 

3-176 

5 

16732 

14396 

40 

12958 

11-710 

75 

3075 

2*977 

6 

16994 

14  632 

41 

12702 

1 1  -502 

7Q 

2844 

2-758 

7 

17171 

1479^' 

42 

12  434 

11282 

77 

2-625 

2549 

8 

17287 

14910 

43 

12154 

11051 

78 

2-429 

2-362 

,     9 

17*378 

150O4 

44 

11-8()1 

10-807 

79 

2-224 

2-165 

10 

17-398 

15  038 

45 

1 1*554 

10-549 

80 

2057 

2005 

11 

17338 

16-0Q4 

46 

11  232 

10276 

81 

1906 

1-860 

12 

^7\9^ 

14-897 

47 

10934 

10023 

82 

1  786 

1*745 

13 

17'(J4t) 

14-786 

48 

10-621 

9756 

83 

1-649 

1*614 

14 

16-891 

14-669 

49 

10331 

9*508 

84 

1472 

1-442 

15 

1673] 

14-547 

50 

10026 

9-246 

85 

1-301 

1276 

16 

16564 

14-419 

51 

9743 

9004 

86 

1149 

1*128 

17 

16  432 

14-321 

52 

9*485 

8782 

87 

1042 

1024 

18 

16296 

14-220 

53 

9214 

8-549 

88 

•873 

•860 

19 

16-155 

14  114 

54 

8930 

8-303 

89 

709 

'    699 

20 

16010 

14004 

55 

S-669 

8-077 

90 

•552 

'545 

21 

15901 

13926 

56 

8  397 

7*839 

91 

-410 

•405 

22 

15789 

13-846 

57 

8111 

7*588 

92 

•300 

•296 

23 

15-674 

13-764 

58 

7  647 

7*357 

93 

•242 

•239 

24 

]5'55d 

13-679 

59 

7-572 

71 14 

94 

•000 

tX)0 

25 

15-435 

13-59*1 

60 

7*283 

6-857 

26 

15-311 

13-501 

61 

6979 

6585 

V 

15  183 

13-408 

62 

6  660 

6297 

28 

15  051 

13-312 

63 

6357 

6-024 

29 

14916 

13-213 

64 

6037 

5'7^Z 

30 

14776 

13110 

65 

5-700 

5-423 

31 

14-632 

13004 

66 

5374 

5-123 

32 

14-484 

12893 

67 

5062 

4-835 

33 

14-331 

12-779 

68 

4-765 

4-560 

34 

14-172 

12600 

69 

4-486 

4-300 

35 

14-008 

12-536 

70 

4-230    4062 

»v 

3S6 


TABLE    Vir. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives* 
deduced  from  t!ie  observations  of  3/,  Dj  Parcieux. 

Difference  of  age  5  years. 


Agw 

H 

per  Ctnt 

3-  8 

16510 

4-  9 

16-954 

5-10 

17052 

6-11 

17*155 

7-12 

17172 

8-13 

17154 

9"i4 

17  121 

10-15 

17*048 

11-16 

1 6  934 

12-17 

16  796 

13-18 

!  6653 

14-10 

1 6-505 

15-20 

16-351 

ia-2i 

1 6-2 13 

1 7-22 

16  091 

18-23 

15965 

19-24 

15835 

20-25 

15701 

21-26 

15  583 

22-2/ 

15462 

23-2b 

15-338 

24-29 

15-210 

25-30 

15-079 

26-31 

14943 

27-32 

14-804 

2S-33 

14-660 

29-34 

14-511 

30-35 

4-358 

per  Cent] 


M219 
4-525 
4708 

4-811 
4  840 
4-841 
4828 
4-783 

4701 

4-598 

4491 

4380 

4-264 

4  161 
4071 

3979 
3  884 

3-784 

3-699 
3-612 
3  522 
3-429 
3  333 

3-233 
3  131 
3  024 
2-914 

2*799 


Aget 

31-36 
32-37 
b3-38 
34-^9 


3* 

per  Cent 

141()9 
14  035 
13  843 
13  644 
35-^0113436 


ler  Ceni 


36-41 


13  220 


J37-12  12-995 
'38-43112740 
iJ9-44ll2  473 
40-45  12- 194 


41-46 


11902 


142-4711-617 
43-48  11"318 
!4-l-^9 
145-50 


46-51 
47-52 
48-53 
!49-54 
'50-55 

,51-561 

52-57 

53-58 

54-5Q 

55-00 

56-61 
57-62I 
58-63 
59-64 
0-<55 


P 


1 1  025 
10-71 8 

10416 

10  137 

9645 

9557 
9274 

87191 
8449 

8-168 

7889 

7597 

7291 
7-003 
6701 
6  383 


12-680 
12  556 
12  408 
12-252 
I2O69 

11  9I8 
11739 
11  531 
U  313 
1 1  082 

10  839 

10601 

10-349 

10  102 

9-841 

9583 
9-345 
9095 
8  846 
8602 

8*360 
8- 120 
7  886 
7639 
7394 

7136 
6862 

6-605 
6-333 
604i5 


Agei 


-666 


62-07 

64-69 
65-' 


704 


66-71 

67-72 
68-73 
69-74 
70-75 

71-76 
72-77 

73-78 
7^-79 


per  Ct 


065 
5749 
5  448 
5  151 

•858 


perCt 


75.-8O  2-478 


76-8 1 
77-82 
78-83 

79-84 

80-85 

81-86 

82-87 
83-88 
84-89 
85-90 

86-91 

87-«2| 

88-93 

89-94 


4-568 
4J00 
4  040 
3792 
3 '56  4 

3  314 
3  088 

2  877 
2663 


2293 
2130 
1961 
1770 
1-596 

1  437 
1-316 
1  150 

•969 

'79^ 

•630 

-495 

•351 
•000 


5757 

5-467 

5191 
4917 

4647 

4377 

4  128 
3  885 
3-653 
3  436 

3  2Q3 

2-989 
2788 
2-585 
2409 

2232 
2076 

9*71 
730 

562 


408 
292 
130 

954 
782 1 

489 
348 
000 
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TABLE    Vlin 


Showing  the  value  of  an  annuity  on  Two  Joint  Liyes^ 
deduced  from  the  observations  of  Af.  De  Parcieux. 

Difference  of  age  10  years. 


Ages 


3-13 
4-14 
5-15 

6-16 

7-1/ 

8-18 

^^ 
10-20 

11-21 
12-^2 
13-23 
14-24 
15-25 


17-27 
18-28 


18-2815 


21-3! 
22-32 
23-33 
24-34 
25-85 


H 


per  Cent 


16-366 
16-586 
l6-68g 

16733 
16750 
16734 
16703 
16635 

16-547 
16-418 
16-285 
16-147 
16004 


16-26115-856 
15*724 


•586 

15-445 

20-^0115299 


15-168 
15  032 
14-893 
14750 
14-001 


26-36 14-448 
27-737  14-290 
28-38  14-104 
29-39 13*91 1 
30-4o|l3-7lO 


4^ 

per  Cent 


13-535 
14-345 
14-446 

14498 
14-528 
14-531 
14-521 

14-479 

14421 

14-326 

14-228 

14-126 

14-020 

13909 
13-811 
13-710 
13:605 
13-496 

13-400 
13-301 
13-199 
13-092 
12*982 

12-868 

12749 
12'606* 

12  455 
12298 


Agc» 


31-41 
32-42 
33-43 
34-44 
35-45 

36-46 
37-47 

38-48 

39-49 
40-50 

41-51 
42-52 
43-53 
44-54 
45-55 

|46-^56 
48-58 

50-60 

51-61 
52-62 
53-63 
54-64 
^-^ 

56-^ 

57-07 

58-68 
59-69 
60-70 


H 

per  Cent 


13-500 
13-282 
13055 
12'818 
12-571 

123U 
12063 
11-784 
11-513 
11-230 

10-954 
10-686 
10-406 
10  112 
9*825 

9*525 
9227 
8-935 
8645 
8-342 

8  039 
7736 
7437 
7124 
6-809 

6496 
6- 187 

5-895 
5-611 
5-337 


per  Cent 


12133 

ll'9G0 
11*778 
11-587 
11-385 

11174 
10970 
10-738 
10-512 
10274 

10042 
98I7 

9579 
9*329 

9*083 

8-824 
8-566 
8*312 
8*060 

7793 
7526 

7''^7 
6-992 

6-711 

6-428 

6*145 
5-864 
5598 
5339 
5  088 


Ages 


61-71 

62-72 

63- 

64-74 

65-75 


734 


6&^76 
67-77 
68-78 
^9-79 

70-80|2 


71-81 
72-82 
73-83 
74-84 
75-85 


7&'B6V663 


77-^7 

78-88 

79-^ 

80-^ 

8I-9I 
82-92 
83-93 
84-94 


Si 

per  Ct. 


5-054 
4*784 
•523 
4  261 

3'999 


3-728 
3*471 
3-233 
2996 

793 


per  Ct. 


2*598 
2-431 
2-253 
2049 
1-853 


1-503 
1-303 
1-100 

•909 
727 

'5m 

•401 
•000 


4*828 
4-578 
4-337 
4-093 

3-848 

3594 
3-351 
3-126 
2-902 
2-709 

2-524 
2-365 
2-195 

1-999 
1-811 

1-627 
1-473 
1-279 
1*082 
•895 

717 
559 

•398 

-000 


2x 


^» 


TABLE   II. 

Showing  the  value  of  aa  annuity  on  Two  Joint  Live% 
deduced  from  the  observations  of  M.  De  Parcieux^ 

Difference  of  age  20  years. 


Agw 


3-23 
4-24 
5-25 


3i 

per  Cent 


15-560 
15773 


6-26  15*925 


7-27 
8-28 

9-29 


JO-30  15784 


12-^2 
13^3 
14-^4 
lS*d5 


15929 
15903 
15-861 


2(5Ht6 
27-47 
28-48 
29.49 
3O-50 


15668 
15-511 
15-348 

15-179 

15004 

14*822 
14-652 
14-452 
14-245 
14028 

13  821 
13-606 
13-381 
13-147 
12-902 

12647 
12-402 
12146 
11*901 
11-645 


per  Cent 


13-566 

13-765 

13  •870 

13929 
^3-951 

13-946 
13-929 
13*882 

13-801 
13-664 
13-562 
13-434 
13-301 

13*162 
13-033 
12-878 
112716 
12545 

12'382 
12-211 
12-032 
U-843 
11-645 

11-436 
11-236 
11-025 
110*823 
I0'6H 


Age* 


per  Cent 


31-51 
32-52 
33-53 
34-^4 
35-55 

36-56 

37-57 
38-^8 
39-59 
40-60 

41-61 
42-62 
43-63 
44-64 
45-6i5 

45-66 

147-67 
48-68 

-^Mi9 

30-70 

51-71 
1152-72 
53-73 
54-74 
55-75 

56-76 

57-77 
58-78 

59-79 
60-80 


H 


11-398 
11-163 
IO-9I8 
10-663 
10-418 

10-163 

9'897 
9*625 
9'342 
90^ 

8737 
8-413 

a'095 

7762 

7*412 

7065 
6734 
6-409 
6-103 
5807 

5-515 
5-250 
4-9B4 
4720 
4470 

4*203 
3-943 
3-706 
3-463 
3-246 


per  Cent 


10*407 

10212 

10008 

9794 

9-589 

9*374 
9148 
8*916 
8-673 
8-417 

8  147 
7*862 
7*582 
7*285 
6972 

6659 
6-360 
6-065 
5787 
5517 

5-250 
5007 
4-762 
4-518 
4"i86 

4037 
3794 
3573 
3-343 
3-140 


■•■• 


Aget 

6l-«l 
62-^ 
63-«3 
64-84 
65-65 


Si 

per  Ct. 


3-039 
2-649 

2-647 
2-409 

2173 
6&-66I1-954 

^-^7 17G6 

68-68 1-528 
69-891-293 
70-901-066 

71-^1  •846 
72-92  -646 
|73-^  -445 
•000 


per  Ct. 


2944 
2764 
2-573 
2*346 
2-120 

1*72^ 
1-498 
1-270 
1049 

-834 

-638 
-440 
-OQO 


rji-«^w««* 


589 


.TABLE    X* 

Showing  the  value  of  an  annuity  on  Two  Joint  Lively 
deduced  from  the  observations  of  M  De  Parcieux^ 

Difference  of  age  SO  years. 


1 
Si 

H 

Ages 

Si 

H 

per  Cent 

per  Cent 

per  Cent. 

per  Gent 

3-^3 

14-605 

12893 

36-66 

7-357 

6-920 

4-34 

14761 

13  048 

37-67 

7043 

6639 

S^5 

14-813 

13-112 

38-68 

6*726 

6-353 

G-S6 

7-^7 

14-81Q 
14764 

13-130 
13*111 

39-69 
40^70 

6420 
6127 

6-076 

5811 

8-38 

14-662 

13*043 

41-71 

5-828 

5*538 

9-39 

14-542 

12-960 

42-72 

5*548 

5*282 

lOHtO 

14*384 

12843 

43-73 

5*268 

5025 

11-41 
12-42 

14186 
13*946 

12*^ 
12-498 

44-74 
45-75 

4*990 

4-718 

4*770 
4*5  IB 

13-43 

13-694 

12-296 

46-76 

4*427 

4-248 

14-44 

19-432 

12064 

47-77 

4-152 

3'99i- 

15-45 

13-158 

11*860 

48-78 

3*892 

8-748 

16-45 

17^7 

12*871 
12-611 

11-624  * 
11-410 

49-79 

50-80 

3632 
3-399 

3-509 
3*284 

18-48 

12339 

11-185 

si'-m 

3-182 

3080 

l»^ 

i3-o;6 

10-968 

52-82 

2991 

2*899 

ao-50 

11-801 

10*739 

53-83 

2-780 

2*700 

21-51 
22-52 

11-551 
11-313 

10-532 
10*335 

54-84 
55^5 

T533 
2-296 

2-464 
2'238 

23^3 

11*064 

10128 

56-66 

2072 

2023 

24-54 

lasos 

9-91  > 

57-87 

1-877 

1-83(5 

25-55 

10-557 

9702 

5&-88 

1-629^ 

rsgtf 

26-56 
27-57 

10298 
10*029 

9'484 
9-^55 

59-89 

do-go 

1*381 
1-138 

1-356 

1119^ 

28-58 

97^ 

9034 

6J-9I 

•904 

-891 

29-59 

Q-^m 

8-803 

62-92 

•686 

/^7 

30-60 

9*218 

8*561 

63-99 

•467 

'463- 

31-61 

8*924 

8-306 

64-94 

-000 

*0«> 

32-62 

8617 

8038 

33--63 

8-318 

7775 

34-64 

8*005 

7499 

35-65 

7-678 

7-207 

540 


TABLE    XL 


Showing  the  value  of  an  annuity  on  Two  Joint  Lively 
deduced  from  the  observations  of  AL  De  Par  dens. 

Difference  of  age  40  years. 


A^et 

3i 

H 

Ages 

H 

H 

per  Cent 

percent 

percent 

per  Cent 

3-43 

12996 

11-665 

31-71 

"5-874 

5-578 

4-44 

13-021 

11-706 

32-72 

5-601 

5-329 

5^A5 

12944 

11658 

33-73 

5-329 

5061 

6-46 

12-812 
12656 

11-560 
U'440 

34-74 
35-75 

5062 
4-802 

4-835 
4595 

8-N#8 

12-465 

11-289 

36-76 

4-525 

4*338 

9-49 

12275 

ll-)38 

37-77 

4-259 

4-091 

10-50 

12-048 

10954 

38-78 

4-004 

3-852 

12-52 

11-804 
11-543 

10754 
10-538 

39-79 
40-80 

3-742 
3-511 

3-607 
3390 

13-53 

11-272 

lasu 

41-81 

3-292. 

3-184 

14-54 

10-989 

10-073 

42-82 

3092 

2996 

15-55 

10715 

9843 

43-^3 

2-874 

2790 

16-56 
17-^57 

10-430 
10145 

9601 
9359 

44-84 
45-85 

2-619 
2-370 

2  547 
2309 

18-58 

9871 

9125 

4&-86 

2133 

2-082 

^9-5g 

9585 

8-879 

47-87 

1*931 

1-888 

20-60 

9*287 

8-621 

48-88 

1670 

1636 

21-61 
22-^ 

8-987 

8675 

8-362 
8088 

49-89 
50-90 

1-413 
1-160 

1-387 
•    1141 

23-63 

8-369 

7-820 

51-91 

•919 

"906 

24-64 

8-050 

7538 

52-«2 

'm 

•689 

25-65 

7717 

7*241 

53-53 

-473 

•469 

26-456 

7389 

6-948 

54-94 

•000 

•OQO 

27-^7 

7'o6s 

6-659 

• 

1 

28-68 

6755 

6-378 

i 

29-* 

6-454 

6-105 

30-70 

6166 

5-845 

. 

541 


TABLE    XII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  of  M.  De  Parcieux. 

DiflFerence  of  age  50  years. 


Aget 

H 

H 

Ages 

H 

H 

per  Cent 

per  Cent 

per  Cent 

percent 

3-53 

10-680 

9770 

26-76 

4-529 

4-342 

4-54 

10-629 

9741 

27-77 

4-258 

4-089 

5^5 

10-513 

9653 

28-78 

4003 

3*851 

6-56 

7-57 

10-351 
10149 

9*522 

9*356 

29-79 
30-80 

3742 
3-513 

3*607 
3-391 

8-^8 

9939 

9*181 

31-81 

3-294 

3-186 

9-59 

9710 

8989 

32-82 

3Q97 

3-000 

l(>-(50 

9449 

8-767 

33-83 

2-880 

2-79^ 

11-451 
12-62 

ffl55 
8-825 

8513 
8-224 

34-84 
35-85 

2-628 
2*382 

2-556 
2*320 

13-63 

8-502 

7941 

36-86 

2150 

2-099 

14-64 

8164 

7-643 

37-^7 

1*951 

I9O8 

15-65 

7-812 

7*328 

38-88 

1*689 

1-655 

16.«6 
17-67 

7*464 
7- 132 

7017 
6719 

39-89 
40-90 

1-430 
1175 

1-403 
1156 

18-478 

6-809 

6-428 

41-91 

•932 

-91 8 

1^-^ 

6-496 

6-145 

42-92 

706 

•097 

20-70 

6197 

5-873 

43-93 

•478 

•473 

21-71 

5-901 

5603 

44-94 

•000 

•000 

22-72 

5-624 

5-351 

23-73 

5-348 

5-098 

« 

24-74 

5076 

4-848 

25^7S 

4*811 

4-604 

■ 

-  ^r 

549 


TABLE    XIII. 


Sbovbg  the  value  of  an  annuity  on  Two  Joint  Lives» 
deduced  from  the  observations  of  M.  De  Pareieux. 

Difference  of  age  60  years. 


Aget 

percent 

per- Cent 

3-63 

8-049 

7'520 

4-64 

78S3 

7-379 

1    5-65 

7'<^ 

7169 

e-m 

7*383 

6*938 

M7 

'    7^108 

6*693 

.    8-68 

6^828 

6*443 

M» 

6-554 

6197 

[10-7O 

6281 

5*951 

Jl-71 

5-989 

5-685 

12-72 

5702 

5424 

18-7*^ 

&'4l7 

5-162 

, 14-74 

5134 

4*903 

1,5-75 

4859 

464^ 

H5-7^ 

4'56& 

4377 

>7-77 

4-289 

4119. 

1  18-78 

4029 

8876 

i^7» 

:   3  762 

3-625 

20-60 

3*526 

3404 

^21-81 

9-306 

3197 

22-82 

3107 

d'Oia 

23-$3 

2*889. 

.    2804 

24-84 

2685 

2*562 

25-85 

2386 

;    2  325 

■  26^*86" 

2-152 

2-100 

27-87 

1*950 

l*p07 

28-68 

1689 

1*654 

2£H89 

1429 

1-403 

30-90 

1-175 

1155 

31-91 

•931 

•91 8 

32-92 

706 

•^7 

33-93 

•4/8 

•473 

34-94 

•000 

•000 

i4S 


TABLE    XIV. 

I 

Showing  the  Number  of  Persons  living  and  dying  at 
every  age^  according  to  the  observadt^s  made  in 
Sweden. 


^ 

Males 

Females    | 

Lives  in 

general 

Ages 

Living 

Dyiog 

IJvtng 

Dying 

Living 

Dying 

0 

10000 

2300 

10000 

2090 

10000 

2195 

1 

7700 

500 

7910 

518 

7805 

509 

2 

7200 

337 

7392 

350 

7296 

344 

a 

6863 

240 

7042 

250 

6952 

245 

4 

6623 

150 

6792 

135 

6707 

143 

5 

6473 

125 

6557 

120 

6564 

122 

6 

6348 

105 

6537 

105 

6442 

105 

7 

6243 

90 

6432 

85 

6337 

87 

8 

6^53 

75 

6347 

70 

6250 

73 

9 

6078 

65 

6277 

60 

6177 

62 

10 

6013 

55 

6217 

52 

6115 

54 

n 

5958 

45 

6165 

46 

dD6l 

44 

12 

5913 

45 

61 19 

40 

6016 

42 

13 

5868 

40 

6079 

35 

5974 

38 

14 

5828 

40 

6044 

35 

5936 

37 

15 

5788 

39 

6O09 

35 

5899 

37 

16 

5749 

39 

5974 

40 

5862 

40 

17 

5710 

39 

5934 

40 

5822 

40 

18 

5671 

44 

5894 

42 

5782 

42 

19 

5627 

44 

5852 

43 

5740 

43 

20 

5583 

50 

5809 

43 

5697 

47 

21 

5533 

50 

5766 

43 

5650 

47 

22 

5483 

50 

5723 

43 

5e03 

48 

23 

5433 

55 

5680 

44 

5555 

48 

24 

5378 

55 

5636 

45 

5507 

50 

25 

5323 

55 

5591 

45 

5457 

50 

26 

5268 

55 

5546 

50 

5407 

52 

127 

5213 

55 

5496 

52 

5355 

54 

28 

5158 

55 

5444 

55 

5301 

55 

•  ^ 

5103 

56 

5389 

55 

5246 

55 

30 

5049 

59 

5334 

GO 

5191 

59 

TABLE  XIV    Continued. 


1 

1 

Age* 

Males    1 

Females    | 

Lives  in 

general 

31 

Living 

Dying 

Living 

Dying 

Living 

Dying 

4968 

60 

5274 

Go 

5132 

60 

32 

4928 

60 

5214 

6S 

5072 

G2 

33 

4866 

60 

5149 

63 

5010 

63 

34 

4808 

60 

5084 

65 

4947 

63 

35 

4748 

60 

5019 

60 

4884 

59 

36 

4688 

60 

4959 

56 

4825 

58 

37 

4628 

60 

4903 

56 

4767 

58 

38 

4568 

60 

4847 

56 

4709 

58 

3<) 

4508 

60 

4791 

5S 

4651 

60 

40 

4448 

65 

4733 

65 

4591 

65 

41 

4383 

72 

4668 

75 

4526 

73 

42 

4311 

80 

4593 

76 

4453 

78 

43 

4231 

80 

4517 

76 

4375 

78 

44 

4151 

80 

4441 

75 

4297 

78 

45 

4071 

80 

4366 

72 

4219 

76 

46 

'm^ 

80 

4294 

67 

4143 

74 

47 

3911 

80 

4227 

65 

4O69 

72 

48 

3831 

80 

4162 

65 

3997 

73 

49 

3751 

85 

4097 

70 

3924 

78 

50 

3666 

95' 

4027 

.  75 

3846 

85 

51 

3571 

95 

3952 

80. 

3761 

87 

52 

3476 

95 

3872 

85 

3674 

90 

53 

3381 

95 

3787 

85 

3584 

90 

54 

3286 

95 

3702 

85 

3494 

91 

55 

3191 

95 

3617 

85 

3403 

91 

56 

3096 

95 

3532 

85 

3312 

'92 

57 

3001 

100 

3447 

90 

3220 

95 

58 

2901 

100 

3357 

90 

3125 

95 

59 

2801 

100 

3267 

100 

3030 

100 

6o 

2701 

105 

3167 

110 

2930 

108 

6i 

2596 

110 

3057 

118 

2822 

114 

62 

2486 

115 

2939 

130 

27O8 

118 

63 

2371 

115 

2819 

120 

2590 

118 

64 

2256 

115 

2699 

120 

2472 

118 

65 

2141 

115 

2579 

120 

2354 

118 

66 

2026 

115 

2459 

120 

2236 

118 

67 

1911 

120 

2339 

120 

2118 

121 

6a 

1791 

'  125 

2219 

120 

1997 

124 

69 

1666 

125 

2099 

120 

1873 

la*.. 

70 

1541 

125 

1979 

130 

1749 

127 

MS 


TABLE  XIV    Contioued. 


Ac* 

71 

Males 

Femalet    | 

1 

Lives  in 

• 

geheral 

Living 

Dying 

Living. 

Dying 

Living 

Dying 

1416 

125 

1849 

140 

1622 

133 

7a 

1291 

lao 

1709 

15Q 

1489 

135 

73 

1171 

120 

1559 

160 

1354 

140 

74 

1061 

110 

1399 

150 

1214 

130 

7« 

941 

105 

1249 

140 

1084 

121 

76 

830 

100 

1109 

130 

983 

115 

77 

73(3 

90 

979 

12Q 

848 

105 

78 

646 

85 

859 

110 

743 

95 

79 

661 

80 

749 

100 

648 

90 

80 

491 

75 

649 

9^ 

558 

90 

81 

406 

70 

554 

90 

468 

84 

89 

336 

65 

464 

85 

884 

75 

88 

271 

60 

B79 

80 

8O9 

65 

84 

211 

50 

299 

75 

244 

55 

80 

161 

40 

224 

55 

199 

is 

86 

131 

30 

169 

40 

144 

35 

87 

91 

22 

129 

30 

109 

27 

88 

^9 

17 

99 

23 

82 

20 

89 

52 

14 

76 

18 

62 

c  *^ 

go 

38 

12 

58 

15 

47 

'  14 

91 

26 

9 

43 

12 

33 

12 

93 

17 

7 

31 

10 

21 

lO 

93 

10 

6 

21 

8 

11 

6 

94 

4 

8 

13 

6 

5 

3 

9S 

1 

1 

7 

4 

2 

I 

96 

0 

0 

3 

2 

1 

1 

\97 

0 

0 

1 

1 

0 

0 

28 


S4S 


TABLE    XV. 

Showing  the  Expectation  of  Life,  deduced  from  the 

observations  made  ia  Sweden, 


Age* 

Mala    ] 

Females 

LWet  in 
general 

Ages 

Maite 

Females 

Lives  in 

1 

42*45 

44  00 

42-95 

31 

2969 

31-54 

30-57 

2 

43-83 

460^ 

44-92 

32 

2904 

so-gi 

29-94 

3 

44-96 

47*31 

4611 

33 

28-39 

30^28     29'30 1 

4 

45-57 

4804 

46*78 

34 

27-74 

29-66 

28-67 

5 

45  62 

4800 

46-79 

35 

2709 

29*03 

28t)3 

6 

45-50 

47-87 

46-66 

36 

26*43 

28*26 

27*31 

7 

45-26 

47*64 

46-43 

37 

25'76 

27*50 

36-68 

h 

44-91 

4728 

4607 

38 

2509 

2(574 

26-01 

9 

44  46 

46*80 

45*6l 

39 

24-42 

25-CI7 

25-33 

10 

43*94 

46-25 

4507 

40 

23-75    25*21 

24-66 

11 

43  26 

45-55 

44*38 

41 

23-15 

24'68 

24*05 

12 

42-58 

44-85 

43-70 

42 

22-54 

2475 

23*44 

13 

41-91 

44*15    43-01 

43 

2193 

23  62 

22  831 
22-22  f 

14 

41-24 

43*46 

.  42-33 

44 

21-32 

23-10 

15 

46-56 

42-76 

41*64 

45 

2071 

22-57 

21-61 

1 

16: 

39*83 

.4204 

40-92 

46 

20-12 

21-91 

30-98 

17 

39- n 

41-31 

40- ip 

47 

1952 

21-24 

20-35 

18 

38-39 

40-59 

39*47 

48 

18  92 

20^58 

1972 

^» 

37-67 

39*87 

38*74 

49 

18-32 

^9'9^ 

19^ 

20 

36-95 

3915 

3802 

50 

17*72 

19-26 

16*46 

21 

36-28 

38-43 

37*33 

51 

1717 

18-64 

17-87 

22 

35-62 

3772 

36-64 

52 

16-63 

18  01 

17-29 

23 

3496 

3701 

3596 

53 

16-08 

17-39 

l6'70 

24 

34-30 

36-29 

35*27 

54 

15-53 

1677 

16-12 

25 

33-63 

35-58 

34*58 

55 

14'98 

16*15 

15  53 

* 

2d 

32'98 

3490 

3391 

56 

14-43 

15-53 

14-95 

27 

32-32 

•34-21 

33*23 

57 

1387 

14-92 

14*37 

28 

31-66 

33*53 

32-56 

58 

1333 

14-31 

1379 

29 

3100 

32-85 

31-88 

«9 

1279 

13*69 

13-21 

30 

30-34 

32  17  I  31-21 

60 

1224 

13-08 

12-63 

447 


TABLE  XV    Contmued. 


\ 

''  1 

Ages 

Males 

Females 

Liyes  in 

Ages 

Males 

Females 

LiTes  in 

general 

geoeral 

61 

11  •7a 

12-56 

1212 

81 

396 

413 

401 

62 

11-21 

1204 

11-62 

82 

S'dg 

3-84 

380 

m 

10-73 

11-52 

11-11 

83 

3-45 

3-59 

357 

€4 

10-36 

1101 

10-61 

84 

3-30 

3-42 

339 

65 

978 

10-49 

10-10 

85 

316 

3-40 

3-23 

66 

9:30 

9V7 

962 

86 

3  04 

3*34 

309 

e? 

8-84 

946 

915 

87 

2-88 

1 

3 '22 

292 

66 

fr40 

894 

8-67 

88 

264 

3  05. 

271 

69 

799 

842 

8-20 

89 

234 

2'82 

2-43 

70 

7*60 

791 

772 

90 

202 

255 

205 

71 

7*aa 

7-53 

7*32 

91 

173 

2-27 

171 

7a 

687 

716 

6-89 

92 

138 

195 

1-40 

73 

6-53 

678 

6-53 

93 

100 

1-64 

1-23 

74 

6-22 

640 

6-23 

94 

75 

1-35 

110 

73 

5-89 

603 

591 

95 

•00 

107 

100 

76 

5-56 

573 

5-59 

90 

•00 

•83 

•00 

77 

525 

5-43 

5-28 

97 

•00 

-00 

•00 

t 

78 

79 
80 

492 

4-59 
4-27 

5-11 

479 
4-47 

496 
4-61 
4-28 

^ 

, <- 

M* 


TABLE    XVI. 

Showing  the  value  of  in  annuity  on  a  Single  Life,  at 
every  age  (Male  or  Female)^  ddduced  from  the  ob< 
servatiodfi  made  in  Sweden. 


Agts 


^BW 


Male* 


I    Hi 


4 

per  Cent 


5 

per  Cent 


Femalet 


4 

per  Ceat 


1^ 


-V»-fc- 


p^  Cent 


1 

3 
4 
4 

7 

a 

9 

10 

u 

12 
13 
14 
15 

16 

17 

18 

;2o 
ai 

32 
23 

24 
25 

26 

27 
28 

29 
30 


6503 
7855 

7933 

8328 

8*509 

8*622 
8  693 

8725 
8715 
8*674 

8600 
8'4&1 
8-378 
8246 
8105 

7'958 
7'803 
7*643 
7492 
7335 

7192 
7042 

6*887 

6742 
6592 

6-436 
6274 
6105 
5930 
5751 


^*i^ 


4*051 

4778 

5279 

5624 

57S6 

5901 

^977 
6021 

6030 
6014 

^•970 
5896 
&8i9 
5724 
5*624 

5-517 
5404 
5-285 
5-175 
5059 

4955 

4*846 
4:732 
4627 
4-517 

4-402 
4-282 
4-156 
4024 
3-889 


6820 

7719 

8*344 

8780 
8927 

9045 

9iai 
9162 
9151 
9*100 

9*041 

8-640 
B707 
8568 

8*424 
8290 
8151 
8013 
7*872 

7725 
7573 
7-414 
7*252 

7*087 

6915 
6751 

6-588 

6427 
6-261 


4971 
5*<»4 

5*171 

6O88 

6903 
6991 
6830 
6-343 
6-325 

6M6 
6-229 
6-153 
6*059 
5*960 

5*856 
5761 
5-662 
5*563 
5*462 

5-356 
5*245 
5129 
5-009 
4-886 

4757 
4*636 
4*515 
4-396 
4272 


n» 


TABLE  XVI    Coattnued. 


Ages 

Myites                            Females 

4 

S 

4 

5 

per  Cent 

per  Cent 

percent 

percent 

31 

15'S7S 

13*756 

16*104 

14*156 

32 

15  395 

13619 

15941 

14-035 

33 

15208 

13-477 

15  787 

13923 

34 

15014 

13327 

15629 

13-806 

3S 

14812 

13X70 

15465 

13684 

36 

14601 

13  006 

15-278 

13*54^ 

37 

14-882 

12833 

15070 

13-382 

38 

14154 

12*652 

14*654 

13*213 

»9 

is-pie 

12-462 

14629 

13036 

40 

13  668 

12*261 

14*401 

12*856 

41 

13-420 

12065 

14-185 

12687 

43 

13-196 

11880 

13*994 

12  538 

43 

12934 

1171<> 

13*798 

12-^87 

44 

12768 

i  1*532 

13596 

12*229 

45 

12*535 

11*847 

13-888 

12-061 

46 

12-297 

11*153 

13151 

i  1-876 

47 

12-051 

10951 

12  894 

11668 

48 

11795 

10*738 

12-620 

11*443 

^ 

11-528 

10*516 

12*333 

11-205 

SO 

11-267 

10*298 

12*049 

10-970 

s\ 

11030 

10' I  Ob 

U76& 

10*737 

52 

10785 

999^ 

11-492 

10*507 

53 

10*531 

9*682 

11*220 

10-280 

54 

l02dQ 

9460 

10-937 

,10*042 

55 

9*998 

9229 

1064a 

979^ 

S6 

9717 

8*986 

10*334 

9*519 

S7 

9'425 

8736 

10012 

9258 

58 

9)40 

8*489 

9'^ 

^'sre 

«9 

8*845 

8*232 

9*358 

8'dBi 

60 

8*540 

7'9^ 

9^039 

8*406 

6l 

8-241 

7700 

8*739 

8M44 

62 

7950 

7-442 

8*453 

7*895 

63 

7'«59 

7*193 

8*166 

7'643 

64 

7-382 

6-938 

7-870 

7-:^82 

65 

7090 

6676 

7'566 

7111 

$so 


TABLE   XVI    Contmued; 


Males             I 

Females             | 

AgM 

4 

5 

4 

5 

per  Cent 

percent 

per  Cent 

per  Cent 

66 

679^ 

6408 

7'252 

6-831 

67 

6-489 

6-134 

6930 

6-541 

66 

6201 

5-872 

&5g6 

6-239 

69 

6g33 

5-628  . 

6-253 

5-926 

TO 

5G7Q 

5389 

5  897 

5599 

71 

5-418 

5158 

5-564 

5-293 

72 

5180 

4940 

5-261 

5-013 

73 

4*940 

4719 

4*998 

4770 

74 

4724 

4-521 

4792 

4*581. 

7S 

4487 

4*302 

4*582 

4388 

76 

4-253 

4084 

4-367 

4  189 

77 

4*024 

3871 

4145 

3-983 

78 

3768 

3*631 

3913 

3767 

79 

3*512 

3*390 

3668 

3*536 

60 

.3-360 

3-152 

3*402 

3-285 

81 

3-017 

2921 

3-J45 

3041 

82 

3792 

2706 

2-905 

2-813 

83 

2600 

2*523 

26^9 

2*615 

84 

2-473 

2-403 

2*559 

2-480 

85 

2*371 

2*306 

2-552 

2-476 

86 

2-281 

2-222 

2-518 

2-446 

87 

2154 

2103 

2*431 

2*365 

68 

1955 

1-912 

2-294 

2236 

89 

1  6O8 

1-664 

2*108 

2-059 

90 

1 

.  1-417 

1392 

1-873 

1-833 

91 

1154 

1-136 

1-628 

1-596 

92 

'835 

-824 

1-349 

1-325 

93 

•477 

•471 

1-071 

lt)54 

94 

*240 

238 

799 

788 

95 

-000 

-000 

-544 

•537 

96 

•000 

•000 

-320 

•317 

I      : 

1 

J 


Jffl 


TABLE   XVn. 

Showing  the  value  of  an  annuity  on  Two  Joint  LiYeS» 
..  deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 

Difference  of  age  O  years. 


Com- 
men 

4 

Com- 
mon 

4 

Com- 
n)on 

4 

Com- 
moD 

4 

Age 

per  Cent 

Age 

per  Cent 

Age 
51 

per  Cent 

Age 
76 

>pa-  Cent 

1 

13252 

26 

13*671 

8*469 

2*490 

2 

13*583 

'27 

13*495 

52 

8*230 

77 

2*340 

3 

14-558 

28 

13-323 

53 

7994 

76 

2*170 

4 

15  267 

29 

13-148 

54 

7748 

79 

I'S^ 

5 

15-577 

30 

12*965 

55 

7495 

80 

1*758 

6 

15820 

31 

12*795 

56 

7229 

81 

1*600 

7 

16003 

32 

12*624 

57 

6954 

82 

1*472 

8 

I6'1C^ 

33 

liM.56 

58 

6678   • 

83 

1*364 

9 

16152 

34 

12286 

59 

6*388 

84 

1276 

lO 

16141 

35 

12109 

60 

6*104 

8S 

1*212 

11 

16087 

36 

11-90* 

61 

5*844 

86 

1172 

12 

15*^2 

37 

11*683 

62 

5*600 

*i7 

1127 

13 

15*855 

38 

11*452 

63 

5367 

88 

1071 

14 

15701 

39 

11*209 

64 

5' 128 

89 

•949 

15 

15*535 

40 

10*964 

65 

4*881 

90 

7I8 

16 

15361 

41 

10*732 

66 

4*626 

91 

•516 

17 

15196 

42 

10*531 

67 

4-362 

92 

•326 

18 

15023 

43 

10346 

68 

4*103 

93 

•236 

19 

14*854 

44 

10154 

69 

3*851 

94 

•190 

20 

14*682 

45 

< 

9954 

70 

3593 

9& 

024 

• 

21 

14*525 

46 

9-7^ 

71 

3-345 

9^ 

•000 

22 

14-360 

47 

9497 

72 

3*128 

• 

23 

J  4- 194 

48 

9-236 

73 

2*935 

r 

24 

14*020 

49 

8-966 

74 

2797 

25 

13*849 

50 

8707 

75 

•    2*648 

«JS 


TABLE   XVm. 

Bhovfog  tlie  value  6f  an  annuity  on  Two  Joint  Lives^ 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  6  years. 


Aget 

4 
per  Ctot 

Ag« 

4 

.  per  Cent 

Agtt 

4 
percent 

1-  7 

13989 

31-37 

12192 

61-67 

4*984 

7r-   8 

14/80 

32-38 

11988 

62-68 

4729 

3-  9 

15*323 

33-39 

11779 

63-69 

4-462 

4-10 

15-683 

34-40 

11-568 

64-70 

4*231 

5-n 

15817 

35-41 

11*361 

65-71 

3-g82 

6-12 

15887 

36-42 

11156 

66-72 

3-rso 

7-13 

15'914 

37-43 

10953 

<>r-73 

3-527 

8-14 

15*888 

33-^ 

10741 

68-74 

3-340 

9-13 

15*824 

39-45 

XO5I9 

<^75 

3147 

io-i$ 

U729 

40-16 

■ 

10*286 

70-76 

2-946 

11-17 

15-617 

41-47 

10*049 

71-77 

2-752 

12^18 

15*477 

42-48 

9'813 

72-78 

2-558 

13-19 

15*327 

43-49 

9*581 

73-79 

2*355 

14-20 

15-164 

44-50 

9*351 

74-ao 

2172 

15-21 

15001 

45-^1 

91"^ 

75-81 

2-017 

16-22 

14832 

46-52 

8*897 

76-82 

1-877 

17-23 

14*665 

47-53 

8-658 

77-«3 

1736 

18-24 

14491 

48-^4 

8*402 

78H84 

1-639 

19-25 

14-320 

49-55 

8-139 

7^-65 

1-524 

20-26 

14144 

50-^6 

7 '874 

80-86 

1-416 

21-27 

13976 

13807 
13-635 

51-57 

7*613 

81-87 

1*320 

22-28 

52-n58 

7*351 

82-88 

1-225 

23-^ 

53-^99 

7*083   ■ 

83-89 

1x94 

24-30 

13  455 

54-60 

6814 

84-90 

•902 

25-31 

13284 

55-61 

6555 

85-91 

1%5 

26-32 

13*108 

56-62 

6-299 

86-92 

'556 

27-^3 

12935 

57-63 

6045 

87-93 

'459 

28-34 

12*763 

58-64 

5-788 

88-94 

•396 

29-35 

12*586 

5i^5 

5*519 

89-93 

'364 

30-36 

12390 

60-66 

5-249 

90-«6 

-000 

SB3 


TABLE   XIX. 

Showing  the  value  of  an  annuity  on  Two  Joint  Livflb 
deduced  from  the  observationa  (among  Maies  and 
Females  collectively)  made  i|i  Hwedw^ 
Difference  of  age  )  9  ypai'a* 


A^e» 

4 

Aget 

4 

Aget 

4 

1--13 

per  Cent 

per  Cent 

percent 

13-894 

31-^43 

11*359 

61-73 

3*927 

2fX4 

14-557 

32-44 

11170 

62-74 

3747 

3-15 

14'968 

33-45 

10*978 

63-75 

3-563 

4^16 

15*259 

34-46 

10775 

64-70* 

3-370  ' 

^17 

15*326 

35-47 

10-557 

65-77 

3180 

e-J8 

15*354 

36-48 

10-314 

65^79 

2*974 

7-J9 

15-351 

37-49 

10*059 

67-79 

2-743 

|S^20 

15-310 

38-50 

9'«05 

68-80 

2*514 

th^l 

15244 

39-^1 

9558 

(%H81 

2-324 

lQ-i»2 

15*140 

40-52 

9'308 

70-82 

2*155 

11-28 

15*033 

41-53 

9066 

71-83 

2*004 

12*-24 

14-889 

42-54 

8830 

72-84 

IB7S 

18-25 

14*736 

43-55 

8597 

73-85 

1-768 

14-26 

14*566 

44-56 

8-354 

74-86 

1*692 

15-27 

14392 

45-57 

8  101 

7^-87 

1-605 

16-26 

14*216 

46-58 

7-841 

76-88 

1*497 

17-29 

14042 

47-59 

7-563 

77-89 

1-339 

18-30 

13*860 

4«-60 

7'281 

78-90 

1-097 

19-^1 

13  687 

49-61 

7-008 

79-91 

*863 

20-32 

13*512 

50-62 

«-749 

80-92 

638 

21-33 

13*345 

51-63 

6-505 

81-93 

-511 

22-34 

13-173 

52-64 

6-256 

82-94 

•427 

23-35 

ia-997 

53-65 

6004 

83-95 

•379 

24-36 

1 2-801 

54-66 

S*743 

84-^ 

-000 

25-37 

12*599 

55--67 

5*474 

26-38 

12*387 

56-68 

5*204 

27-39 

12*  170 

57-69 

4*936 

28-40 

11*953 

58-70 

4*664 

29-41 

11742 

59-71 

4«^5 

• 

80-42 

11*543 

00-72 

4*149 

„- 

It 


554 


TABLE    XX* 

Showing  the  value  of  an  annuity  on  Two  Jobt  Lives, 
deduced  from  the  observations  (among  Mates  and 
Females  collectively )  made  in  Sweden. 

:e  of  age  1 8  years. 


Ages 

4 

Ages 

4 

Age* 

4 

.• 

per  Cent 

31-49 

per  Cent 

per  Cent 

1-19 

13389 

10365 

61-79 

2-974 

2-20 

14008 

32-50 

10  126 

6^-80 

2744 

3-21 

14  417 

33-51 

9-905 

63-81 

2*557 

4-22 

14671 

34-53 

9679 

64^2 

2-396 

5-23 

14725 

35-53 

9*452 

65-83 

2-J252 

6-24 

14740 

36-54 

9-207 

65-84 

2*123 

7-25 

14727. 

37-55 

8951 

67-8S 

2t)IO 

8-2(5 

14673 

38-56 

8683 

6l3-«6 

1*9'0 

9-27 

J  4*590 

«iH57 

8404 

69-87 

1*798 

10-28 

14  484 

40-58 

6*124 

70-88 

^'661 

11-29 

14-357 

41-^9 

7*839 

7J-89 

1*464 

12-30 

14  202 

42-60 

7-569 

72-90 

>-189 

13-31 

14045 

43-^1 

7*318 

73-91 

•937 

14-32 

13-874 

44-62 

7075 

74-92 

7O8 

15-33 

13700 

45-63 

6-836 

75-93 

'575 

16-34 

13  520 

46-64 

6586 

76-94. 

*481 

17-35 

13  340 

47-65 

6*323 

77-9S 

'421 

18-36 

13*141 

48-^6 

6-048 

78-96 

"000 

19-37 

12934 

49-^7 

5*764 

20-38 

12720 

50-68 

5'4S7 

21-39 

12*505 

51-69 

5221 

■ 

. 

22-40 

12  286 

52-70 

4*953 

23-41 

12*073 

53-71 

4*694 

24-42 

11-873 

54-72 

4-455 

25-43 

ir683 

55-73 

4*231 

26-44 

11*485 

56-74 

4043 

f 

27*45 

11*284 

57-75 

8*844 

28-46 

11072 

5S-76 

3-637 

29-47 

10-847 

59-77 

3-430 

30-48 

10*606 

60-78 

3-210 

I 


sss 


TABLE    IXI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Live9# 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 

Difference  of  age  24  years. 


I 

Ag«8 

*• 

Agf* 

4 

4 

Ages 

4 

per  Cent 

per  Cent 

per  Cent 

1-25 

12-632 

26-50 

10-364 

51-75 

4-008 

2-26 

13'409 

27-51 

10  130 

52-76 

3-803 

3-27 

1^778 

j  28-52 

9694 

53-77 

3605 

4-28 

14003 

I  29-53 

gGsg 

54-78 

3-389 

5-29 

14037 

30^4 

9413 

51^79 

3-150 

6-30 

14033 

31^5 

9167 

56-80 

2-909 

7-31 

14006 

32-56 

8912 

57-Sl  < 

2710 

8-32 

13-944 

33-57 
.34-58 

8-651 

58-62 

2-539 

9-33 

13-855 

8-389 

59-83 

2-385 

10-34 

13741 

35-59 

8-114 

60-84 

2248 

11--35 

13-604 

36-60 

7'833 

61-85 

2135 

12^6 

13*428 

37-61 

7'56l 

62-86 

2037 

13-37 

13-234 

38-62 

7-296 

63-87 

1-9^ 

.  14-.38 

13  023 

3^-63 

7-033 

64-88 

1-790 

15-39 

12798 

40-64 

6763 

65-89 

1-585 

16-40 

12570 

41-65 

6-492 

66-90 

1*290 

17-41 

12*851 

42*-66 

6-225 

67-91 

1*017 

18-42 

12-146 

43-67 

5-957 

68-92 

*764 

19-43 

11 7)51 

44-68 

5-689 

69-^ 

*617 

20-44 

11751    j 

45-69 

5  426 

70-94 

'514 

21-45      11*550   1 

46-70 

5-153 

71-95 

•441 

22-46 

11-335 

47-71 

4*884 

7^^^ 

-000 

23-47 

11107 

4B-^72 

4-633 

24-48 

10-862 

49-73 

4-398 

25-49 

10-612 

50-74 

4-205 

2jr2 


*p 


TABLE    XXIf. 

Miowing  the  value  of  an  annuity  on  Two  Joint  Lit a^ 
deduced  from  the  observations  (among  Maies  and 
Females  collectiveiy)  made  in  Sweden. 
Difference  of  age  80  years. 


Agci 

4 

Ag«fl 

4 

A«e» 

■  4 

per  Cent 

percent 

|>erC«m 

.  1-ai 

12-196 

26-66 

9*080 

51-81 

2792 

2-^3 

(12730 

27-57 

8*807 

52-82 

2*623 

3-63 

13066 

28-^8 

8*534 

53-83 

2-475 

Ar^A 

13*264 

29^9 

8-250 

54-84 

2-344 

5-35 

13  477 

30-60 

r^ 

55-85 

2*232 

e-%6 

a3'242 

31^1 

7-701 

56-86 

2130 

7-^7 

13170 

32-^ 

7'446 

57-67 

2010 

6-^ 

13059 

33-63 

7-196 

58-88 

1-864 

»-39 

12i)13 

34-64 

6942 

59^89 

1'644 

10-40 

12743 

35-65 

6-679 

w-«o 

1*333 

11--41 

12-563 

36-66 

6-402 

61-91 

l*05O 

12HI2 

12*379 

37-^7 

6115 

62-92 

789 

13--43 

12196 

38-68 

5-828 

63-93 

'639 

14r44 

nogj 

39-^ 

5*543 

64-94 

•533 

15-45 

11787 

40-70 

5-254 

65-95 

'456 

l«-4(5 

11-562 

41-71 

^'977 

G6^ 

'000 

17-^ 

11-328 

4i^-72 

4*730 

16-48 

11076 

43-73 

4-507 

^9-^ 

10'8]9 

44-74 

4-322 

2O-50 

10-567 

45-75 

4-128 

21--51 

10*332 

46-76 

3*^21 
3-715 

22-n52 

10-092 

47-77 

23-53 

9*852 

48-78 

3-489 

24-54 

9'602 

49-79 

3*238 

M^-^^ 

9347 

5O-«0 

2-990 

■ 

1 

«T 


TABLE    XXTlf. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives,' 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  36  years. 


A^     . 

4 

Ages 

4 

per  Cent 

t>er  Cent 

« 

1-37 

11-465 

31-67 

6i£i7 

2-^8 

11-913 

32-68 

5-917 

3-39 

12164 

33-69 

5-642 

4-40 

12-284 

34-70 

5-364 

5-41 

12-242 

35-71 

5093 

&-42 

12-185 

36-72 

4-840 

7-43 

12112 

37-73 

4-608 

8-44 

12004 

38-74 

4-405 

^-45 

11-865 

39-75 

4-195 

10-46 

11-694 

40-76 

3*975 

a-47 

11-493 

41-77 

3762 

l!^-48 

11259 

42-78 

3539 

I3--49 

llOU 

43^79 

3-295 

14-50 

10759 

44-80 

3-052 

15-51 

10-514 

45-81 

2-854 

16-^3 

10-264 

46-82 

2'684 

17-53 

10  018 

47-83 

2533 

18^4 

97^ 

48-84 

2-396 

1^.5 

9*500 

49-85 

2277 

20-56 

9*228 

50-86 

3171 

21^7 

8-953 

51-67 

2  050 

23-^8 

8675 

52^88 

1-901 

23-5P 

8-385 

53-89 

1*681 

24-60 

8-097 

54-90 

1*366 

25-61 

7*823 

55-91 

1078 

2(^-62 

7-557 

56-92 

-810 

27-6S 

7''^7 

57-93 

•655 

28-64 

7*032 

58-94 

•546 

2&-65 

6761 

49-95 

-464 

30-66 

6-481 
1 

60-98 

•000 

n 

38t^ 


TABLE    XXIV. 

Showing  the  value  of  an  annuity  on  Two  Jobt  Lire^ 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Swederu 
Difference  of  age  42  years. 


Ages 

4 

Ages 

4 

per  Cent 

per  Cent 

1-^ 

10*546 

31-73 

4*646 

2rAA 

10946 

32-74 

4-453 

3-45 

11168 

33-75 

4-251 

4r-46 

11-260 

34-76 

4040 

5-47 

11-183 

35-77 

3-833 

.(M6 

11064 

36-78 

3-605 

7-*9, 

10915 

37-79 

3-352 

a-50 

10743 

38-80 

3-098 

9-51 

10  560 

39-8 1 

2-889 

10-52 

10357 

40-82 

2710 

11-53 

10140 

41-«3 

2-553 

12-54 

9-898 

42-84 

2*418 

13-^5 

9*644 

43-85 

2-305 

14-56 

9371 

44-86 

2-203 

15-^7 

9087 

45-87 

20a3 

16-58 

8799 

46-88 

1933 

17-^9 

8-503 

47-89 

I7O8 

18-60 

8-208 

48-90 

1-385 

19-^1 

7928 

49-91 

1090 

20-62 

7-658 

50-92 

'618 

21'-^ 

7-396 

51-fl3 

•662 

22-64 

7127 

52-^ 

^551 

23-65 

6  851 

53-95 

*4^ 

24-66 

65GQ 

54-^ 

000 

25-(57 

6273 

26-68 

5-986 

* 

37-69 

5702 

28-70 

5-415 

^71 

5136 

30-72 

4-881 

569 


TABLE   XXV. 

Showing  the  number  of  persons  living  and  dt/ing  at 
every  age,  according  to  the  observations  made  at 
Norikampton. 


Age 
'  0 

Living 

Dying 

Age 

Uving 

Dying 

Ages 

living 

Dying 

11650 

1340 

1 

8650 

1367 

36 

3935 

75 

71 

1152 

80  » 

2 

7283 

502 

37 

3860 

75 

72 

1072 

80 

3 

6781 

335 

38 

3783 

75 

73 

992 

80 

4 

6446 

197 

39 

3710 

75 

74 

912 

80 

5 

6249 

184 

40 

3635 

76 

75 

832 

80 

6 

6065 

140 

41 

3559 

77 

76 

752 

77' 

7 

5925 

110 

42 

3482 

78 

77 

675 

73 

8 

5815 

80 

43 

3404 

78 

78 

602 

68 

9 

5735 

60 

44 

3326 

78  ^ 

79 

534 

65 

lO 

5G75 

52 

45 

3248 

78 

80 

469 

63 

u 

5623 

50 

46 

3170 

78 

81 

406 

60 

12 

5573 

50 

47 

sogi 

78 

82 

346 

57 

13 

5523 

50 

48 

3014 

7Q 

83 

•  289 

55 

14 

5473 

50 

49 

2936 

79 

84 

234 

48 

15 

5423 

50 

50 

2857 

81 

85 

186 

41 

16 

5373 

53 

51 

2776 

62 

66 

145 

34 

17 

5320 

58 

52 

2694 

82 

87 

111 

28 

18 

5262 

63 

53 

2612 

82 

88 

83 

21 

19 

5199 

67 

54 

2530 

82 

89 

62 

16 

20 

5132 

72 

i  55 

2448 

82 

90 

46 

12 

21 

5060 

75 

56 

2366 

62 

91 

34 

10 

22 

4985 

75 

57 

2284 

82 

92 

24 

8 

23 

4910 

75 

56 

2202 

82 

93 

16 

7 

24 

4835 

75 

S9 

2120 

82 

94 

9 

5 

25 

4760 

75 

60 

2038 

82 

95 

4 

3 

26 

4685 

75 

l^l 

19^6 

82 

96 

1 

1 

27 

4610 

75 

62 

1874 

81 

97 

0 

0 

28 

4535 

75 

63 

1793 

81 

39 

4460 

75 

64 

1712 

80^ 

30 

4385 

75 

65 

1632 

80 

31 

4310 

75 

66 

J  552 

80 

32 

4235 

75 

G7 

1472 

80 

33 

4i6a 

75 

68 

1392 

80 

34 

4085 

75 

69 

1312 

80 

.  35 

4010 

'75  i  70 

1232 

80 

s&a 


TABLE   XXVI. 

Shovit^  the  Expectations  of  Life  at  every  age,  de- 
duced from  the  observations  made  at  Northampton. 


Ages 

Expectat. 

Age$ 
26 

txpectat. 
30-33 

A^ 

Expectat. 

Ages 

Ezfvectac. 

I 

3274 

51 

17 '50 

76 

618 

2 

3;79 

27 

2982 

52 

1702 

77 

5-83 

$ 

3955 

28 

29-30 

53 

16-54 

78 

5*4« 

4 

40-58 

^9 

28*79 

54 

1606 

79 

5*11 

5 

40  84 

30 

28-27 

55 

15'58 

bO 

4-75 

6 

4107 

31 

277^ 

56 

1510 

81 

4-41 

; 

4103 

32 

2724 

57 

14-63 

83 

409 

a 

4079 

33 

26-72 

.58 

14*15 

83 

380 

9 

40^36 

34 

26-20 

59 

13*68 

64 

3*58 

10 

3978 

35 

25-68 

60 

1321 

85 

3-37 

11 

39*14 

36 

25*16 

61 

12*75 

86 

3M9 

12 

38'49 

37 

24*64 

62 

12-28 

87 

3-01 

13 

37-83 

38 

24*12 

63 

11-81 

88 

2*86 

14 

3717 

39 

23*60 

64 

11*35 

89 

2-66 

lA 

36-51 

40 

23  08 

65 

10*88 

90 

2-41 

16 

35  85 

41 

22-56 

66 

1042 

91 

a  09 

17 

35-20 

42 

22-04 

67 

99^ 

93 

175 

16 

34  58 

43 

21-54 

68 

9'50 

93 

1-37 

19 

3399 

44 

21-03 

69 

905 

94 

1-05 

20 

33-43 

45 

20-52 

70 

8-60 

9S 

75 

21 

32-90 

46 

2002 

71 

817 

96 

•50 

22 

32-39 

47 

19*51 

72 

774 

97 

•00 

7A 

31-88 

48 

1900 

73 

733 

24 

31-36 

49 

18-49 

74 

692 

25 

30-85 

50 

17-99 

75 

6  54  1 

»^mm 


**■ 


M61 


TABLE   XXVII. 

« 

Showing  the  value  of  an  annuity  on  a  Single  Life,  at 
every  age,  deduced  from  the  observations  o^^de  at 
Northampton* 


■■ 

Aecs 

3 

4 

5 

6 

7 

8 

1 

per  C«nt 

per  Cent 

per  Cent 

per  Cent 

per  CeiJt 

percent 

16021 

13-465 

1 1  -563 

10*107 

8-963 

8046 

2 

18-599 

15633 

13  420 

11-724 

10-391 

9*321 

3 

\9'575 

16-462 

14'J35 

12-348 

10941 

9*812 

4 

20-210 

17010 

14*013 

12769 

11-315 

10 147 

5 

20473 

17-24S 

14  827 

12962 

11-469 

10-304 

6 

20-727 

17*482 

15041 

13-156 

IV666 

10-466 

7 

20-853 

17-611 

15-166 

13-275 

11-777 

10570 

8 

20-885 

17662 

15*226 

13-337 

11-840 

10-681 

9 

20-812 

17*625 

15210 

13'335 

U-846 

10641 

10 

20-663 

17523 

15-139 

13-285 

U'809 

10-614 

11 

20-480 

17-393'' 

15*043 

13-212 

1 1 752 

10-569 

12 

20-283 

17251 

14937 

13130 

1 1  -687 

10-517 

13 

20081 

17  103 

14-826 

13044 

11-618 

10-461 

14 

J9'872 

16950 

14*710 

12-953 

1 1  -545 

10-401 

15 

19657 

16791 

14588 

12857 

11-467 

10-337 

15 

19*435 

16625 

14400 

12-755 

11-384 

10*268 

17 

I9-218 

16462 

14-334 

1 2-655 

1 1  -302 

10-200 

18 

19013 

16309 

14*217 

12-562 

11226 

10137 

19 

18-820 

16167 

14  108 

12-477 

11  157 

10081 

20 

18-638 

16033 

l4007 

12-398 

11-094 

10-030 

21 

18-470 

15-912 

13-917 

12-329 

n-042 

9*986 

22 

18311 

15*797 

13  833 

12265 

10-993 

9-9'!  7 

23 

18-148 

15-680 

13-746 

12-200 

10942 

9907 

24 

1 7983 

15-560 

13  658 

12  132 

10*890 

9*865 

25 

17'814 

15-438 

13567 

12063 

10-836 

982^3 

26 

17642 

15-312 

13-473 

11992 

10*780 

9778 

27 

17'467 

15184 

13-377 

11917 

10-723 

9*732 

28 

17-289 

1 5053 

13  278 

11 '841 

10-663 

9-685 

29 

17- 107 

14-918 

13177 

11-763 

10-602 

9*635 

30 

16-922 

14781 

13-072 

11-682 

10-539 

9  584 

2  a 


562 


TABLE  XXVII    Continued. 


n 


Ages 

3 

4 

5 

6 

7 

8 

per  Cent 

per  Cent 

per  Cent 

percent 

per  Cent 

percent 

31 

16732 

14-639 

12-965 

11*598 

10473 

9'53I 

32 

16540 

14-495 

12-654 

11-512 

104O4 

9*476 

33 

16-343 

14-347 

12740 

11-423 

10-333 

9*41 8 

34 

16-142 

14195 

12  623 

11331 

10260 

9359 

35 

15-938 

14039 

12  502 

n-236 

10*183 

9-296 

36 

15729 

13  880 

12-377 

11137 

10  104 

9231 

37 

15*515 

13716 

12249 

11035 

10021 

9*i<>4 

38 

15  298 

13-548 

12-1J6 

10929 

9935 

9093 

39 

15  075 

13-375 

lJ-979 

10  819 

9*845 

9019 

40 

14848 

13-197 

11837 

10705 

9  752 

S94I 

41 

14-620 

13018 

11-695 

10*589 

9*657 

8863 

42 

14-391 

12*838 

U-551 

10-473 

9*562 

8783 

43 

l4l62 

12657 

11-407 

10-356 

9*466 

8703 

44 

13929 

12-472 

11-258 

10-235 

9-366 

8620 

45 

13692 

1 2-283 

11105 

io-;^io 

9*262 

8*533 

46 

13  450 

12  089 

10947 

9'980 

9*154 

8-443 

47 

13-203 

ir890 

10784 

9-846 

9*042 

8'34S 

48 

12-951 

11-685 

IO616 

9707 

8*925 

S249 

49 

l2-6*)3 

1 1  -475 

10  443 

9'563 

8-804 

8  146 

50 

12-436 

11-264 

10*269 

9417 

8*681 

8041 

51 

12' 183 

11057 

10-097 

9273 

8*559 

7*937 

52 

11-930 

10-849 

9925 

9129 

8-437 

7833 

53 

11674 

10-637 

9748 

8-98O 

8-311 

7*725 

54 

11-414 

10-421 

9*567 

8-827 

8-181 

7614. 

55 

11  150 

10-201 

9382 

8670 

8047 

7*499 

56 

10-882 

9977 

9193 

8*509 

7*909 

7*379 

57 

10-611 

9749 

8-999 

8-343 

7'7^ 

7256 

58 

10337 

9'5i6 

8'801 

8- 173 

7619 

7  128 

59 

10  058 

9-26O 

8-599 

7999 

7*468 

69^ 

<50 

9'777 

9039 

8-392 

7  820 

7*312 

6800 

61 

9493 

8795 

8181 

7637 

7*152 

^7»9 

62 

9205 

8-547 

7966 

7449 

6-988 

6574 

63 

8-910 

.<  8-291 

7742 

7*253 

6-8J5 

6*421 

64 

8-611 

8  030 

7*514 

7052 

6637 

6262 

65 

8  304 

7761 

-   7'V6 

6  841 

6449 

6-095 

ses 


TABLE   XIVII    Continued. 


Age» 

3 

4 

5 

6 

7 

8 

66 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

percent 

per  Cent 

7-994 

7-488 

7084  . 

6*625 

6-256 

5-922 

67 

7682 

7211 

6787 

6405 

6058 

5*743 

68 

7-367 

6*930 

6*536 

6-179 

5-855 

5-5^ 

69 

765 1 

6647 

6-281 

5949 

5*646 

5*370 ' 

TO 

6734 

6-361 

6-023 

5*716 

5-434 

5-176 

71 

6418 

6*075 

5*764 

5-479 

5*216 

4*978 

72 

6*103 

5790 

5-504 

5*241 

6000 

4778 

73 

5794 

5-507 

5*245 

5004 

4*781 

4576 

74 

5-491 

5-230 

4990 

4*769 

4565 

4375 

7« 

5199 

4-962 

4744 

4-542 

4*354 

4-180 

76 

4*925 

4*710 

4-511 

4*326 

4-154 

3994 

77 

4*652 

4-457 

4*377 

4109 

3*952 

3-806 

78 

4372 

4197 

4-085 

3884 

3*742 

3-6Q9 

79 

4-077 

3*921 

3*776 

3-641 

3514 

3394 

80 

3*781 

3*6i3 

3*515 

3-394 

3-281 

3174 

81 

3499 

3*377 

3*263 

3156 

3055 

2-960 

82 

3*209 

3122 

3-020 

2*926 

2*836 

2*751 

83 

2-982 

2-887 

3797 

2713^ 

2*632 

2557 

84 

2793 

2*708 

2627 

2-551 

2-479 

2410 

85 

2-620 

2*543 

2-471 

2*402 

2-337 

2275 

86 

2-462 

2*393 

2-328 

2-266 

2207 

2151 

87 

2-312 

2-251 

2*193 

2-138 

2t)85 

2035 

88 

2-185 

2  131 

2*060 

2  031 

1-984 

1-939 

89 

2013 

1-967 

1-924 

1-882 

1*842 

1*803 

90 

1794 

1-7^8 

1*723 

1689 

1-656 

1625 

9» 

1-501 

1-474 

1-447 

1*422 

1-398 

1-374 

92 

1190 

1-171 

1-158 

1-136 

1-118 

1102 

93 

•839 

•827 

•816 

•806 

795 

-785 

94 

•536 

•530 

•524 

•518 

•512 

•507 

9« 

^-•:i42 

•240 

-238 

•236 

-234 

•232 

96 

•000 

•000 

•000 

•000 

-000 

•000 

2«2 


594 


TABLE    XXVIIU 

Showing  the  value  of  aa  aonuity  oa  Two  Jbiiir 
Lives,  deduced  from  the  observations  made  at 
Northampton* 

DiiFerence  of  age  0  years. 


Ccn* 
mon 

s 

4 

5 

* 

Age 

p«r  Cent 

per  Cent 

per  Cent 

perCeat 

»     1 

9491 

8-252 

7287 

0-515 

;  2 

12789 

11  1-07 

9;^ 

8-741 

3 

14' 19^^ 

12-325 

10  862 

$609 

4 

15  lai 

13  185 

i\'6ct\ 

10*368 

•    5 

15-638 

13-591 

Ug84 

\Qr6gi    ^ 

.    ^ 

16099 

14-005 

i2-5fia 

ll-OOl     ^ 

7 

»  16-375 

14  224 

12-596 

1 1-2S1 

8 

1 6*5 10 

14-399 

]2*7ai 

ll-3n 

9 

16-463. 

14-396 

12744 

11-404. 

10 

16339 

14-277 

12*665 

11-345 

" 

16' 142 

14-133 

12-546 

11-249 

12 

15-926 

13*966 

12-411 

11-189 

13 

15-702 

13-789 

12-268 

11*088 

14. 

15-470 

13-604 

12*118 

10-899 

15 

15229 

13-411 

11*960  . 

10767 

Id 

14979 

13-212 

"79^ 

10-686 

17 

14-737 
14-510 

13-019 

11-630 

10-489 

18 

12-841 

11-489 

10365 

1» 

14316 

12  679 

11-351 

ia2to 

20 

14*133 

12  535 

11232 

• 

10156 

21 

13974 

12  409 

11-131 

10074 

22 

13-830 

12-293 

11042 

iaoo2 

23 

13683 

12179 

10-951 

9r9» 

24 

ia-534 

12-0621 

10-858 

9*8*3 

25 

13*383 

11-944 

10764 

9776 

2^ 

]3-2dOt^ 

11-^ 

10»667 

9^ 

27 

13074 

11699 

105^ 

9*616 

28 

12*915 

11-573 

10-466 

9*333 

29 

12*754 

11*445 

10-362 

9'448 

aa 

12-589 

1 1*3 13 

10'255 

9*360  1 

^ 


ses 


TABLE  XXVin    Contintted. 


31 
32 
33 
34 
35 

36 

38 

39 
40 

41 
42 
43 
44 
45 

46 

I  47 
46 

49 
50 

51 
59 
53 
54 

55 

56 

57 
56 
59 
60 

61 

63 
64 


2-423 
2-252 

2079 

1'9Q2 

1*722 

1-539 
1-351 
1-160 
0964 
0764 

0*565 
0369 
0175 

9-97S 
9776 

9571 
9*362 

9-149 
6*931 

•8*714 

'6507 
8*304 
6099 

7'89i 

7-681 

7470 
7'256 

7041 

6824 
6-606 

6*387 
4' 166 
5*938 

5709 
5*471 


' 


4 

5 

6 

per  Cent 

perCcDt 

per  Cent 

11*179 

10146 

92fO 

11*042 

10*034 

9-176 

10902 

9919 

9*062 

10759 

98OI 

8*964 

10612 

9*660 

8*863 

10-462 

9*555 

6*776 

10307 

9427 

6-670 

10149 

9394 

6*558 

9*966 

9156 

6-442 

9'820 

9016 

6*322 

9654 

6*876 

6-202 

9491 

6*737 

8-069 

.9'S26 

6  599 

7-9<S5 

9160 

8*457 

7*843 

6*990 

8*312 

7716 

8*815 

6-162 

7*589 

8-637 

8-008 

7-455 

8*453 

7-649 

7-316 

6*266 

7-«86 

7-178 

8*081 

7-522 

7*030 

7'9QO 

7*366 

•6898 

7724 

7*313 

6756 

7*544 

7056 

6*620 

7'd6i 

6-897 

6'480 

7179 

6733 

6*336 

699^ 

6571 

6190 

6805 

6404 

6*M1 

6614 

6234 

5-890 

6-421 

6062 

5*735 

6226 

5-668 

5'97» 

6030 

5712 

5-420 

5*631 

5533 

5259 

5*626 

5-347 

5*069 

5*417 

5158 

4917 

5-201 

4-960 

4736 

■1* 


l^«" 


•^Vr^^aWVaiH 


566 


TABLE   XXVm    Contbued. 


^ 


jCom. 
■nop 

3 

4 

s 

6 

Age 

~66 

pcrCent 

per  Cent 

percent 

per  Cent 

5*231 

4*982 

4759 

4-551 

67 

4-990 

476O 

4-555 

4363 

69 

4747 

4-537 

4-343 

4-171 

69 

4.904 

4-312 

4140 

3-977 

.  70 

4-261 

4087 

3930 

3*781 

71 

4020 

3  862 

3719 

3*584 

72 

3781 

3-639 

3610 

3-387 

73 

3-548 

3-421 

3*304 

3193 

74 

3-324 

3*211 

3105 

3005 

75 

3114 

3  015 

2917 

2827 

76 

2-926 

2*833 

2-750 

2*668 

77 

2741 

2^56 

2*588 

2*511 

78 

2\550 

2470 

2-410 

2*346 

79 

2*338 

2-271 

2-217 

2*161 

60 

2- 122 

2'0(% 

2018 

1969 

81 

1-917 

l'S69 

1*827 

1786 

83 

1719 

1*681 

1*642 

1  6D6 

83 

1*538 

1510 

1-472 

1-441 

84 

1*416 

1-387 

1-357 

1-330 

85 

1-309 

1-339 

1-256 

1*232 

86 

1*218 

1195 

1171 

1*149 

87 

1*141 

1-124 

1Q98 

1*078 

88 

1*103 

1-080 

1*063 

1-044 

S9 

1-036 

1*015 

iOOl 

■994 

90 

•93  8 

•922 

.•909 

•895 

91 

•769 

'756 

•748 

•737 

92 

•591 

•583 

'S76 

'S69 

98 

'B69 

•365 

•361 

357 

94 

'203 

-201 

•199 

197 

95 

•060 

•060 

•059 

'Q58 

96 

•000 

000 

-000 

000) 

567 


TABLE    XXIX. 

Shqwing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  jjiade  at 
Northampton* 

Difference  of  age  5  years* 


% 
^ 


Ages 


1-  (5 

2-7 
3-  8 
4-9 
5-10 

6-11 
7-12 
8-13 
9-14 
10-15 

11-16 
12-17 
13-18 
14-19 
15-20 

16-21 
17-22 
18-23 
19-24 
20-25 

21-26 
22-27 
23-28 
24-29 
25-30 

26-31 
27-32 
28*33 
29-34 
30-35 


3  4 

per  Cent     per  Cent 


12-347 
14'46l 

15-300 
15*809 
15-974 

16-110 
16137 
16-089 
15957 
1 5-762 

15-539 
15-308 
15-086 
14-870 
14*660 

14-457 
14-265 
14-082 
13-908 
13741 

13-584 
13-433 
13*280 
13124 
12*966 

12-805 

12*641 

12-474. 

12*304 

12-131 


I 


10-741 
12-581 
13-319 

13-775 

13933 

14*068 
14-111 
14-089 
13-092 
13-841 

13664 
13*480 
13-303 
13-130 
12961 

12799 
12*646 
12-500 
12-361 
12  229 

12-105 

11-987 
11866 
11-743 
11-618 

11489 
1 1  -359 
11-225 
11088 
10-948 


5 

per  (^ent 


9479 

rioo 

1755 
2-165 

2*3 1 5 

2*447 
2-498 
2-492 
2421 
2-302 

2-158 
2009 
1-864 
1-7*23 
1-585 

1*452 

1-327 
1*209 
1-096 

0*989 

0*690 
0-796 

0-699 
0-600 
0499 

0-396 
0  289 
0*181 
0-069 
9954 


6 

per  Cent 


8467 

10-498 
10-869 

11-010 

11-136 
11-192 
11-197 
11-144 

ir04d 
10*929 

10-8O5 
10-685 
10*568 
10453 

10*342 
10-239 
10  140 
10048 

PS79 

9*803 
9724 
9*643 
9'56l 

9*389 

9299 
9-207 
9*112 


•/ 


s^ 


TABLE    XXVm    CoBtinued. 


Com- 
mon 

3 

4 

3 

6 

Age 

66 

percent 

per  Cent 

percent 

percent 

5-231 

4-982 

4759 

4  551 

^ 

4-990 

4-760 

4'5S5 

4363 

68 

4747 

4-537 

4-348 

4171 

^ 

4-504 

4-312 

4140 

3-977 

70 

4-261 

4-087 

3930 

3*781 

71 

4-020 

3-862 

3719 

3-584 

73 

3*781 

3639 

3-510 

3*387 

73 

3*548 

3421 

3  304 

3193 

74 

3-324 

3-211 

3105 

3-005 

75 

3114 

3  015 

2917 

2827 

76 

2-926 

2833 

2750 

2*668 

77 

2*741 

2*656 

2*588 

2*511 

W      W 

76 

2550 

2470 

2410 

2-346 

79 

2-338 

2-271 

2-217 

2-161 

80 

2-122 

2068 

2018 

1969 

81 

1917 

1-869 

1-827 

1786 

82 

1719 

1-681 

1-642 

1-606 

83 

1-538 

1510 

1-472 

144i 

84 

1416 

1-387 

1-357 

1-330 

^b 

1-309 

1-339 

1-256 

1-232 

86 

1-218 

1195 

.1171 

1149 

87 

1141 

1-124 

1-Q98 

1-078 

88 

1-103 

1-030 

1*063 

1*044 

^ 

1-036 

roi5 

1*001 

•984 

90 

•938 

•922 

.909 

•895 

91 

•769 

756 

•748 

737 

92 

•591 

-583 

576 

•569 

93 

seg 

•365 

•361 

•357 

94 

'203 

-201 

•199 

197 

95 

•060 

•060 

•059 

•Q58 

96 

•000 

-000 

•000 

*000 

1 


567 


TABLE    XXIX. 

Shqwing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  5  years. 


1 

Ages 

• 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-  (5 

12-347 

10741 

9479 

8  467 

2-7 

14-461 

12581 

11-100 

&9^y^ 

3-  8 

15-300 

13-319 

11-755 

10-498 

4*  9 

15-809 

13-775 

12165 

ia869 

5-10 

15Q7A 

13933 

12-315 

1 1-010 

6-11 

16110 

14068 

12447 

11136 

7-12 

16-137 

14111 

12-498 

ll-lp2 

8-13 

16089 

14089 

12-492 

11-197 

9-14 

\!^9^7 

130Q2 

12  421 

11144 

10-15 

15762 

13'841 

12-302 

11-048 

11-16 

15-538 

13664 

12-158 

10-929 

12-17 

15-308 

13  480 

12009 

10*805 

13-18 

15-086 

13-303 

11-864 

10-685 

14-19 

14-870 

13130 

1 1-7-23 

10-568 

15-20 

14-660 

12-961 

1 1  -585 

10453 

16-21 

14-457 

12  7P9 

11-452 

10-342 

17-22 

14-265 

12-646 

11-327 

10*239 

18-23 

14082 

1 2-500 

11-209 

10140 

19-34 

13'906 

12-361 

1 1  -006 

10O48 

20-25 

13-741 

12  229 

10-989 

9-9«> 

21-26 

13-584 

12105 

10-6Q0 

p-879 

22-27 

13-433 

11-967 

10-7*06 

9*803 

23-28 

13-280 

11*866 

10699 

9724 

24-29 

13124 

11-743 

10-600 

9643 

25-30 

12-966 

ir6i8 

10-499 

9'56l 

26-31 

12805 

11-489 

10-396 

9^7^ 

27-32 

12-641 

11-359 

10  289 

9-389 

28-33 

12-474. 

11-225 

10-181 

Q'i^d 

29-34 

12-304 

11088 

10-069 

9-^7 

^   30-35 

12-131 

! 

10-948 

1 

9954 

9112 

56S 


TABLE  XXIX    Continued. 


1  * 

Ages 

S 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31^6 

11-955 

10805 

9-837 

9014 

32-37 

11775 

IO659 

9716 

6-913 

33-^8 

11-592 

10508 

9-591 

8-608 

34-39 

11-404 

10-354 

9-463 

8701 

35-40 

11-213 

10-196 

9*331 

6-589 

36-^1 

11021 

10*037 

9198 

8-476 

37-42 

10-828 

9^77 

9O62 

6-362 

38-43 

10635 

9716 

8-927 

6-246 

3^-44 

10-437 

9550 

6767 

6*127 

40-45 

10-236 

9*381 

6-643 

6003 

41-45 

10033 

9210 

8497 

7"876 

42-47 

9-829 

9037 

8-350 

7751 

43-46 

9624 

8-862 

6200 

7'62i 

44-49 

9'414 

6-683 

8-046 

7466 

45-60 

9'204 

8-503 

7-691 

7'353 

46-51 

S997 

8'326 

7737 

7-219 

47-^52 

8-790 

8- 147 

7-582 

7064 

46->53 

8-579 

7'905 

7-424 

6-945 

49-54 

8-366 

7760 

7262 

6602 

50-55 

8-152 

7593 

7Q98 

6-656 

5i^a 

7'94l 

7409 

6-936 

6-515 

52-57 

7730 

7-225 

6-774 

6-371 

53-58 

7518 

7039 

6*609 

6225 

54-59 

7304 

6*850 

6-442 

6076 

55-60 

7088 

6-659 

6-272 

5-924 

56-61 

6870 

6-465 

6-100 

5-770 

57--62 

6  651 

.6270 

5-925 

5-613 

58-63 

6427 

6-070 

5744 

5-450 

59-64 

6201 

5667 

5-561 

5-264 

60^5 

5970 

5658 

5-372 

5-112 

61-66 

5737 

5*447 

5-160 

4-936 

62-67 

5-503 

5  285 

4-966 

4-760 

63-68 

5-265 

5017 

4*766 

4576 

64-69 

5025 

4-798 

4-585 

4*390 

65-70 

4783 

4573 

4-376 

4199 

569 


TABLE  XXIX    Continued. 


Age» 

S 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66-71 

4-540 

4349 

4169* 

4005 

67-73 

4298 

4  124 

3-960 

3-811 

68-73 

4059 

3001 

3-752 

3-616 

69-74 

3-82^ 

3-683 

3*547 

3-423 

70-75 

3599 

3-471 

3347 

3-236 

71-76 

3 '386 

3270 

3-159 

3-059 

72-77 

S'l76 

3-070 

2-971 

2-882 

73-78 

2*9(53 

2-86p 

2*780 

2-^01 

74-79 

2743 

2659 

2-580 

2-511 

75-8O 

2-526 

2-448 

2-381 

2-323 

76-pl 

2-325 

2-258   . 

2  195 

2147 

77-83 

2131 

2077 

2-013 

1-975 

78-83 

1947 

1*899 

1-838 

1-810 

79-84 

1793 

1-751 

1750 

1-672 

80-65 

1-645 

i'6oe  ' 

1-573 

•     • 

1*539 

81-86 

1-511    . 

1-478  . 

1-447  : 

1-417 

82-87 

1-385 

1-356 

1-329 

1-303 

83-88 

1-284  ' 

1-259  ' 

1-235 

1-212 

8^1-89 

1188 

1-164 

1145 

1124 

85-9O 

1074 

10154 

1-038 

1021 

8ft-9l 

•921 

•902  ■ 

•892  . 

•879 

87-92, 

•756 

-738 

•734 

•725 

88-03- 

•562  • 

-554 

•547 : 

-541 

89-^ 

•377  • 

•373 

•369 

•365 

90-95 

-m  \ 

•177 

■175 

•174 

9i-f6 

•ogo  • 

-000 

•000  ; 

•000 

> 

3e 


570 


TABLE    XXX. 

s 

Shoeing  the  value  of  an  annuity  on  Two  Jdnt 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  10  years. 


Agt$ 

S 

4 

5 

6 

per  Cent 

per  Ceat 

per  Cent 

per  Cent 

1-n 

12-346 

10-782 

9-544 

8-547 

2-12 

14-239 

12-438 

11*010 

9'S57 

3-13 

14-895 

13  019 

M-528 

10-324 

4-14 

15287 

13374 

,1 1-850 

10-617 

5-15 

15391 

13-479 

^R-954 

10716 

6-16 

15-486 

13-578 

12-052 

10*812 

7-17 

15490 

13-599 

12-083 

10-849 

8-18 

15-436 

13-569 

12070 

10-847 

P-19 

15-316 

13-482 

12-006 

10799 

1O-20 

15151 

13-355 

11-906 

10719 

11-21 

14-974 

13-217 

1 1797 

J  0-631 

12-22 

14795 

13078 

11*686 

10541 

13-23 

14-612 

12934 

11*570 

10-446 

14-24 

14-424 

12-784 

11-430 

10  348 

15-25 

14230 

12630 

11-324 

10-244 

16-26 

14*030 

12-470 

41193 

10-135 

17-27 

13-832 

12-311 

11063 

10027 

18-28 

13  642 

12-158 

10939 

9*924 

^9-29 

13-461 

12-013 

10-820 

0*826 

20-30 

13-286 

11  873 

10-707 

9732 

21-31 

13'121 

11742 

10-600 

9*644 

22-32 

12-961 

11-615 

10498 

9'56l 

23-33 

12-798 

11-485 

10-393 

9474 

24-34 

12  632 

11-352 

10-285 

9386 

25-35 

12  463 

11-217 

10-175 

9295 

26-36 

12-291 

11*078 

10062 

9*201 

27-37 

12116 

10*936 

9*946 

9105 

28-38 

11-937 

10-791 

9826 

9005 

29-n3p 
30-^10 

1 1 755 

10-641 

9-703 

8902 

11-568 

10-490 

9.576 

,8-795 

■ 

J 


571 


TABLE  XXX    Continued. 


* 

Agct 

S 

4 

5 

6 

w 

per  Cent 

p«r  Cent 

per  Cent 

per  Cent 

31-41 

11382 

10-336 

9'448 

8*688 

32-42 

11195 

10-182 

9-320 

8-580 

33-43 

11007 

10027 

9190 

8-471 

34-44 

IO8I7 

9-8«9 

9058 

8-358 

35-45 

10-622 

9-706 

8-921 

8-242 

3^-46 

10-424 

9*540 

8-78  J 

8122 

37-47 

10221 

9370 

8-636 

7'99^ 

38-48 

10014 

9-195 

8-487 

7870 

39-49 

9-803*- 

9015 

8-333 

7'7^7 

40-50 

9  590  ^ 

8-834 

8-177 

7-6cn 

41-51 

9*383 

8-658 

8025 

7-479 

42-52 

9179 

8-483 

7-875 

7*340 

43-53 

8'975 

8-308 

7724 

.7*208 

44-54 

8767 

8-130 

7-569 

7'Q73 

45-55 

8*557 

7948 

7-411 

6-935 

46-56 

8-344 

7763 

7249 

6793 

47--57 

8-127 

7*574 

7-084 

6*648 

48-58 

7907 

7*382 

6915 

6498 

49-59 

7*684 

7'  \  86 

6742 

6344 

50-60 

7  461 

6989 

6-568 

6  J  89 

51-61 

7*240 

6-795 

6395 

6035 

« 
1 

-52-62 

7021 

0-600 

6222 

5-880 

53-63 

6-795 

6-^99 

6-042 

5719 

54-64 

6  568 

6- J  96 

5-860 

6-555 

55-65 

6-334 

5986 

5-671 

5-384 

SG-Gd 

6-0(^8 

5774 

5479 

5209 

57-^7 

5-860 

5559 

5-283 

5-031 

58-68 

5-621 

5-34 1 

5-084 

4-849 

59-69 

5-380 

5-121 

4  88^ 

4-665 

60-70 

5139 

4900 

4680 

4-478 

61-71 

4-8Q8 

4-679 

4-476 

4-289 

62-7'^ 

4-659 

4-458 

4-272 

4-099 

63-73 

4-420 

4-236 

4-066 

3908 

64-74 

4-186 

4-019 

3  864 

3719 

^5-7^ 

.    3-958 

3-806 

3-665 

3-533 

2r2 


5^2 


TABLE  XXX    Contini^«d. 


- 

' 

Ages 

5 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

pier  Cent 

66-7<5 

3743 

3.606 

3-477 

3357' 

67-77 

3-529 

3-405 

3-389^ 

3-180 

68-78 

3-310 

3199 

3-095 

2-996 

69-79 

3-077 

2-979 

2-687 

2799 

70-80 

2-843 

2757 

2-675 

2*598 

71-^1 

2-618 

2-542 

2470 

2-402     ' 

72-82 

2*401 

2-334 

2-271 

2-211 

73-83 

2-109 

2141 

2065 

2-032 

74-64 

2043 

1-991 

1-941 

1-894 

75^5 

1903 

1-856 

1-811 

V7t)9 

76-86 

1781 

1-739 

1699 

1-661 

77-S7 

1-670 

1633 

V597 

1-562 

78-88 

1-580 

1-546 

1-514 

1-483 

7M9 

1-456 

1-427 

1-400 

1-373 

80-go 

1-302 

1-278 

1-255 

1-234 

81-91 

1096 

1078 

1061 

1044 

82-92 

•877 

•864 

•852 

•840 

85-93 

•622 

•614 

•606 

'^99 

84-94 

•408 

•403 

•398 

■394 

85-95 

•189 

•187 

•185 

•183 

86-96 

•000 

•000 

-000 

-000 

i7» 


TABLE    rXXI. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Livtes,  deduced  from  the  bbservations  made  at 
Northampton. 

Difference  of  age  1 5  years. 


Ages 

8 

4 

S 

6 

per  Ceut 

per  Cent 

per  Cen' 

'per  Cent 

1-16 

1 1*864 

10406 

9-243 

6*301 

2-17 

13-659 

11*981 

10042 

9555 

3-18 

14*277 

12*531 

11134 

9'9^ 

4-19 

14  657 

128/6 

U-447 

10-284 

5-20 

14776 

12*993 

11-561 

10*391 

e-21 

14904 

13  121 

1 1  -685 

10-510 

7-23 

14*950 

13*178 

11748 

10-576 

8-23 

14*929 

I317B 

11-761 

10597 

9-24 

14834 

13  112 

11*715 

\0'566 

10-25 

14-683 

12*998 

11*6:27 

10497 

n-26 

14508 

1^-861 

11-519 

10*410 

12-27 

14323 

12715 

11*402 

10*314 

13-28 

14'132 

12*564 

U-280 

10-215 

14-29 

13*936 

12-408 

11-153 

lOllO 

15-30 

13734 

12*246 

11*021 

10601 

16-31 

13*527 

12-078 

10883 

9*886 

17-32 

13-320 

11-911 

10746 

9771 

1&-83 

13  121 

11*750 

10*613 

9660 

I9r34 

12*930 

11-595 

10*486 

9554 

20-35 

12744 

11-445 

10-363 

9-451 

21-36 

12*567 

11-302 

10-246 

9*354 

22-37 

1  •2-394 

11163 

10132 

9*260 

23-38 

12-218 

11-620 

10015 

9163 

24-39 

12038 

10-874 

9'89-5 

9*0(53 

25-40 

11*854 

10*725 

9771 

8-960 

26-41 

11670 

10*574 

9647 

8-855 

27-42 

11-486 

10*423 

9*522 

8751 

28-43 

11*302 

10*272 

9-396 

8*645 

29-^ 

11114 

10*117 

9267 

8-536 

30-45 

10-923 

9959 

9-^135 

8*424 

574 


TABLE  XXXI    Continued. 


Ages 

s 

4 

5 

6 

per  Cent 

percent 

per  Cent 

per  Cent 

31-4^ 

10728 

9797 

8'998 

8-309 

32r^7 

10-530 

9'63i 

8858 

81 89 

33-48 

1 0*327 

9461 

8714 

8066 

34-*9 

10120 

9286 

8-565 

7*938 

35-50 

9' 9  ^2 

9110 

8-415 

7  809 

3(5-51 

9707 

8:937 

8-267 

7681 

37-52 

g-503 

8-763 

81 19 

7'55H 

38-^3 

9296 

8-586 

7-9<56 

7-421 

39-54 

9*085 

8*406 

7  8 10 

72«6 

40-55 

8-870 

8-221 

7'65 1 

7-146 

41-56 

8655 

8035 

7-489 

7005 

42-57 

8-439 

7*848 

7-326 

6862 

43-58 

8*222 

7-660 

7162 

67 18 

44-^9 

8003 

7-469 

<5-994 

6-570 

45-60 

7781 

T27A 

6-822 

6-418 

46-61 

7-556 

7076 

6-648 

6263 

47-62 

7'328 

6875 

6-469 

6-104 

48-63 

7093 

6-667 

6-283 

5-937 

49-64 

6854 

6-454 

6093 

57<57 

50-65 

6-611 

6-236 

5-897 

5590 

51-66 

6'36§ 

'6019 

5701 

5-412 

52-^ 

6127 

5-801 

5-504 

5*233 

53-^8 

5-884 

5580 

5-303 

5-050 

54-69 

5-638 

&'357 

5100 

4*864 

55-70 

5391 

5-132 

4*893 

4^4 

56-71 

5145 

4-905 

4-6Q5 

4-482 

57-72 

4-899 

4-679 

4477 

4-289 

58-73 

4-656 

4-455 

4-269 

4096 

59-74 

4-418 

4-234 

4-064 

3  §06 

60-75 

4189 

4021 

3866 

3731     * 

61-76 

3074 

3-821 

3-679 

3  546 

62-77 

3-760 

3  621 

3-492 

3-371 

63-78 

S-538 

3-414 

3297 

3-188 

64-79 

3-303 

3  192 

3-088 

2090 

65-80 

3  063 

2965 

2-673 

2*786 

SIS 


TABLE  XXXI    Continued. 


Ages 

s 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66-^1 

2833 

2746 

2-664 

2-S87 

67-82 

2-610 

2-533 

2-461 

2-393 

68-83 

2-403 

2-336 

2*272 

2-211 

09-84 

2-244 

2-183 

2-126 

2-071 

70-85 

2097' 

2042 

1-991 

1-941 

71-86 

l-9fi3 

1914 

1-867 

1*823 

72-87 

1-838 

1794 

1-753 

1-713 

73-88 

1-736 

1697 

1-660 

1-625 

74-89 

1-603 

1-570 

1-538 

1-508 

75-90 

1440 

1-413 

1-387 

l'36l 

76-91 

1-221 

1-200 

1*180 

1160 

77-92 

'9Q5 

•970 

'9^5 

•942 

78-93 

•706 

'697 

-688 

'679 

79-94 

•458 

•453 

•448 

•443 

80-95 

•210 

-208 

•206 

-204 

81-96 

•000 

•000 

•000 

•000 

576 


TABLE    XXXIL 

Showing  the  value  of  aa  aimuity  oa  Two  Joiot 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  ^ge  20  yeai's. 


3 

4 

5 

3 

Ages 

per  Cent 

per  C^iJ 

percent 

p^jCent 

11*413 

10053 

8961 

9070 

7r'22 

13172 

UQ05 

10-344 

9313 

3-23 

137i)4 

12161 

1084:3 

9-764 

4-24 

14178 

12511 

11-163 

10-057 

5-25 

14301 

12633 

11-281 

10170 

6-2(5 

14  4^ 

12754 

11400 

laoas 

7-27 

14-4^1 

12798 

11*52 

10'34J 

6-28 

14-4:7 

12786 

11-4^5 

10-354 

.9-^ 

14-3  10 

12710 

11-401 

10315 

1O-30 

14  150 

12-5.86 

11-304 

10*239 

il-31 

13965 

12<i41 

11-188 

10-J44 

12--32 

13770 

12-286 

11:062 

10-042 

13--33 

13570 

12-125 

10932 

.9934 

14-34 

13  3(13 

11-959 

16*796 

'9-822 

15-35 

13151 

11-787 

10655 

9703  ' 

1 6-3(5 

12932 

11-609 

10  507 

P579 

17-37 

12714 

1 1  430 

10358 

9454 

'  18-38 

12-502 

11  257 

10-214 

9-333 

ip-39 

J  3297 

11  089 

10074 

9'215 

20-40 

12096 

10-924 

9937 

9100 

21^1 

11006 

10-768 

9-8Q9 

8-992 

22-42 

11  723 

10-619 

9685 

8-889 

23-43 

IT  540 

10470 

9'562 

8-785 

24-44 

11-354 

10-317 

9435 

8670 

25-45 

11164 

10-160 

9'304 

8-569 

26-A6 

10-970 

10000 

9-170 

8-455 

27-^7 

1077^ 

9836 

9*032 

8-338 

28-4S 

10-57^ 

9-667 

8890 

8-217 

29-49 

10-366 

9495 

8744 

8O92 

30-^0 

lOldO 

9321 

8-596 

7966 

31-51 

9'9^7 

9-151 

8*451 

7'841 

32-52 

9-756 

8*980 

8  306 

77 1« 

33-53 

9-550 

88O6 

8-157 

7-586 

34-54 

9342 

8629 

8005 

7457 

35-55 

!■»■■     ■      ■* 

9131 

8-44S 

7-849 

7*322 

477 


TABT.F.   XXXII 

Contiaued. 

Aget 

3 

per  Cent 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

36-5€ 

8-916 

8-264 

7'6go 

7*  183 

37-57 

8-699 

8O76 

7527 

7041 

38-^8 

8-477 

7-884 

7*360 

6*894 

39-59 

8253 

7-689 

7189 

6*744 

4(M^ 

8025 

7490 

7015 

6*590 

41-61 

7'79S 

7*290 

6-838 

6-434 

42*62 

7'567 

7  068 

6-660 

6276 

43-63 

7*332 

6-881 

6-477 

6-112 

'i^F^V'ft 

7095 

6671 

6-289 

5-944 

45-65 

6*850 

6-453 

6094 

5769 

46-66 

6-602 

6-230 

5-894 

5*588 

47-67 

6-351 

6-004 

5-690 

5*403 

48-68 

6096 

5774 

5-481 

5-213 

49-69 

5-839 

5-541 

5-268 

5019 

50-70 

5*582 

5-306 

5-054 

4822 

51-71 

5*328 

5074 

4-841 

4*626 

52-72 

5Q77 

4  845 

4-630 

4-430 

53-73 

4-829 

4'6l4 

4-417 

4*234 

54-74 

4-585 

4-389 

4-208 

4040 

^^76 

4-350 

4-171 

4-006 

3*852 

50-76 

4129 

3966 

3-815 

3-674 

57-77 

3*908 

3-761 

3-623 

3494 

58-78 

3-682 

3549 

3-424 

3 '308  • 

59-79 

3-440 

3322 

3-210 

3  105 

60-80 

3197 

,   3092 

2992 

a-899 

61-81 

2-964 

2-870 

2*782 

2699 

62-82 

2739 

2656 

2-578 

2-504 

63-83 

2-530 

2-457 

2*387 

2*321 

64-84 

2-371 

2305 

2i242 

2- 182  ■ 

65-«5 

2-223 

2-163 

2-107 

2053 

66^86 

2-089 

2035 

1-984 

1'936 

67-87 

1963 

1-915 

1-870 

1826 

68-88. 

1-860 

1-817 

1-777 

1  737 

69-89 

1722 

1-685 

1  -650 

r6i6 

70-90 

1  545 

1-515 

1-486 

1*459 

71-91 

1-303 

1*280 

1-259 

1-238 

72-92 

1  014 

vais 

1-012 

•997 

7^-g» 

•743 

•733 

723 

714 

74-94 

•480 

•474 

•469 

•464 

75-95 

•219 

•217 

-215 

213 

2  s 


[ 


^79 


TABLE    XXXIII. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  25  years. 


Agci 

8 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-2(5 

11037 

9770 

8*742 

7'897 

a-27 

12722 

11-264 

10080 

9*104 

3-28 

13307 

11790 

10555 

9537 

4-29 

13*661 

12116 

10S55 

9813 

5-30 

13762 

12  220 

10959 

99^ 

6-^1 

13-859 

12*822 

11*062 

10t)15 

7-32 

13-871 

12-350 

11  100 

10^060 

8-^3 

13820 

12*323 

11090 

iao6i 

^-34 

13698 

12-234 

11024 

10-012 

10^5 

13-525 

12-093 

10-916 

9925 

11-^6 

13*328 

U-941 

10*788 

9S20 

12-37 

13120 

11773 

10*651 

9707 

13-38 

12-906 

11-600 

10-5Q9 

9588 

14-39 

12-686 

11-420 

10-360 

9-464 

15*40 

12459 

11*234 

10-205 

9333 

16-41 

12*229 

11044 

10046 

9198 

l7'-42 

12*002 

10-856 

gsog 

9065 

18-43 

11  765 

10-677 

9739 

8*938 

19^44 

1 J  574 

10-502 

9«592 

6*814 

20--I5 

11-367 

10-330 

9448 

eOffl 

21-46 

11167 

10-165 

9^10 

8-574 

22-47 

10-969 

10001 

9173 

8*458 

23-48 

10-768 

9'833 

9*031 

8*338 

24-49 

10562 

9-661 

8886 

8-214 

25-50 

10356 

&-488 

S739 

8*089 

26-^1 

10-154 

9*318 

8-595 

7966 

27-52 

9952 

9148 

8-451 

7*842 

28-53 

9748 

^'97S 

8-304 

7716 

29^4 

9540 

S799 

8153 

7^586 

30-55 

9329 

8619 

7'999 

7453 

i79 


TABLE  XXXin   Continued. 


s 

4 

6 

6 

Ages 

per  Cent 

per  Cent 

percent 

per  Cent 

31-^56 

9115 

8436 

7*841 

7-316 

32-57 

8-897 

8350 

7*680 

7*175 

33-58 

8677 

8060 

75 15 

7031 

«4-59 

8-454 

7*866 

7*346 

6-884 

35-^60 

8'227 

7'609 

7-174 

6-733 

36-61 

7997 

7469 

6-996 

6'li77 

37-63 

7'7^5 

7-265 

6-819 

6-418 

38-63 

7"535 

7053 

6-631 

6-353 

39-64 

7-29 1 

6-838 

6440 

6081 

40-^5 

7030 

6014 

6340 

5901 

41--66 

6776 

6-388 

6037 

57I8 

43-67 

6-523 

6-159 

5  831 

5-533 

43-6Q 

6-366 

5^9 

5-633 

5-343 

44-e& 

6-008 

5-696 

5*411 

5-150 

45-70 

5749 

5-460 

5-195 

4-953 

46-71 

5*488 

5-333 

4-978 

4*753 

47-73 

5*238 

4-983 

4-758 

4-551 

48-73 

4-970 

4'746 

4*539 

4-348 

49-74 

4716 

4-5  il 

4-333 

4*146 

50-75 

4-473 

4-285  , 

4-113 

3*951 

51-76 

4-245 

4074 

3-9I6 

3-768 

52-77 

4019 

3*864 

3730 

3-586 

53-78 

3787 

3-648 

3-518 

3-8^6 

54-79 

3-540 

3  416 

3-399  ♦ 

3*189 

55-80 

3-291 

3-180 

3076 

3-978 

56-81 

3051 

3-953 

3861 

3-774 

57-83 

3*830 

3-733 

3-651 

3574 

58-83 

2-608 

3-530 

3-457 

3-388 

59-64 

3-446 

3-376 

3-310 

2-347 

60-85 

2-207 

3-234 

3174 

3-118 

61-86 

2-162 

2-105 

2051 

2*000 

62-87 

3-036 

1-985 

l-937« 

1-891 

63-68 

1'932 

11*866 

1*843 

1-803 

64-89 

1-790 

1751* 

1-714 

1-678 

65-90 

1-606 

1-575 

1-544 

1-515 

06^1 

1-354 

1-330 

1*307 

1-265 

67-93 

1-083 

1067 

1050 

1035 

68-93 

770 

7(50 

•750 

•740 

6^-94 

'497 

•491 

-485 

•480 

70^ 

•237 

'224 

-333 

-220 

71-96 

•000 

•000 

-000 

•000 

283 


58a 


TABLE    XXXIV, 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the .  observations  made  at 
Notthampton. 

DiiBference  of  age  SO  years. 


- 

Ares 

s 

4 

5 

6 

^ 

per  Cent 

< 

per  Cent 

per  Ceiit 

per  Cent 

1-31 

10-605 

9-438 

8*483 

7*091 

3h32 

12*203 

10-865 

9767 

8-855 

3-33 

12743 

11-355 

10*213 

9-2613 

4-^34 

13061. 

11-651 

10488 

9'5 18 

5-35 

13136 

11  732 

10572 

.9'603 

0-36 

13  207 

11-612 

10-656 

9-687 

7-37 

13  195 

11*819 

10676 

9715 

8-^8 

13*122 

11*772 

10*648 

9701 

9-39 

12-981 

11-665 

10-565 

9637 

10-40 

12791 

11*513 

10-442 

9-537 

11-11 

12-580 

11-342 

10-302 

9-420 

12-42 

12-363 

11  165 

10*156 

9-398 

J  3-43 

12-144 

10-985 

lOtW 

9-173 

14--i4 

11'918 

10-799 

9'852 

9*042 

15-^5 

U'687 

106U7 

9690 

8*905 

16-46 

11-448 

10*408 

9*522 

8-762 

i;-^7 

11*210 

10-208 

9-353 

8-617 

18-48 

10975 

10  Oil 

9- 186 

8-473 

i9-*9 

10-746 

9'818 

9021 

8-332 

20-^50 

10*523 

9*630 

8*861 

8M95 

21-51 

10-313 

9454 

8-712 

8O67 

22-52 

lO-Ill 

9*284 

8-568 

7-944 

23-53 

9-905 

9*111 

8*421 

7-8I8 

24'p54 

9696 

8Q34 

8270 

7688 

25-55 

9-484 

«754 

8116 

7*555 

26-56 

9-269 

8-570 

7-958 

'    7419 

V-57 

9*051 

8-383 

7797 

7279 

28-58 

8-830 

8193 

7-632 

7135 

Ui}-d9 

8  005 

7*999 

7*464 

6988 

3U-C0 

8-378 

7'8a2 

7292 

6-837 

J 


581 


TABLE  XXXIV   Continued. 


A^ 

s 

4 

5 

6 

per  Cen^ 

per  Cent 

per  Cent 

per  Cent 

31-61 

8-147 

7-601 

7-116 

6-682 

32-62 

7-9^4 

7*397 

6937 

6-524 

33-63 

7'67^ 

7*186 

6750 

6-359 

34-^ 

7*429 

6971 

6-559 

6  189 

35-65 

7177 

6-7^7 

6-360 

6010 

3&-66 

6922 

6-520 

6-156 

5.-827 

37-67 

6  663 

6-288 

5-948 

5639 

38-66 

6-401 

6-052 

5735 

5-446 

3^9 

6-137 

5-813 

5  518 

5-249 

40-70 

5871 

5571 

5298 

5  047 

41-71 

5-005 

.    5-329 

5076 

4-844 

42-7^ 

5-341 

5  087 

4-854 

4-640 

43-73 

5081 

4-848 

4-634 

4*436 

44-74 

4-826 

4-613 

4-417 

4-235 

45-75 

4-580 

4-386 

4-206 

4-040 

46-76 

4-348 

4-171 

4006 

3-853 

47-77 

4115 

3-954 

3-805 

3-606 

•4S-78 

3-875 

3731 

3*5y6 

3469 

49-79 

3-619 

.  3490 

3-369 

3-256 

^0-80 

3-3C'2 

3-347 

3-140 

3-039 

51-81 

3-117 

3-015 

-'?-()30 

2-829 

A  2-82 

2-b8li 

2792 

3707 

2-627 

53-83 

'^'3G5 

2'i'y5 

2-510 

2-439 

54-84 

2-501 

2-428 

2-36Q 

2*295 

55-85 

2*349 

2-284 

3-222 

2-164 

56-86 

2-23 1 

2-153 

2-097 

2-044 

57-87 

2  082 

2-030 

1-980 

1-932 

58-38 

J -9/5 

1*928 

1-883 

1-841 

59-89 

1-828 

1-788 

1-750 

1713- 

60-^ 

1-641 

1-608 

1 

1'577 

1-647 

61-91 

1-382 

1-3^8 

1-334 

1-311 

62-^2 

1105 

1-068 

1-0/1 

1-055 

63-93 

785 

'774 

•764 

•754 

64-94 

•506 

•500 

•494 

'489 

65-g5 

•230 

•228 

•226 

-224 

m-gd 

•000 

-000 

•  •OOd 

•000 

■ 

1  - 

58t 


TABLE    IXXV. 


Showing  the  value  of  an  annuity  on  Two  J<»ni 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  35  years. 


Aget 

s 

4 

5 

6 

p€r  Cent 

per  Cent 

per  Cent 

per  Cent 

1-36 

10-104 

9047 

8I73 

7*442 

2-37 

11-600 

10*392 

9390 

6*551 

3-^8 

12087 

10*838 

9800 

8-928 

4-39 

12362 

11097 

10043 

9*157 

5--40 

12405 

11150 

iai02 

9219 

(5-41 

12*446 

11*203 

10-163 

9*283 

7-42 

12i4l2 

11-J90 

IOI65 

9*29$ 

8-43 

12*325 

11-/30 

i©r24 

9  270 

9-44 

12-174 

11012 

10-031 

9197 

ia-45 

11-976 

10-851 

9*900 

9*088 

11-46 

11736 

\Or697 

9774 

8  962 

12-47 

11*525 

10481 

9592 

8-827 

13-48 

11*288 

10*284 

9*425 

8-686 

14-49 

11045 

10080 

9*252 

8*538^ 

15-60 

10799 

9*872 

9076 

8386 

16-51 

ia554 

9665 

8899 

8-234 

17-52 

10*313 

9*46 1 

8*724 

8083 

18-53 

10076 

9260 

8*552 

7*934 

19-54 

9'845 

9063 

8*383 

7788 

20-55 

ffGv? 

eB69 

8-216 

7*643 

21-^6 

9394 

8-679 

8053 

7-502 

22-^7 

9174 

8-49 1 

7*891 

7*362 

23-58 

8951 

8-299 

7725 

7-218 

24-^9 

8*725 

8104 

rs56 

7070 

25-dO 

8-495 

7906 

7*383 

G919 

25-61 

8'263 

7704 

7*207 

6-764 

27-62 

8-028 

7499 

7-027 

6*605 

28-63 

7785 

7286 

6*839 

6*439 

29-^ 

7-539 

7069 

6*648 

6*268 

30-65 

7-286 

6*844 

6*447 

6089 

£88 


TABLE  XXXV    Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

1 

per  Cent 

per  Cent 

31-^6 

7*028 

6615 

6  243 

5-905 

32-6? 

-6768 

6  382 

6033 

5717 

33-€8 

6-504 

6-146 

5  820 

5524 

34-^ 

6239 

5906 

5  603 

5*326 

35-70 

5971 

5*663 

5  382 

5  125 

3^71 

5703 

5419 

5159 

4*9ao 

37-72 

5-435 

5174 

4934 

4714  • 

3&-73 

5-169 

4930 

4*710 

4  507 

39-74 

4*908 

4-6&0 

4-488 

4301 

40-75 

4-656 

4457 

4-272 

4*101 

41-76 

4*420 

4-238 

4-06^ 

3-912 

43-77 

4184 

4019 

3-865 

3-722 

43-78 

3942 

3*794 

3  655 

3-525 

44-79 

3-685 

3-552 

3-428 

3-312 

45-80 

3-426 

3-308 

3-197 

3*093 

46-81 

3176 

3072 

2973 

2-681 

47-82 

2936 

2-843 

2756 

2673 

48-83 

2-714 

2-632 

2-554 

a'481 

4^-84 

2-544 

2-470 

2-400 

2-334 

50-85 

2-388 

2-322 

2-256 

2-198 

51-86 

2*248 

2-188 

2-131 

2-()77 

52-87 

2  117 

2063 

2-012  - 

19^3 

53-.88 

2008 

19^ 

1914 

1-870 

54-89 

1-858 

1-817 

1-778 

1740 

55-90 

1-666 

1*633 

1601 

1570 

56^1 

1-402 

1-377 

1*353 

1330 

57-92 

1-120 

1102 

1-085 

1-0^ 

58-93 

•794 

•784 

773 

76a 

59-94 

•511 

•505 

•499 

494 

60-95 

•233 

•230 

•228 

-226 

ei-96 

•000 

-  - 

•000 

•000 

-000 

M4i 


TABLE   XXXVI. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

DiflFerence  cf  age  40  years. 


1    Ages 

3 

4 

5 

6 

o 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1^1 

9*523 

8-585 

7-800 

7' 1 35 

2-42 

10907 

9839 

8942 

81 82 

3-43 

11343 

10242 

9*315 

8*528 

4--14 

11578 

10-468 

9*531 

8-733 

5^5 

IV  5^ 

10-500 

9*571 

8-778    . 

^-46 

11-610 

10528 

9*«^ 

8'823 

7-47 

1 1'550 

104yi 

9*589 

8815 

6-48 

11-435 

10-404 

9*524 

87(57 

9^9 

11-260 

10*263 

9409 

8-673 

lO-^O 

11044 

10065 

9*260 

8-548 

11-51 

10'816 

9'«)4^ 

9100 

8-411 

12-52 

10-582 

9C>98 

8934 

8-270 

13-i53 

10-344 

9497 

8-763 

8-123 

14-54 

io;oo 

9*290 

6-586 

7-970 

15-^5 

9'851 

9^77 

8-403 

7-8X2 

l(5-5() 

9'^^^^ 

8-858 

8-214 

7-648 

17-^7 

9340 

8-6J9 

8024 

7481 

18-58 

9-089 

8-422 

7835 

7-316 

1CM9 

8841 

8-207 

7-648 

7153 

20-60 

8-597 

7'995 

7*463 

6990 

21-4$1 

8-357 

T7^7 

7*281 

6*830 

22-62 

8  119 

7580 

7100 

6-670 

23-63 

7-874 

7365 

6910 

6-503 

24-4^ 

7*626 

7*147 

6'7\7 

6-331 

25-65 

7370 

6-920 

6515 

6151 

26-66 

7110 

6-689 

6-309 

S'9S6 

27-67 

6847 

6-4,54 

6*098 

5776 

2S-68 

6-581 

6-215 

5-883 

5-581 

29-69 

6313 

5*973 

5-664 

5-383 

30-70 

6043 

5729 

5-442 

5*180 

5S5 


TABLE  XXXVI    Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

fWrCent 

31-71 

5772 

5-483 

5-218 

4974 

32-72 

5-502 

5-236 

4992 

4-767 

33-73 

5*235 

4991 

4766 

4559 

34--74 

4973 

4749 

4-543 

4353 

35-75 

4720 

45J6 

4327 

4152 

36-7<5 

4-481 

4-295 

4<123 

3-962 

^7-77 

4*242 

4073 

3-916 

3  770   i 

'   38-76 

3-99^ 

3-844 

3702 

3  570 

^9-79 

8734 

3598 

3471 

3 '352 

40.^0 

3-469 

3-349 

3  236 

3130 

41-81 

3-21(5 

3109 

3-009 

2914 

42-^82 

2SI7^ 

2*878 

2-789 

2-705 

43-83 

2750 

2-666 

2-587 

2-511 

44--84 

2-681 

2-505 

2*433 

2365 

45^.85 

2-424 

2-356 

2*291 

2230 

46-86 

2-282 

2-22i 

2162 

2107 

47-87 

2- J  48 

2093 

2041 

1-991 

48-83 

2036 

1-987 

1-941 

1-^95 

4fH«9 

1-882 

1-840 

1-800 

1-761 

50-90 

1665 

1-651 

1-619 

1-690 

51-91 

1-417 

1-391 

1-367 

1343 

52-92 

1-130 

1-113 

1-Q95 

yo79 

53-^93 

-801 

790 

780 

770 

54-^ 

•515 

•509 

•503 

•498 

5$-^ 

-234 

•232 

•23.0 

-228 

5<5-9(5 

•000 

•000 

•000 

•000 

2t 


586 


TABLE    XXXVII. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  45  years. 


Afet 

3 

4 

5 

6 

per  Cent 

per  Cent 

pe*^  CcQt 

per  Cent 

1-46 

8888 

8  071 

7*379 

6-787 

2-47 

10-147 

9*221 

8-435 

7760 

3-48 

10-515 

9'566 

8-759 

8063 

4-49 

10697 

9744 

8932 

8'230 

5-^50 

IO679 

9742 

8941 

8-248 

6-^1 

10-664 

9745 

8956 

8-271 

7-52 

10586 

9690 

8-919 

8-248 

8-53 

10458 

9591 

8-841 

8188 

9-54 

10276 

9442 

8-718 

8-085 

10-55 

10  055 

9*256 

8-560 

7-951 

11-^6 

98)4 

9*052 

8386 

7*801 

12-57 

9566 

8839 

8*203 

7*643 

13-^8 

9*312 

8-622 

8-015 

7^79 

14-59 

9053 

8-399 

7  821 

7-310 

15-60 

8790 

8- 170 

7*622 

7  135 

16-61 

8-521 

7*935 

7*416 

6953 

17-^2 

8*252 

7700 

7*208 

6770 

18-63 

7981 

7*462 

6-998 

6-58$ 

19-^4 

7714 

7*226 

6/89 

6*396 

20-65 

7*444 

6-986 

6-576 

6^205  » 

21-66 

7177 

e-749 

6364 

6-015 

22-67 

6-911 

6512 

6-151 

5-824 

23-68 

6643 

6271 

5934 

5-628 

24-69 

6372 

6027 

5*713 

5-427 

25-70 

6*099 

5780 

5*489 

5-223 

26-71 

5-826 

5-532 

5*263 

5-016 

27-72 

5  554 

5283 

5-035 

48Q7 

28-73 

5-284 

5036 

4-808 

4597 

29-74 

5019 

4793 

4-583 

4390 

3tf-75 

4764 

4557 

4*365 

4188 

587 


TABLE  XXXVn    Continued. 


Aget 

s 

4 

5 

6 

per  Cent. 

per  Cent 

pet  Cent 

percent 

31-76 

4-523 

4-335 

4  160 

3997 

32-77 

4-282 

4-111 

3952 

3*804 

33-78 

4035 

3-881 

3-737 

3*602 

34-r9 

3771 

3-633 

3  505 

3*384 

35--80 

3-506 

3-383 

3  268 

3*160 

36-81 

3-251 

3-142 

3  040 

2*944* 

37-82 

3-005 

2-909 

2-818 

2733 

38-83 

2779 

2694 

2-613 

2*537 

39-84 

2-607 

2*530 

2-457 

2-388 

40-85 

2-448 

2-379 

^•313 

2-251 

41-86 

2-304 

2-241 

2-182 

2-126 

42-87 

2168 

21 13 

2-060 

2009 

43-88 

2055 

2006 

1-959 

1914 

44-89 

1-901 

1-859 

1-818 

1779 

45-flO 

1702 

1-668 

1635 

1-604 

46-91 

1-431 

.   1-405 

1-380 

1-356 

47-92 

1140 

11 22 

1105 

1089 

48-93 

'808 

•797 

•786 

776 

49-94 

•519 

-512 

•507 

•501 

50-fl5 

235 

•233 

•231 

•229 

51-96 

-000 

•000 

•000 

•000 

2T2 


6B8 


TABLE    XXXVIIL 

Showing  the  value  of  an  aDnuity  on  Two  Joint 
Lives,  deduced  from  the  observadoas  made  at 
Northampton* 

DiSer^ce  of  age  50  years. 


Agtn 


,  i-51 
2-52 

5^5 

7-57 

8-^8 

10-60 
11-4S1 

13-63 
14-64 
15-65 

16-66 
17-6; 
18-^ 

20-70 

21-71 
22-72 
23-73 
24-74 
25-75 

26-76 

V-77 

28-78 

29-79 

3O-80 


s 

per  Cent' 


8171 
9'300 

9-611 
9751 
9707 

9'650 
9549 

939^ 
9*101 
8*952 

8*6^ 
8-433 
8  161 
7884 
7597 

7-304 
7'012 
6721 
6-434 
6*149 

5-870 
5Sg5 
^-323 
5-056 

4799 

4-550 
4*313 
4064 

3798 
3-530 


4 

per  Cent 


7-^79 

8*520 
8-815 

8-957 
d'931 

8*902 
8*817 
S'6gi 
8-519 
8-314 

6-092 
7'B63 
7*625 
7*381 

7127 

6*866 
6-604 
6-343 
6-064 
5-826 

5*572 
5*321 
5  072 
4827 
4*589 

4-365 
4-140 
3*908 
3*659 
3-406 


5 

per  Cent 


6*885 
7*848 
8*128 

8*256 

8*241 
8-176 
8073 
7937 

7750 

7-557 

7-^7 
7147 
6*931 
6*705 

6-472 
6*236 
6001 
5766 
5*532 

5-300 
5070 
4-841 
4615 
4396 

4*188 

3-979 
3*762 

3*528 

3-290 


per  Cent 


6*370 
7-264 

7'52g 
r«6e 

7^65 

7*662 
7*612 
7-527 

7*403 
7250 

ro8i 

6*905 
6-719 
6*527 
6*325 

6-115 
5*903 
5*689 
5*476 
5*262 

5-050 
4-840 
4*628 
4*419 
4*216 

4*024 
3*829 
3*626 
3*406 
3*181 


Tr-T 


589 


TABLE  XXXVIII    Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per.  Cent 

31-81 

3-274 

3- 164 

3  060 

2963 

3a-83 

3  027 

2*939 

2-838 

2-751 

33-a3 

2*800 

2713 

2-632 

2-55^ 

34-84 

2-627 

a-549 

2-476 

2406 

3^-85 

2-468 

2-398 

2*331 

2-268 

36-86 

2-323 

2-260 

2-200 

2-143 

37-87 

2  187 

2-130 

2077 

2-026 

38*«8 

2072 

2022 

1-974 

1929 

3^^ 

1-915^ 

1-872 

1832 

1792 

40-90 

1713 

1-679 

1-646 

1-614 

41-91 

1-439 

1-413 

1-388 

1*364 

42-9% 

1-146 

1-128 

1-111 

1094 

43-^ 

-811 

-800 

790 

779 

44-94 

-521 

•515 

•509 

-503 

45-95 

-236 

-234 

'232 

•230 

46-9^ 

■ 

-000 

-000 

•000 

- - 

•000 

590 


TABLE    XXXIX. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Narihampton. 

Difference  of  age  55  years. 


Ages 

s 

4 

-^^      — 1 
5 

6 

per  Cent 

per  Cent 

per  Cent 

pcrGeot 

1-56 

7412 

6-843 

6346 

S'Qll 

2r-^7 

d-392 

7756 

7-199 

6709 

3-58 

8-630 

7986 

7'42I 

6922 

4-59 

8-712 

8  075 

7-514 

7-017 

5-60 

*  8-629 

p  01 1 

7  466 

6982 

6-61 

8-542 

7-944 

7*415 

6945 

7-62 

8*400 

7*828 

7-319 

6-865 

8-63 

8-214 

7669 

7-184 

6750 

p-e4 

7-934 

7-470 

7010 

6-598 

10-65 

7718 

7*236 

6803 

6-414 

11-66 

7-437 

6-987 

6-581 

6215 

12-<57 

7-149 

6-730 

6-351 

6009 

13-^8" 

6-857 

6-468 

&II6 

5796 

14-6& 

6-562 

6202 

5-876 

5-578 

15-70 

6-264 

5-933 

5-631 

5-355 

16-71 

5964 

5  660 

5-382 

5-127 

17-72 

5*667 

5-389 

5133 

4-899 

I8-.73 

5-376 

5123 

4-889 

4-673 

1^74 

5'OgS 

4-866 

4-651 

4-453 

20-75 

4-831 

4-619 

4-424 

4-142 

21-76 

4-583 

4-391 

4-212 

4-046 

22-77 

4339 

4164 

4001 

3-850 

23-78 

4087 

3930 

3-783 

3-646 

24-79 

3-820 

3679 

3-548 

3-424 

25-80 

3-550 

3-425 

3308 

3198 

26-81 

3 '292 

3-181 

3-077 

2-979 

27-82 

3*043 

2-945 

2-853 

2-7(55 

28-83 

2-815 

2-728 

2646 

2'56S 

29-84 

2-641 

2-563 

2489 

2-418 

30-85 

2-481 

2-411 

2-344 

2280 

591 


TABLE  XXXnC    Continued. 


i      -"     ■ 

Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-86- 

2-336 

2-272 

2-212 

2154 

32-87 

2*198 

2142 

2088 

2036 

33-88 

2083 

2a33 

1-935 

1939 

34-89 

1-925 

1-882 

1-841 

1-802 

35-90 

1723 

1-688 

1-654 

1622 

3^91 

1-446 

1420 

1-395 

1*371 

37-92 

1152 

1-134 

1*116 

1-099 

38-93 

•815 

•804 

793 

783 

39-94 

•523 

•517 

•511  . 

•505 

40-95 

•337 

•235 

•233 

'231 

4l-9<5 

•000 

•000 

•000 

-000 

i9i 

m 

TABLE   XL. 

Sho^ng  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Norlhampton. 

Difference  of  age  60  years. 


Aget 

8 

4 

5 

6 

«» 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-^1 

6-571 

6-123 

5725 

5372 

2-<52 

7-891 

6-994. 

6-452 

6-059 

3-^ 

7'545 

7048 

6-605 

6209 

4-^4 

7*562 

7076 

6*641 

6-251 

i 

5^^ 

7429 

6963 

6-546 

6-171 

i 

6-m 

7290 

6846 

6447 

6-087 

7-^ 

7104 

66S4 

6-306 

5-963 

8-69 

6-884 

6-490 

6134 

5-811 

JK>9 

6-628 

6262 

5929 

5-626 

10-70 

6347 

60O8 

5700 

5-418 

11-71 

6-056 

5744 

5-460 

^m 

12-72 

5763 

5-478 

5-216 

4*976 

13-73 

5473 

5-212 

4-972 

4*751 

14-74 

5-188 

4*950 

4*731 

4-528 

15-75 

4911 

4^ 

4495 

4  310 

16-76 

4*649 

4-452 

4270 

4101 

17-77 

4-388 

4-210 

4045 

3892 

18-78 

4- 123 

3-964 

3-815 

3-677 

19-79 

.3-846 

3704 

3571 

3-447 

20-80 

3'56g 

3-443 

3-325 

3*214 

21-81 

3-307 

3-J95 

3-091 

2992 

22^2 

3  057 

2-958 

2-865 

^'777 

23-83 

2-828 

2740 

2-657 

T579 

24r^S4 

2-653 

2574 

2-499 

2-429 

25-85 

2-492 

2-421 

2-354 

2*290 

26-86 

2346 

2-282 

2-221 

2-163 

27-87 

2-208 

2151 

2096 

2-044 

28-88 

2-091 

2-041 

1992 

1-946 

2^^ 

1-933 

1*889 

1-848 

1-806 

30-90 

1729 

V694 

1-660 

1-628 

31-91 

1-451 

1-425 

1-400 

1-376 

32-92 

1-155 

1137 

1119 

1-102 

33-93 

-8I7 

-806 

795 

'7S5 

34-94 

•524 

-518 

-512 

•506 

35-^ 

•238 

•335 

•233 

•231 

593 


TABLE    XLI. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  &5  years. 


Agei 

d 

4 

5 

6 

per  Ont 

per  Cent 

per  Cent 

per  Cent 

1^6 

5-633 

5-295 

4-996 

4-726 

'2r^7 

6-266 

5-896 

5569 

5276 

3-^8 

6-330 

5965 

5641 

5352 

4-<50 

6277 

5924  , 

5-611 

5  332 

5-70 

6102 

5768 

5472 

5209 

(^71 

5925 

5-610 

5-331 

5  084 

7-/2 

57U 

5-418 

5157 

4929 

8-73 

5-480 

5-204 

4963 

4752 

9-74 

5-225 

4969 

4-747 

4-556 

10-75 

4962 

4725 

4-522 

4-350 

11-76 

4707 

4-487 

4-301 

4*148 

12-77 

4449 

4-368 

4196 

3-943 

13-78 

4-185 

4022 

3-871 

3729 

14-79 

3-904 

3759 

3  624 

3-497 

15-60 

3-621 

3-492 

3-372 

3259 

1&-81 

3*348 

3*235 

3128 

3*028 

17-82 

3087 

2-987 

2-893 

2-804 

18-83 

2-849 

2760 

2-677 

2-598 

19-84 

2-668 

2-589 

2-513 

2*442 

20-85 

2  503 

2  431 

2-364 

2-299 

21-86 

2354 

2-290 

2-229 

2171 

22-87 

2-21 6 

2-158 

2104 

2051 

23-88 

2099 

2-048 

1'999 

1953 

.24-89 

1939 

1-895 

1-854 

1  814 

25-90 

1734 

1699 

1-665 

1*633 

26-91 

r455 

1-429 

1-404 

1-379 

27-^2 

1158 

1-140 

1-122 

1105 

28-93 

•8I9 

•808 

797 

7b6 

29-94 

•525 

•0I9 

•513 

•507 

30t95 

'238 

•li6 

•234 

•231 

31-^ 

•000 

•000 

•000 

•000 

2u 


594 


TABLE    XLII. 

Showing  the  value  of  an  annuity  on  Tuo  Joinf 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

0 

Difference  of  age  70  years. 


■ 

Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

4 

1-71 

4*611 

4-380 

4169 

3976 

2-72 

5061 

4-814 

4588 

4-380 

3-73 

5051 

.  4-811 

4-59 1 

4  389 

4-74 

4-953 

4726 

4-516 

4-323 

5-75 

476s 

4557 

4362 

4-181 

6-7^ 

4599 

4-403 

4-221 

4-053 

7-^77 

4-402 

4222 

4055 

3-699 

8-78 

4180 

4016 

3-864 

3722 

9-79 

3-921 

3-775 

3-638 

3-510 

lO-do 

3-647 

3517 

3395 

3-281 

11-81 

3-380 

3-264 

3-156 

3-054 

12-82 

3122 

3020 

2924 

2-833 

13-83 

2-884 

2-794 

2-709 

2-628 

14-84 

2703 

2622 

2-545 

2472 

15-85 

'  a-535 

2-462 

2-393 

2327 

• 

16-86 

2-380 

2-315 

2-253 

2194 

( 

17-87 

2235 

2-177 

2121 

2069 

'  18-88 

2  112 

2001 

2  012 

196^ 

19-89 

l'^H8 

1*904 

1  802 

1  822 

20-90 

1739 

1-704 

1-670 

1638 

21-91 

1-459 

1-432 

1-407 

1-382 

22-92 

llCO 

1  142 

1-124 

1107 

23-93 

•820 

•8O9 

798 

-788 

* 

24-94 

•526 

-520 

•514 

•508 

1 

25'i)3 

•238 

•236 

•234 

•232 

26-96 



•000 

.  .. 

•000 

•000 

•000 

595 


TABLE    XLHI. 

Showing  the  value  of  an  annuity  on  Three  equal  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 


Ci)m. 

4 

Com- 

4 

Com 

^ 

rt.on 

mon 

mon 

4 

Age 

1 

per  Cent 

Age 

per  Cent 

Age 

per  Cent 

5-309 

36 

8-448 

71 

2-810 

2 

8-251 

37 

8-309 

72 

2-527 

3 

9*532 

1  38 

8155 

73 

2-448 

4 

10551 

39 

601 7 

74 

2-277 

5 

11170 

1  '^ 

7'855 

75 

2119 

6 

11707 

41 

7714 

76 

1-985 

7 

12058 

4'i 

7'5G7 

77 

1-855 

8 

12*255 

43 

7'423 

78 

1720 

9 

12-298 

44 

7270 

79 

1-553 

10 

12-200 

45 

7125 

80 

1:400 

11 

12  043 

46 

5-972 

81 

1-245 

12 

1 1  -855 

47 

5813 

82 

1-092 

13 

1 1  -578 

48 

5550 

83 

'949 

14 

11-481 

49 

5482 

84 

-850 

15 

11-274 

50 

5317 

85 

782 

16 

11055 

SI 

5-151 
5-011 

86 

•715 

17 

10-845 

62 

87 

'6G2 

J  8      10(555 

53 

5B59 

88 

'545 

19      10-490 

54 

5705 

89 

-514 

20 

10-342 

55 

5-550 

90 

-553 

21 

10-222 

56 

^•393 

91 

•452 

22 

10  118 

S7 

5-235 

92 

•337 

23 

10-012 

58 

5075 

93 

•185 

24 

ff^ 

59 

4915 

94 

-085 

25 

979^ 

60 

4755 

9S 

•015 

25 

9*585 

61 

4593    1 

' 

27 

9572 

62 

4432 

■■ 

28 

ff437 

63 

4-253 

29 

9'340 

64 

4093 

30 

9*221    1 

65 

3-914 

31 

9099 

66 

3733 

32 

8975 

67 

3-550 

33 

8-848 

66 

3-356 

34 

8*718 

69 

3-181 

' 

35 

8-585 

70 

2995 

2U2 


598 
TABLE   XLIV. 

Showing  the  value  of  an  annuity  on  Three  Joint  IJves, 
whose  differences  of  age  are  10  and  20  years,  de- 
duced from  the  observations  made  at  Northampton.. 


A^et 

4 

per  Cent 

'      Age« 

4 

per  Cent 

1*11-21 

8627 

4l-^l-6lf 

5-827 

2-12-22 

9SM4. 

42-^2-62 

5-662 

3-13-23 

10  344 

43-53-63 

5494 

4-14-24 

10598 

44-54-04 

5-322 

5-15-25 

10655 

45''55'-m 

5-145 

6-16-26 

10  708 

46^56-66 

4-965 

7-17-27 

10700 

47-57-67 

'4782 

d-18-28 

10-654 

48-58-68 

4-597 

9^10-29 

JO562 

49-59-69 

4-408 

10-2O-30 

10-438 

50-60-70 

4-219 

11-21-31 

10305 

51-61-71 

4032 

1:^-22-32 

10170 

52-62-72 

3*847 

13-23-33 

10  031 

53-63-73 

3-660 

14.24-34 

9*887 

54-64-74 

3-477 

15-25-35 

9733 

55-^5-^75 

3-298 

16-26-36 

9*584 

56-^6-^76 

3- 128 

17-27-^7 

9''^'i9 

57-67-77 

2959 

18-28-^8 

9"^^ 

58-68-78 

2*785 

19-^9-^ 

9-131 

59-69-79 

2-598 

2O-30-4Q 

8 '986 

60-70^S0 

2'408 

21-31-41 

8850 

6I-71-8I 

2-224 

22-32-42 

8-718 

62-72-82 

2044 

33-33-4S 

8-586 

63-73-83 

1-875 

24-34-44 

8-451 

64-74-84 

1-743 

25-^5-45 

8-313 

65-75--S5 

l-6i23 

26-36-46 

8I7I 

66-76^S6 

1-519 

27=-37-^7 

8O27 

67-77-S7 

1-425 

28-38-46 

7878 

68-78-88 

1-350 

29-39-^ 

7725 

^79-89 

1-248 

30-40-50 

7571 

7«>-fiO-90 

1-122 

31-41->5| 

7420 

71-81-^1 

'951 

32-42-52 

7272 

72-82-92 

767 

33-43-5S 

7' 123 

73-83-93 

-54a 

34-44^54 

6971 

74-64-94 

-362 

35-i5-5* 

6*616 

75'-Q5^5 

•169 

36-46-5(! 

6658 

37-47-57 

6*497 

*  3^*49"58 

6-332 

A 

\ 

39-49-59 

6-164  * 

40-^0-60 

5-994 

^97 


TABL,E   XLV. 

Showing  the  number  of  persons  living  and  dying  at 
every  age,  according  to  the  obserTaticms  made  ia 
Ijondon* 


Age 
0 

laving 
1000 

Dying 
320 

Age 

Living 

Oying 

1 

living 

Dying 

1 

680 

133 

31 

294 

7 

61 

97 

5 

2 

547 

51 

32 

287 

7 

63 

92 

5 

3 

49a  ^ 

27 

33 

280 

7 

63 

87 

5 

4 

4<)9 

17 

34 

273 

7 

64 

62 

5 

5 

452 

12 

35 

266 

7 

65 

77 

5 

6 

440 

10 

36 

259 

7 

68 

72 

5 

7 

430 

8 

37 

252 

7 

67 

67 

5 

8 

422 

7 

38 

245 

8 
8 

68 

62 

4 

9 

415 

5 

39 

237 

69 

58 

4 

IQ 

410 

5 

40 

229 

7 

70 

54 

4 

11 

405 

5 

41 

222 

8 

71 

50 

4 

12 

400 

5 

42 

214 

8 

72 

46 

4 

13 

395 

5 

43 

206 

7 

73 

42 

3 

14 

390 

5 

44 

m 

7 

74 

39 

3 

15 

385 

5 

45 

192 

7 

75 

36 

3 

l6 

380 

5 

46 

185 

7 

76 

33 

3 

i; 

375 

5 

47 

1/8 

7 

77 

30 

3 

18 

370 

5 

48 

171 

6 

78 

27 

2 

19 

305 

5 

49 

165 

6 

7y 

25 

20 

360 

5 

50 

159 

6 

21 

355 

5 

51 

153 

6 

22 

350 

5 

52 

147 

6 

k 

23 

345 

6 

53 

141 

6 

24 

339 

6 

54 

135 

6 

25 

333 

6 

bb 

129 

6 

2a 

327^ 

6 

56 

123 

6 

- 

27 

321 

6 

57 

117 

5 

28 

315 

7 

58 

112 

5 

• 

29 

308 

7 

59 

107 

5 

30 

301 

7 

60 

102 

5 

1 

598 


TABLE    XLVL 


Showiitg  the  Expectation  of  Life^  deduced  from  dm. 

observations  oiade  ta  London, 


Age 
O 

Expectation 

Age 

Expectation 

Age 

Expectatior 

19*2 

1 

270 

31 

231 

61 

12  0 

2 

320 

32 

227 

62 

116 

3 

340 

33 

22-3 

63 

11-2 

4 

1 

35-6 

34 

219 

64 

10-8 

5 

36  0 

35 

21-5 

65 

10  5 

6 

360 

36 

211 

66 

101 

7 

358 

37 

207 

67 

98 

8 

356 

38 

203 

68 

94 

9 

35-2 

39 

199 

^9 

91 

10 

34-8 

40 

396 

70 

88 

11 

343 

41 

J92 

71 

8*4 

12 

33  7    ' 

42 

188 

72 

81 

13 

331 

43 

185 

73 

7 -8 

.14 

32-5 

44 

181 

7* 

7-5 

15 

319 

45 

17-8 

75 

72 

\6 

313 

46 

174 

76 

68 

17 

307 

47 

170 

77 

64 

18 

30-1 

48 

167 

78 

60 

19 

295 

49 

163 

79 

5-5 

20 

28*9 

50 

160 

80 

50 

21 

28-3 

51 

156 

22 

277 

52 

152 

23 

272 

53 

14-9 

24 

266 

54 

14-5 

25 

261 

55 

14-2 

26 

25  6 

56 

138 

1 

27 

25- 1 

57 

134 

28 

24-6 

58 

131 

29 

24  1 

59 

127 

30 

23-6 

60 

124 

1 

1 

599 


TABLE    XLVIL 


Sho\(^Ing  the  value  of  an  annuity  on  a  Single  Life^ 
at  every  age,  deduced  from  the  obsei*vation8  made 
ia.  London. 


.1^1 

4 

5 

3 

4 

5 

A 

3  I  4 

5 

Age 

P«" 

per 

per 

•^g« 

tent 
14-8 

per 

per 

^g« 

per 

per 

8*4 

Cent 

Cent 

Cent 
141 

31 

(3eat  . 

Cent 

Cent 

Cent 
91 

6 

18-8 

16-2 

129 

11-4 

56 

10-1 

7 

18  9 

ie-3 

14-2 

32 

14-6 

127 

11*3 

57 

99 

80 

S-2 

8 

190  16  4 

14-3, 

33 

14-4 

12-6 

11-2 

58 

96   8-71 

81 

9 

19.0  1 6-4 

14  3 

34 

14^2 

12-4 

iro 

59 

9-4 

86 

80 

10 

190J16-4 

i4-3 

35  14- 1 

12-3 

10*9 

60 

93 

8-4 

7'9 

U 

19-0|l64 

14  3 

36 

13-9 

121 

108 

61 

8-9 

82 

77 

12 

18-9  !l()  3 

14*2. 

37 

137. 

119 

10(5 

62 

87 

81 

76 

13 

187  16'^ 

14  1  i 

38 

13-5|ir8 
13-3   11-6 

10*5 

63 

85 

79 

7-4 

14 

18-5!  1(5*0 

14  0! 

39 

10-4 

64 

83 

7-7 

7-3 

15 

183 

15-8 

139  i 

1 

40 

13-2 

11-5 

10-3 

65 

80 

7-5 

71 

16 

18-1 

15-6 

137 

'41 

13  0 

11-4 

10-2 

66 

7-8 

7-3 

6'9 

17 

i;-9.i5  4 

13-5 

42 

12-8 

11-2 

101 

'67 

76 

7\ 

67 

18 

17*0 '15-2 

13  4 

43 

126[U1 

100  1  68 

7-4 

6-9 

66 

10 

174I15O 

132 

44 

12  5  110 

99 

69 

7-1 

0-7 

64 

20 

17:1 '14-8 

'      1 

130 

45 

123  108 

9B 

70 

69 

65 

6  2 

21    1701147 

12'9 

40 

121   107 

P7 

|7i 

67 

6-3 

60 

22 

16S\145 

127 

47 

119  10-5 

iys 

73 

65 

61 

5-8 

23 

10*5 '143 

12(5 

48 

ir8 

1 04 

9-^ 

73 

62 

59 

5-6 

24 

16  3|14  1 

12*4 

49 

\v6 

10-2 

9'3 

74 

5-9 

5-6 

5-4 

25 

161 

14  0 

12-3 

50 

11-4 

10  1 

9*2 

7i 

56 

5-4 

5*2 

.   26 

159 

13*8 

:2i 

51 

11-2 

9'9 

g-0 

27 

150 

13-6 

120 

52 

110 

9*8 

8*9 

28 

154'l3-4 

11*8 

53 

107 

g'6 

8-8 

• 

'^9 

»5  2  13-2 

117 

54 

105 

94 

8-6 

30 

150 'l31 

ire 

55 

10-3 

93 

8-5 

—^ 

600 


TABLE   XLVm. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  in  London. 


^  ^^.  to 


s 

4 

5 

3 

4 

5 

1 

Agw 

per 

per 

per 

Ag€« 

Cent 

10-9 

per 

per 

• 

Cent 
147 

Cent 

Cem 
11-6 

« 

Cent 

9-8 

Cent 

10 

130 

35 

8-8 

■• 

15 

14-3 

127 

11-3 

40 

10-2 

9'2 

8-4 

20 

138 

122 

10  8 

45 

9-5 

86 

79 

25 

13-1 

11-6 

102 

20 

50 

6'8 

8  0 

7-4 

30 

12  3 

10© 

97 

55 

81 

75 

69 

35 

11-5 

102 

91 

60 

7-4 

6v 

6-4 

1 

10 

40 

107 

96 

8-6 

65 

67 

6-3 

5-9 

45 

100 

90 

81 

70 

60 

57 

54 

50 

9-3 

8-4 

7-6 

75      52 

5  0 

4-8 

55 

60 

86 

7*8 

7-8 
7  2 

7-1 
6-6 

25 

11'8 

105 

9*4 

65 

6'9 

65 

6  1 

30 

n-3 

10*  I 

90 

70 

6- 1 

5-8 

5'5 

35 

107 

96 

8  6 

75 

5  3 

51 

4-9 

40 

10  0 

91 

8-2 

' 

45 

94 

8-5 

7S 

15 

139 

12-3 

110 

25 

50 

87 

79 

73 

20 

13-3 

iia 

105 

55 

80 

7-4 

68 

25 

12-6 

i:-2 

101 

1 

60 

7-3 

6-8 

6  3 

:)0 

11-9 

106 

9'5 

65 

66 

62 

5-8 

35 

11*2 

100 

90 

70 

59 

56 

53 

40 

10-4 

9'^ 

85 

75 

51 

4*9 

47 

15 

45 

9'G 

8-8 

80 

50 

8-9 

82 

7-5 

30 

10-8 

9-6 

86 

55 

8-2 

7-6 

7*0 

m 

35 

10-3 

92 

83 

(50 

7'5 

70 

65 

1  40 

97 

8-8 

80 

65 

6-8 

6-4 

60 

45 

91 

8-3 

7-6 

70 

60 

57 

5-4 

30 

50 

8-5 

/•H 

7-2 

75 

5-2 

50 

4-3 

55 

7'9 

7-3 

07 

t 

60 

72 

6-7 

6-2 

20 

12-8 

\\V3 

iOl 

65 

6-5 

61 

57 

1 

20 

25 

12-2 

108 

97 

70 

5  8 

55 

5-2 1. 

30 

116 

10-3 

9-2 

75 

51 

4'9    47 1 

601 


TABLE  XLVin  Contrnvjed. 


f 

1  3 

4 

5 

> 

3 

4 

5 

Ageg 

Cent 
9'9 

CeDt 
8-8 

Cent 
80 

Agw 

Cnit 

7-6 

Cent 

per- 
cent 

35 

50 

66 

6^2 

40 

tr4 

8-5 

77 

55 

7-2 

6-5 

60 

45 

8\Q 

8-1 

7-4 

^0 

60  1 

67 

61 

57 

50 

8'3 

7'6 

70 

\j\j 

65 

62 

57 

5-3 

35 

55 

;7 

71 

6-6 

70 

5-5 

52 

4*9 

GO 

71 

65 

61 1 

73 

4-8 

4-6 

4-4 

65 

6-4 

60 

5-6 

1 

70 

57 

54 

5-1 1 

55 

69 

6*2 

57 

75 

50 

4-8 

4-6 

60 

&5 

5-9 

5*5 

55 

65 

6*0 

5-6 

5*2 

40 

91 

81 

7-3 . 

70 

5-4 

51 

4-8 

45 

87 

7*8 

7-1 
6-8 

75 

47 

4-5 

4*3 

50 

8  3 

74 

A^\ 

55 

7  6 

6'9 

6-4 

60 

61 

5-6 

5-2 

40 

00 

7-0 

64 

60 

GO 

65 

57 

5-3 

4*9 

6s 

6-4 

S'9 

55 

70 

5-2 

"^'9 

4*6' 

70 

57 

5-4 

5-1 
4-6 

75 

4-6 

4-4 

4-2 

75 

5*0 

4  8 

1 

65 

54 

50 

47 

45 

8-3 

7-4 

67 

65 

70 

4-9 

4-6 

4-4 

30 

79 

71 
67 

65 

€•2 

75 

4.4 

4-2 

40 

55 

74 

45 

(50 

6s 

6*3 

5-8 

70 

70 

4-6 

4-4 

4-2 

6-5 
70 

75 

63 
5-6 
4-9 

58 
5-3 

47 

5-4 
5  0 
4'5 

7« 

• 

4-2 

40 

39 

75 

75 

3-8     37 

^3*6 

, 

-  i 

.1 

. — 4—.- 

I 


2X 


•Of 


./«.  /J. 


TABLE  XLfit. 

* 

Showing  the  iralue  of  an  annuity  on  a  Single  Ufe^ 
according  to  the  hypothecs  oi  M.De  Moivre. 


Age 

8 

d 

H 

4 

H 

S 

6 

per  Cent 

p^rCent 

perCelic 

pes  Onr 

per  Cent 

percent 

19736 

18'160 

16791 

15595 

14-544 

12-790 

9 

19-868 

18-269 

16  882 

15  672 

14-607 

12*839 

10 

19*868 

1 8-269 

16-882 

15-672 

1460? 

12-8^9 

11 

19736 

18-160 

16-791 

15-595 

14  544 

12-790 

12 

1^604 

1804P 

16-098 

15517 

14-480 

12-741 

13 

19469 

\7'^V 

16604 

15-437 

14  412 

a2-69i 

U 

19-331 

17-823 

16-508 

15-356 

14342 

12-639 

15 

1919^ 

17707 

16-410 

15-273 

14271 

12586 

16 

19050 

17-588 

16-311 

15*189 

14-197 

12*532 

17 

I8-905 

1/467 

I6209 

15  102 

14-123 

12*476 

18 

18  759 

17344 

16105 

15015 

14-047 

12*419 

19 

I8610 

17220 

15-999 

14*923 

13970 

12*361 

20 

18-458 

17093 

15-891 

14831 

13-891 

12301 

21 

18-305 

16963 

1^781 

14-737 

13  810 

12-239 

22 

18148 

16-830 

15-669 

14-641 

13-727 

12*177 

23 

17-990 

16696 

15-554 

14-543 

13-642 

12-112 

24 

17-827 

16  559 

15-437 

14-442 

13-555 

12*045 

25 

17  664 

16419 

15318 

14  340 

13-466 

11-978 

26 

1 7-497 

\6277 

\5'IQ7 

14-235 

13-375 

11-908 

a; 

1 7327 

16-J33 

15-073 

14-128 

13*282 

U-837 

28 

17154 

isgss 

14946 

14-018 

13186 

11-763 

29 

16979 

15-835 

14-816 

13*905 

13-088 

11-688 

30 

16  800 

15-682 

14684 

13-791 

12-988 

11-610 

31 

16020 

15526" 

14549 

13-673 

12-885 

11-530 

32 

16-436 

15  367 

14  411 

13-553 

12-780 

11-449 

33 

16-248 

15-204 

14270 

13-430 

12-673 

11-365 

34 

16057 

15  039 

14-126 

13*304 

12-502 

11-278 

35 

15-864 

14-871 

13-979 

13175 

12-449 

11-189 

36 

15-666 

14699 

13-829 

13*044 

12-333 

11-098 

37 

\5'AQ5 

14524 

13-676 

12-909 

12-214 

11-003 

•38 

15-260 

14-345 

13-510 
13-a59 

12-77* 

12*091 

10-907 

•39 

15  053 

14  163 

12-630 

11*966 

IO-8O7 

40 

14842 

13*978 

13196 

12-485 

11*837 

10-704 

41 

14-626 

13  789 

13-028 

12*337 

11*705 

10-599 

42 

14-407 

13596 

12-858 

12-185 

11*570 

10*490 

4S 

14185 

13-399 

12-683 

12*029 

11-431 

10-378 

44 

13-958 

13199 

12-504 

11-870 

11*288 

10*268 

43 

1372K8 

12*993 

12-322 

11-707 

11-142 

iai44 

i 

003 


TABLE  XLIX  Ckmtmiied. 


^*" 


Age 


■«■* 


46 

47 
48 

49 
50 

51 
52 
,53 
54 
55 

56 

57 

58 

60 

61 
62 
63 
64 
65 

66 

67 

68 

G9 
70 

ri 

72 
73 
74 
75 

76 

77 

78 
79 

80 


S 
per  Gent 


3-493 
3-254 

2*764 
2*511 

2-255 

1*994 
1729 
1-457 
1193 

ogo2 

O616 
a325 
0-029 

9-727 

9'4^9 
9107 
8-787 
8462 
8-132 

7794 
7*450 

7099 

6743 

6-378 
6-008 

5-631 

5*246 

4-854 
4-453 

4^046 
3*682 
3-207 
2776 
2-334 


5 


OCMt 


81 

1-886 

82 

1-429 

83 

•961 

64 

•484 

85 

•000 

12*784 
12-571 
12-354 
12131 
11-904 

11-673 
11-437 
11195 
10-950 
10-^ 

10-443 
10-181 

9*913 
9'640 

9361 

9076 
8-786 
8*488 
8*185 
7'B75 

7-558 
7*234 
6-902 
6-565 
6-2  ig 

5-865 
5-505 
5-136 
4*759 
4*373 

397ft 
8-575 

3-163 
2*741 
2*309 

1-867 

1-411 

'9^5 

*483 

•000 


4 
per  Cent 


WBfM 


12-135 
11-944 
11748 
1 1  -548 
11344 

11-135 
10*921 
10702 
10-478 
10*248 

10-014 
9773 
e'527 
9275 

9017 

9753 
8-482 
8-205 

7921 
7*631 

7"333 
7027 
6714 
6-304 

6-065 

5-728 
5-3S3 
5*029 
4*666 
4-293 

3-912 
3-520 
3'IU 

2707 
2*284 

1-850 

1-406 

•950 

•481 

•000 

2x2 


11-540 
11-368 
11-192 
11  012 

10*827 

10*638 
10-443 
10-243 
10039 
9*829 

9614 
9393 
9*166 
8  933 
8*694 

8-449 
8197 
7-938 
7*672 
7*399 

7*119 
6-831 

'6-534 

6230 

iJ9J8 

5596 
5-265 
4926 
4*576 

4*217 

3*847 

3  467 
8076 

2673 
2*259 

1*832 

1*394 

•943 

.479 

•000 


10*992 

10*837 

10679 
10*515 
10-348 

10  1 76 

9'999 

9817 
9630 

9-437 

9239 
9*036 
8*826 
8*611 
8*389 

8-161 

79^ 
7-684 
7*435 

7179 

6*915 
6-643 
6*362 
6073 
5775 

5468 
5*152 
4826 

4-499 
4143 

3-784 
3-415 
3-034 
2-641 
2*235 

1-816 
1*384 

•9371 

•476 
•0001 


^\ 


10-Oil 

9895 

97^^ 
9630 

9492 

9349 
9*201 

9049 

8891 

8*729 

8*561 
8*387 
8208 
8023 
7*831 

7*633 
7*428 
7*216 
6997 

6*770 

6-535 
6292 
6-040 

^•779 

5*506 

5-228 
4937 
4-636 
4-324 
4-000 

3-664 
3-315 
2-953 
2*578 
2-188 

1-783 

1362 

•925 1 

•472 1 


eof 


TABLE    L. 


ShovJQg  the  value  of  an  annuity  on  Two  Joint  Ut^s. 
accordmg  to  the  hypothecs  of  M'  De  Moivre, 


'^./t/9'^0 


Ages 

3 

4 

.    5 

per  Cent 

per  Cent 

ptf  Ceot 

10 

15*206 

13-342 

11-855 

I  ^^ 

14-878 

13093 

11-661 

'  20 

14-503 

12  808 

11-430 

25 

14074 

12-4$0 

U182 

30 

*  13-585 

12102 

10-884 

■ 

35 

13025 

11-665 

10-537 

10 

40 

12-381 

IVI56 

JO  128 

45 

11-644 

lQ-564 

9646 

» 

50 

10796 

9871 

9-074 

55 

»-822  , 

SO59 

8-?9i  . 

60 

8*704 

8105 

7-572 

65 

7-417 

6-980 

6-585 

70 

5 '936 

5-652 

5*391 

- 

15 

14574 

12-860 

.  11-479 

20 

14-225 

12593 

11-266 

25 

13*822 

J  2-281 

11022 

30 

13359 

U'921 

lO'jaG 

35 

1:^-824 

11-501 

)0-402 

15 

40 

12207 

11013 

10008 

45 

11496 

10-440 

9-541. 

50 

10675 

97^7 

8*985 

55 

9727 

8-975 

8-318 

60 

8632 

8041 

7'515 

65 

7377 

6934 

6*544 

70 

5-932 

5-623 

5-364 

20 

13-904 

12,341 

110^     . 

25 

13-531 

12-051 

10840 

30 

13  098 

11711 

10-565    . 

on 

35 

12-594 

11*314 

io-27a 

^u 

40 

12*008 

10847 

9870    : 

45 

1 1  -325 

10'297 

9  *2Q 

50 

10-536 

fi-648 

8*880 

55 

9'6i7 

8-879 

8*233 

I 


0O| 


TABLE   L  .Gontinu«d. 


Ages 

3 

4 

5 

per  Cent 

per  Cent 

per  Cent 

60 

8*549 

7'g67 

7'448^- 

20 

65 

7'308 

6-882  . 

6-495 

70 

25 

5-868 

5-590 

5333 

13-192 

11-78^ 

10-621 

30 

12794 

ll'46"8 

10-367 

35 

12333 

11-093 

10  067 

40 

U776 

10-655 

9708 

25 

45 

11M30 

10-131 

9278 

50 

10^374 

9*509 

8-761 

55 

9*488 

8-766 

8-134- 

60 

8*452 

7-88O 

737^ 
'  €-440 

( 

65 

7241 

6-826 

1 

70 
30 

5-82(5 

5-551 

5'^g4^ 

12-434 

iri82 

10-ia^^ 

35 

12-010 

10-838 

9854 

40 

n-502 

10-428 

S'514 

45 

10*898 

9'ffi^  - 

9112 

3p 

50 

10183 

9-345 

8620 

53 

9*338 

8634 

8018 

■ 

60 

8338 

7779 

7*280 

65 

7*16*1 

6-748 

6*373 

70 
35 

5777 

5-505 

•                 • 

5-254 

11-632 

10-530 

9*600 

40 

11-175 

10157 

9*291 

I 

45 

10-622 

9702 

8-91^ 

35 

50 

9-955 

9149 

8-450 

55 

9156 

8-476 

7*879 

60 

8-202 

7-658 

7172 

65 

7066 

6-662 

6-294 

• 

70 

40 

*718 

5450 

5-203 

10777 

9826 

9014 

4f 

10*283 

9*4  J  8 

8*671 

50 

9'677 

8-911 

8-244 

40 

55 

8-936 

8*283 

7710 

'60 

8038 

7-5 IQ 

7039 

65 

6951 

6-556 

6198 

', 

70 

5-646 

5-383 

5141 

V     A\  , 


006 


TABLE  L    Contmaed. 


Agw 

s 

4 

5 

per  Cent 

per  Cent 

per  Cent 

45 

98® 

9063 

8-S7Q 

50 

9331 

8619 

7987 

^w 

55 

8662 

8044 

7*500 

45 

60 

7"831 

7-332 

6875 

6S 

6807 

6*425 

6-080 

70 

50 

5-556 

5-300 

^063 

8^9» 

8-235 

7-660 

55 

33)2 

7738 

7-230 

50 

60 

7*568 

7091 

6664 

es 

6693 

6-258 

5-926 

70 

5-442 

5193 

4-964 

.55 

7-849 

7?32 

6873 

35 

60 
65 

7-220 
6379 

6781 
6*036 

6*386 
5'724 

70 

5-201 

tf-053 

4-633 

60 

6-737 

6*351 

6-001 

60 

65 

6-043 

5-730 

5-444 

70 

5-081 

4858 

4-653 

6S 

65 

5-547 

5-277 

5-031 

70 

4773 

4571 

4*385 

70 

70 

4-270 

4-104 

3-952 

«l.- 


k 


eo7 


TABLE  LL 

Showing  the  value  of  an  Assurance  of  i£^100  on  a 
Single  Life,  (either  in  Single  or  Annual  Payments) 
deduced  from  the  observations  made  at  Nortkamp^ 
tauy  and  at  5  per  cent  interest. 

This  Table  is  adopted  by  all  the  Assurance  OfEcet 

in  London. 


Age 

Single 
Premium 

Annual 
Premium 

Age 

Single 
Premium 

Anniud 

Premium 

8  to  14 

•    a    a    . 

1-879 

41 

54*505 

3-487 

15 

39834 

1-929 

43 

55*172 

3-583 

16 
17 

18 

40-481 
41*113 
41-710 

1*983 
2  033 
2063 

43 
44 
45 

'  55-839 

56-517 

57-208 

3-683 

3787 

3-896 

19 

42*272 

2-133 

46 

57913 

4-008 

20 

42802 

2-179 

47 

58-682 

4*i2g 

t 

< 

21 
22 
23 

43-291 

44-229 

2-225 
2-267 
2-312 

48 
SO 

59-366 
60-117 
60-866 

4*254 
4*392 
4-533 

24 

44-710 

2354 

51 

61*603 

4675 

• 

25 

45-202 

2-403 

52 

62-340 

4*821 

26 
27 
26 

45703 
46-213 
46732 

2-450 
2504 
2*554 

53 
54 
55 

63  086 
63*784 
64-612 

4-979 
5*142 

5*317 

39 

47261 

2-612 

56 

65392 

5504 

30 

47-800 

2-671 

«7 

66-162 

5700 

• 

f 

31 

32 

*33 

48-353 
48-913 
49-486 

2*725 
2  787 
2854 

5» 
Co 

66*980 
67-79'^ 
66*611 

5-9O8 
6-133 
6'Z67 

34 

50072 

2921 

61 

eg'43S 

6617 

35 

50666 

^992 

62 

70-277 

6-887 

36 

37 

38 

5 1 '27  5 
51*898 
52*530 

3067 
3-142 
3  225 

63 
64 
6S 

1^1*136 

72*007 
72*901 

7179 
7492 

7-837 

39 

53*180 

3-308 

66 

73*804 

6204 

40 

53-841 

3-396 

67 

74-713 

6*604 

60d 


TABLE   Lllx 

■ 

Showing  the  Value  of  an  assurance  of  j^lOO  60,  Twd 
Joint  Lives,  (eithef  in  Single  or  Annual  PaymoHs) 
deduced  from  the  observations  made  at  Norlhamp* 
ton^  and  at  S  per  cent  interest* 

This  Table  is  adopted  by  all  the  Assurance  Office^ 

in  London. 


' 

y 

Agei 

Sin^U 
Premium 

■ ' 

Annual 
Premium 

Ages 

Single 
Premium 

Annual 
Premium 

|- 10    49498 

2-855 

50 

66-438 

5766 

15 

51-177 

3-053 

20 

55 

60077 

6506 

20 

52*958 

3-279 

■^\#^ 

60 

72049 

7  508 

25 

54319 

8-463 

65 

75-406 

8*930 

30 
35 

55-873 
.  57693 

3-688 
3-97^ 

10 

25 

58106 

4O40 

40 

59*832 

4339 

30 

5Q  322 

4-24  S 

45 

ei-2o6 

4794 

35 

60-7^6 

4-515 

50 

64919 

5'3qo 

40 

62559 

4-867 

55 

67-801 

6-133 

25 

45 

64-571 

5  309 

60 

71  012 

7135 

50 

66923 

5-893 

65 

74-6oa 

8-557 

55 

69-461 

6-625 

60 

72343 
75621 

7619 
9035 

15 
20 
25 

52731 
54-388 
55-641 

3-249 
3-473 
3-653 

65 

30 

60  418 

4446 

30 

57083 

3-874 

35 

61754 

4703 

35 

58'783 

4- 154 

40 

6d'392 

5^044 

15 

40 

60-799 

4-517 

30 

45 

65-271 

5*474 

45 

63  047 

4-9eJ9 

50 

67495 

6-048 

50 

65  634 

5-563 

55 

699x5 

6769 

56 

6B-395 

6303 

60 

72-685 

7751 

60 
65 

71-485 
74960 

7302 

8-719 

65 

75-866 

9*156 

- 

35 

62-944 

4947 

20 

55-923 

3-695 

40 

64*426 

5-27^ 

?5 

57065 . 

3-871 

45 

66-149 

5-69% 

20 

30 

58-390 

4087 

35 

50 

68-217 

6-252 

35 

59d6S 

4'3e>3 

55 

70492 

6^8 

40 

6VH5n 

4723 

ft) 

73-125 

7-9M 

45 

63-979 

5- 173 

65 

76*181 

9*3  itf 

-909 


TABLE  tn  Cont&ued. 


Aget 


40 


^M*a 


45 


40 
45 
50 
55 
60 
05 

45 
50 
55 
60 
65 


Premium 


65736 
67274 
6ffi54 
71-250 
73713 
70-612 


Annual 
Premium 


68*611 
70278 
72164 
74*424 
77-134 


5'588 
5-988 
6*530 
7-218 
8:168 
9-541 


6367 

6-887 
7*551 
8476 
9*825 


<m^ 


tm^ 


Ag«t 


50 


55 


60 


65 


I  50 
55 
60 
65 


55 
60 
65 


60 
65 


65 


Sio^e 
Premium 


71705 
73*344 
75*357 
77*831 


74*713 
76-448 
78-637 


77*846 
79-6&9 


81-152 


Annual 
Premium 


7*381 
8014 
8-9Q7 

10-226 


8-606 

9*451 

10*721 


10*235 
11*434 


12-541 


2J 


610 


TABLE    LIII. 


Showifig  the  value  of  «i  Assurance  of  ^100  to  be 
received  on  the  decease  of  A,  provided  he  dies 
b^ore  B  i  deduced  (according  to  Mr.  Siai}:soa's 
rule)  from  the  observations  made  at  Northampton^ 
and  at  3  per  cent  interest. 

This  Table  is  adopted  by  ^11  the  Assurance  Offices 
in  London ;  although  \t  is  one  of  the  most  inaccuf 
rate  that  ever  was  published.    See  page  511. 


Age 

Sinj^le 

Annual 

'^ 

Age 

SiogU 

Annual 

of 
A 

• 

of 
B 

Premium 

Premiunf 

61 

of 
B 

Premibm 

Premium 

10 

24749 

1-427 

10 

29461 

1-824 

15 

24198 

1-444 

15 

28*786 

l-a38 

ao 

23*498 

1-455 

20 

27-961 

1-848 

25 

22-53 1 

1*437 

25 

26*811 

1-819 

30 

21*468 

1-417 

30 

25-546 

1788 

to 

35 

20-317 

1-399 

35 

241^6 

1759 

10 

40 

19070 

1-383 

20 

40 

22*692 

1-733 

45 

17-696 

1-364 

45 

21058 

1*703 

50 

16214' 

1346 

50 

19294 

1-674 

55 

14-631 

1*324 

55 

17-410 

1-640 

60 

12925 

1-290 

00 

15-381 

1-603 

65 

11  098 

1*273 

65 

13-206 

V56^ 

70 

9153 

1-246 

70 

10-892 

l-5i3 

10 

26*979 

1-609 

10 

31-789 

2-027 

15 

26  365 

1*625 

15 

31093 

2042 

20 

25-602 

1-635 

20 

30254 

2052 

25 

24-549 

1612 

25 

29-053 

2020 

30     23-391 

1*588 

30 

27683 

1-982 

35      22-136 

1-564 

35 

26*  198 

1-946 

15 

40 

20778 

J -544 

25 

40 

24*590 

1*913 

45 

19*281 

1-520 

45 

22*819 

1-876 

50 

17'666 

r497 

50 

20*907 

1-841 

55 

15*941 

1-469 

55 

18  866 

1799 

60 

14  063 

1-439 

60 

16667 

1755 

65 

12*092 

1-407 

65 

'14-310 

1-710 

; 

70 

9973 

1-373 

70 

11-803 

1662 

en 


TABLE  Lm    Condnaed. 


A^ 
of 
A 

Age 

Siarle 

Annual 

Age 
of 

A 

Age 

Singie 

Annual 

Of 

B 

Premium 

Premium 

01 

B 

Premium 

Premium 

10 

34-401 

2-271 

10 

44-511 

3-430 

m 

15 

33  6^ 

2-287 

15 

43-766 

3-450 

30 

32  843 

2*299 

20     42*921 

3471 

25 

31-640 

2*266 

25 

41-753 

3  433 

30 

30*2Q9 

2-223 

30 

40'36g 

3-386 

35 

28  599 

2177 

1  35 

38-735 

3-333 

30 

40 

26*834 

2-135 

45 

40 

36'775 

3273 

45 

24-901 

2088 

45 

34-306 

3183 

50 

22*815 

2'<M4 

50 

31-432 

3090 

55 

20'58S 

1993 

55 

28-364 

2968 

60 

18' 188 

J  039 

60 

25-057 

2*854 

65 

15-6l6 

1-885 

65 

21-514 

2-740 

70 

12880 

1-829 

* 

70 

17744 

2-629 

1 
1 

10 

37375 

2-573 

10 

48*705 

4-044 

15 

36-647 

2-590 

15 

47968 

4  066  1 

20 

35794 

2-604 

20 

47144 

4-091 

25 

34-588 

2-5^ 

25 

46-017 

4-052 

30 

33166 

2-526 

30 

44  680 

•  4004 

35 

31-472 

2-474 

35 

43-101 

3950 

35 

40 

'29540 

2-419 

50 

40 

41-208 

3891 

45 

27-413 

2-359 

45 

38-846 

3-807 

50 

25*116 

2  302 

50 

35-853 

3-(5&l 

• 

55 

22664 

2-237 

55 

32-353 

3-535 

60 

20-022 

2170 

60 

28-581 

3-378 

65 

1719» 

2-102 

65 

24*540 

3-224 

70 
10 

14-179 

1 

2034 

70 

20-239 

3  075 

40-763 

2*956 

10 

53  170 

4-8 10 

15 

40  023 

2*974 

15 

52-454 

4-834 

20 

39164 

2-991 

20 

5166s 

4-867 

25 

-37969 

2934 

25 

50-596 

4-826 

30 

36-560 

2*cx)9 

30 

49-329 

4-77^ 

35 

34*888 

2-857 

35 

47-829 

4*721 

40 

40 

32-868 

2794 

55 

40 

46-034 

4-664 

45 

30-501 

2-715 

^45 

43-800 

4583 

50 

27946 

2-639 

50 

40-993 

4-479 

55 

25-218 

2555 

55 

37357 

4-303 

60 

22278 

2-468 

60 

33  002 

4-080 

65 

19-128 

2*382 

65 

28-336 

3-863 

70 

157V6 

2296 

70 

23370 

3-656 

2t  2 


«I6 


TABLE  Lni    Contimial^ 


T 


of 
A 


00 


of  • 
B 


Pfedimin 


10 
15 

to 
is 

,30 

40 

45 
20 

is 

65 

70 


57*403 
56-699 
55-675 
54*499 
53*103 
51-437 
49^67 

i^'777 
43*439 
SS-923 
33-419 
17*5^ 


Anoual 
P^emiam 


5-836 
5*663 

5-«63 
S'Sli 

5755 

5*623 

«W9 
5-37i 
5-117 

4*;95 
4*190 


6f 


•B 


10 
15 

90 
05 
30 
35 
40 
45 
50 
55 
60 
65 
7Q 


■PI 


PnsdDuim 


Aiunul 

PXSlCllDBI 


63'510 
62-870 
62*203 
61*311 
60*251 

58*990 
57*484 
45^820 
53-293 
50*d02 
46*279 
4O-&0 
33-466 


7t85 

7ZGf 
7$25 

7-271 
7-013 

7159 
7t»^ 

ro« 

6*S56 
6-640 
6-070 
57S7 


•18 


TABLE   UV, 

fibowfog  the  nine  of  nn  Amirance  of  jf  J 
Single  Life,  according  to  tbe  probabifitieB 
as  observed  by  M*  De  Parcieux. 


0 
7 

8 
9 

la 
11 

12 
13 
14 
15 

16 

17 
18 

19 

20 

21 
22 
23 
24 
25 

26 

27 
28 

29 
30 

31 
32 
33 
34 
I  35 


, 


23-550 
23*258 
23092 
22992 
23046 

23-273 
23677 
24100 
24-538 
24*992 

25-462 
25-481 
26*281 
26*715 
27-162 

27*534 
27-923 
28*319 
28*731 
29-154 

29*592 
30^046 
3a515 
31-000 
31*500 

32019 
32*558 
33*115 
33-692 
34*^2 


n- 


4 


18*843 

18*471 
18*283 
18-052 
18083 

I8I95 
18*543 
18*910 
19290 
19-<^ 

20*110 
20^452 
20-814 
21-186 
21-576 

21*890 
22*210 
22*548 
22*890 
23*252 

23*624 
24*010 
24*4H 
24*883 
25*271 

25*724 
26-195 
26*a^ 
2720? 
27-738 


90  [34915 

37  35*558 
39  36-823 
39  37*119 


41 

49 
43 

44 

45 

46 

47 
48 

49 
50 

51 
52 
53 
54 
55 

56 

97 
58 

59 
60 

61 
62 
63 
64 


^300 
^-886 
29-605 
^357 


?7'950  ?  1-148 


W-819 
39719 

401^5 
41*650 

42*677 

43750 
44-781 
45*862 


9 1*981 
92-1357 
33*781 
34*743 
95776 

36852 
37*886 
W-976 


46-696  4a024 


^7'977 

49-019 
50*019 

51058 
52-142 
53*181 

54*265 
W-396 
56*484 
57*615 

58*790 

60*0^7 
61-308 

62-562 
63*869 
65-2^5 


41*129 

49*190 
43-205 

44*271 
45*390 
46*467 

47590 
48*776 

49*919 
51-121 

52*367 

53*686 
55071 
56*429 
57S57 

59357 


Age 


per  Cent  per  G«m 


66-573 
67*885 

eg-iss 

70-388 
71*562 

72-754 
73*869 

74-977 
76-oej9 

77135 

78-262 
79346 
iBO-365 
81-408 

82*323 

* 

83*192 
83-985 
84-850 
85*846 
86-830 

87*750 
88-550 
89573 
9(^592 
91 '588 

92-535 
9^*415 
94*304 


00-838 
62-295 
63-714 
65*090 
66-405 

f^-748 
(^024 
70*257 
71-500 
72714 

74WO 
75-262 
76-438 
77'64S 
78*710 

79724 
i90  643 
81-652 
82-838 
8»995 

85-086 
86*083 
87-262 
88486 
89-686 

90*838 
91  890 
92-971 


J 


61 « 


TABLE    LV; 

Showing  the  value  of  an  Assurance  of  ^  J  00  on  Two 
Joint  Lives,  according  to  the  probabilities  of  living 
as  observed  by  M  De  Parci^ux. 


1 


20 


2j 


30' 


1 

^* 

Ages 

*^2 
per  Cent 

U) 

37784 

\5 

36966 

30 

40-305 

10 

30 

43-243 

40 

47V77 

50 

55^76 

60 

0V665 

70 
15 

7o37S 

40040 

20 

41-323 

25 

42-4()() 

15 

35 

45'SbO 

45 

52- 123 

55 

60-384 

65 

70-201 

1 

20 
25 

.'50 
40 
50 

do 
70 

25 
30 
35 
45 
55 
65 


30 
35 
40 
50 


42-478 
43-523 
44btJ 
40  1  SI 
5d-7]2 
(J5-213 
75062 


44-4-23 
45  627 
47243 
52-988 
pop  18 
70-522 


461-651 
48065 
50-256 
57239 


per  Cent 


^*' 


30'i)37 
S2'm5 
33-344 
35-915 
40'389 
48-523 

57  9^1 

70  067 


Ages 


30 


35 


33  05] 
34-270 
35  321 
38-417 
44  622 
53308 
64  i38 

35'3bC) 
36337 

27  ■•'^77 
4 1 •0/2    4 

56-^7/0    i 
70-403    ij 


60 
70 

35 
40 
45 
55 
65 


40 
45 
40  !  50 
60 
70 


^15 


li 


50 


37166 

36-27P 
3()-79b 
45548 
53 '9 15 
64*512 


39240 
40  578 
42-736 
50000 


55 


60 


65 


45 
50 

55 

65 

50 
55 
60 
70 

55 
60 
65 

60 
65 
70 


65 
70 


^2 

per  Cent 


65-446 
75767 


49 '248 
51183 
54*108 

61-388 
70654 


52-799 
55  3S:j 

58(i43 
66028 


57-547 
60374 
63  394 
7 1  -554 


62714 
65  'Z57 
68-409 

76*981 


67303 

69941 

73593 


71-990 

75  033 
78-571 


77*246 

80- 190 


per  Cent 


58*828 
70-524 


41711 
43-636 

46-6^ 
54  401 
61658 


45'268 
47972 
5 1  -452 
•59'446 
70-670 


50-267 
53-316 

56-580 
65-671 


55-878 
58  652 
62  135 

71-936 


60-912 

63*854 
68*013 


66-166 
6g-663 
72-341 


73-784 
75'683 


GIS 


TABLE   LVI-    . 

Showing  the  value  of  an  Assurance  of  jtlOO  on  a 
Single  Life^  according  to  the  probabilities  of  living 
as  observed  in  Sweden. 


Age 


T- 


6 

7 

6 

9 

10 

11 

12 
13 
14 
15 

16 

17 

18 

19 

20 

21 
22 
23 
24 
25 

26 
27 

28 

29 
30 

31 
32 
33 
34 
35 


Males 


4 
perCem 


24-531 
24-256 
24-134 
24-173 
24-327 

24-615 
25  034 

25-469 

25  977 

26519 

27084 

27  681 

28  296 
28-877 
29-481 

3003 1 
30-608 
31-204 
31  762 
32-338 

32*938 
33*562 
34-211 
34  885 
35573 

36-250 
36942 
37-662 
38-408 
39-185 


4 

per  Centner  Cent 


19-519 
19*157 
18-948 
18-905 
1898^ 

19190 
19543 

19-910 

20  362 

20  838 

21-348 
21886 
22-452 
22*976 

23-529 

24  024 
24-550 

25  086 
15-586 
26110 

26657 
27-229 
27-829 
28-457 
29' 100 

29733 
30-386 
31*062 

31776 

32-524 


Females 


22-904 

22  573 
22454 
22-496 
22658 

22-919 

23  261 
23-692 
24-204 
24738 

25-292 
25  808 
26-342 
26873 
27-415 

27*981 
28-565 

29-177 
29  800 

30-434 

31-096 
31-727 
32354 
32973 
33-611 

34  215 
34-842 
35-435 
36-042 
36G73 


5 

(>er  Ceni 


18081 
17-662  1 
1 7  452  j 

17-414! 
17-5001 

17-686 

17-957 
18-310 
I8767 
19-236 

19-733 
20-186 
20657 
21*129 
21*618 

22  114 
22-643 
23- 195 
23767 
24-352 

24967 
25543 
26-1 19 
26-666 
27276 


Ag« 


27-829 
28-405 
28-938 
29  4f)5 
30-076 


36 

37 
38 

39 
40 

41 
42 
43 

44 

45 

46 

47 
48 


Males 


4* 
per  Cent 


.!> 


perCem 


3999^ 

40-838 

41-/15 
42  631 
43*585 

44-515 
45-400  , 
46-215'* 
47-065 
47-942 


33  305 
34' 129 
34990 
35695 
36*852 

37786 
38-667 
39-476 
40-324 
41-205 


48-858 
49-8O4 
50788 
f9J5l-815 
50   52-81 9 


'*! 


51 
52 

53  j55  650 

54  50'65S 


5370 
54-673 


55 

56 

57 

58 

59 
60 

61 
62 
63 
64 
65 


57700 

58-781 
59-904 
6l-(J00 
62-134 
63-308 

64-458 

65577 
66656 
67762 
68-855 


42"  129 
43-090 
4-1-105 
J45-I61 

•46-200 

I 

,i;i43 

48119 
i49l33 

;5o-i9o 

51  290 

52-438 
53-638 
54-814 
'56038 
[57-319 

5S'67l 
59-800 
60986 
62200 
:63-448 


Femalea 


4 
per  Cent 


37-392 
38-192 
39023 
39888 
40-765 

41-596 
42*331 
43077 
43-861 
44-681 

45573 
46-561 
47-615 

4871P 
49-8I2 


5 

per  Cent 


30752 
31-514 
32-319 
33*162 
34*019 

34-824 
35-533 
36-252 
37-005 
37-805 

38-686 
39*676 
40*748 
41*881 
43*000 


144-110 
.45*205 


50*888 

51*9.)4 

53 -b<X)  146*286 

540bS  '47-419 

55-223  !48-6lO 


56-408 
57-646 
58-877 
60-162 
61 '388 

62-542 
63*642 
64-746 
65-885 
67054 


49862 
51176 
52495 
53  866 
55216 

56*457 
37 '6^ 

|58-843 

;60-oe6 
61376 


610 


TABLE  LVl    Continued. 


Age 


Mali 


4 


m 


73 
74 

7« 

76 
77 
7« 
79 
80 

$1 
82 


^0*031 

7M96 
73*304 

78*835 

74-838 


tocr  Cent  per  Cent  per  Cent  per  CcBt 


75-318  70-676  74754 
76031  71714  75919 
77154 

77*965 

78896 174753 178*531 


84 
85 


79r7S6 

80(^7 

81-662 
82-646 
83'6l5 

84-550 
85-415 
86154 
86-642 
-034 


Pemalei 


68-262 
60*500 
70785 
72*104 
73473 


|87' 


75790 

76805 

77948 

79'Q95 
8O-229 

81*329 
82-352 
83-224 
83-795 
84  257 


79*358 
80*212 
81*104 
82*046 
83-060 

84058 

84-981 

85-773 
86-311 

86-338 


62710 
64*090 
65-534 

fl70l9 

70t)33 

71-367 

72-524 
73-424 
74-343 

75*390 

76*371 
77*300 
78*400 
79-596 

80-757 
81*846 
82*786 
83-429 
83*448 


Afe 


4 

per  Cent 


86 

87 
88 

89 

90 

91 
93 
93 
94 
93 

96 


5 

per  Cent 


87*380 

STBGg 

88*635 
89-623 
90*704 

9I715 
92*942 
94*319 
95*231 


84-657 
185-334 
86*133 
87*314 
88*610 


Femalei 


4 

percent 


e6'46g 


83-590 


86-804  83*976 
87'331  84-590 
88-046  85-439 
88-950 186-510 


89*829  ^803  b7-638 
91*314^0*965188-929 
93-996  U2'034  nr3i9 
94,105  93-081  gl-480 
94*062 


94*933 


93*681 
93739 


617 


TABLE    LVII. 
Showing    the   value   of  an  Assurance  of  j^IOO  on 
Two  Joint  Lives,  according  to  the  probabilities  o 
living  as  observed  in  Swedm. 


Ages 


10 


15 


25 


20 


30 


10 

1() 
22 
28 
34 
40 
46 
52 


15 
21 

27 
33 

39 
45 

51 
57 


25 

31 

37 

43 

4g 

55 
6*1 
6*7 


30 
36 
42 

48 


4 

per  Ceni 


34.07.^ 
35-658 
J7'883 
40-440 
43-304 
47  142 
51177 
56  3  It) 


36-404 
38-458 
40800 
43-462 
46923 
50  8 19 
55*715 
61 '204 


20  39*684 

26  41-754 

32  |44-185 

38  47-231 

44  50-953; 

50  55-512 

56  60662 

Hi  06700 


42888 
45  062 
47-696 
51  2)9 
55-338 
60'20-l 
66065 
72019 


46288 
48-500 
51758 
55-362 


Age» 


4 
[per  Ccni 


30 


35 


40 


45 


50 


54 
60 
66 

72 


35 
41 

47 
53 

59 
65 

71 

77 


59950 

65-512 
71-227 
77381 


4958I 
52-458 
55-550 
5g-800 
64*946 
70-465 
76565 
81-412 


40  53-985 
46  56592 
52  160-354 
58  !64-(X)e 
64  ;70  142 
70  175-946  • 
76  ;80  865 
82  |65-731  : 

1  

45  57-869 
51  '61042 
57  '6499')' 
63  |69*862' 
69  75  285 
75  90277 
81  \b5'l77 
87  i88  142 


50 
56 
62 

6^ 

74 
80 

86 
92 


62-665 
05'86c) 

70196 

75  050 

79'98i 

84-654 
87804 
93-OO6 


Ages 


55 


60 


65 


75 


60 


85 


70  i 


4 

per  Cent 


67-327 
70942 
75-100 
79-881 
84038 

H7'56g 

92 -008 


72677 
75g65\ 

80- 19  J 
83-8081 
87*500 
91*027 


77*3«l 

80838 
83-923 
'87492 
93058 
94400 


70  ,82-334 
'7/5  J84-823 
67  865 
997^5 

94»77 
8J-96& 
88-396 

89*981 

1939^2 


95 


3z 


618 


TABLE    LVIII. 


Showing  the  present  value  of  i6^1  to  be  received  ^t 
the  end  of  any  number  of  years. 


Years 


1 

2 

3 

4 

5 


/ 
8 

9 

10 

11 

12 
13 
14 
15 

16 

17 

18 

J9 

20 

21 
22 
23 
24 
25 

20 

V 
26 

29 
30 


per  Cent 


per  Cent 


.< 


•96154 
•9245(j 
•feefOO 
•854b0 
•82iy3 

7903 1 
75()p2 

73b(io 
70259 
•67556 

•64()58 
•62460 
•60057 
•57748 
•55526 

•53391 

•51337 

•49363 

•474O4 

•45639 

•43883 
•421  g6 
•40573 
•3901 2 
•37512 

•36OC9 
•34()82 
•33w'48 
•32065 
•30S32 


5 

pet  Cem 


'95694 
■91573 
•87630 
•83856 
•60245 

•76790 
'73483 

•703 10 

•67290 
•64303 

•61620 

•58966 
•56427 
•53997 

'51672 

'AQ447 
•47318 
•45280 ! 
•43330 
•41464 

•37970 

•3c335 
•34770 
•33273 

•31840 
•30469 

•29157 
•27902 
•20700 


"95238 
•90703 
•86384 
•62270 
'78353  I 

'74(M2 
•7JO68 
•67684 
•64461 
•61391 

■58468 
•55684 
•53032 
•50507 
•48102 

•4581 1 
•436C0 
•41552 
-39573 
'37680 


Year* 


31 
32 
33 
34 
35 

36 

37 

36 

39 
40 

41 
42 
43 
44 
45 

46 

47 

4^ 

•49 

50 


4 

prr  Cent 


•28124 
•26785 
•255(9 
•24295 
•23138 


•35894!!  51 
•34165  |1  52 
■32557:!  53 
•3JaJ7'j  54 
•29530     55 


56 

57 
58 
59 
60 


29646 
28506 
27409 
26355 
25342 

24367 
23430 
225i29 
2I662 
20829 

20028 

19257 
18517 

I78O5 
17120 

16461 
15828 
15219 
14634 
14(71 

13530 
13010 
\25iK) 
12028 
11566 

11121 
10693 
102S2 
09686 
09506 


4* 
per  Cent 


5 

per  Oot 


•25550 
•24450 
•23397 
•22390 
•21425 

20503 
•19620 

•IS775 

^79^7 
•17193 

•16453 
•15744 
15066 
•14417 
•13796 

•13202 
•  1 2634 
M20(0 
'}\56g 
•11071 

•10594 
•10136 
•09701 
09284 
•08884 

•08501 
•08135 
•07785 
07450 
•07129 


22036 
20987 

59967 
19035 
I6I29 

17266 
16444 
15661 
14915. 
14i05 

13528 
12884 
12270 
11666 
11J30 

IO6CO 

10095 
09614 
09156 
O872O 

•C8205 
•07910 
•07533 

•07174 
•06833 

06507 

•O6J97 

•05902 

•05621 

05354 


619 


TABLE  LVIII    Continued. 


Year* 

■4      1    4i 

1 

5 

Vcars 

4 

4i 

5 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

percent 

per  Cent 

61 

09140 

•0(5822 

•0500Q 

81 

04172 

•02829 

•01922 

62 

•08769 

•06528 

•04850 

82 

•04011 

•02707 

01830 

63 

•08451 

•06247 

•(H625 

83 

•03857 

•02590 

•01743 

64 

•08 126 

•05978 

04404 

84 

•03709 

•02479 

•01 660 

65 

•078 13 

•05721 

04195^ 

85 

•03566 

02372 

•01581 

66 

07513 

05474 

•a3995 

66 

•03429 

•02270 

01506 

67 

07224 

05239 

•03vS05 

87 

•OJ297 

'•02172 

•01434 

69 

'OGg4iy 

•05013 

•03623 

88 

'03 170 

•02079 

•01366 

69 

•OO679 

•04797 

•03451 

89 

•030^18 

•01969 

•01301 

70 

06422 

•(H59O 

03287 

90 

02931 

01903 

01239 

71 

•06175 

04393 

03130 

»» 

'02818 

•01821 

01180 

72 

•05937 

04204 

0298 1  I 

92 

•02710 

•01743 

01124 

73 

•05709 

04023 

•02839 , 

&3 

•02606 

•01668 

•01070 

74 

•05490 

•ai849 

■02704 

04 

02505 

•0159^ 

01019 

7S. 

•05278 

•03684 

02575 

95 

02409 

■01527 

•00971 

76 

•05Q75 

•03525 

•02453 

96 

•02316 

•01462 

•00924 

77 

•04880 

•03373 

•02336 

97 

•02227 

•01399 

•00880 

-78 

•046g2 

•03228 

•02225 

98 

•02142 

01338 

•00838 

79 

•04512 

•03089 

•02119     99 
•02018  1 100 

•02059 

•01281 

•00798 

80, 

•04338 

02956 

•OI96O 

01226 

■ 

•00760 



2z2 


6eo 


TABLE   LIX. 

Showing  the  present  value  of  <i^l  per  annum  for  any 

number  of  years* 


Year. 

4 

♦i 

5 

Yeart 

4 

H 

5 

, 

percent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

•962 

957 

'952 

31 

17'588 

16S44 

i5-5g& 

;   2 

1*866 

1-873 

1859 

32 

17*874 

16789 

15-803 

3 

2775 

2749 

2723 

S3 

18*148 

17*023 

16003 

4 

3-636 

3-588 

3-546 

34 

]  8*411 

17247 

16-193 

5 

4-452 

4-390 

4329 

35 

18*665 

17'46l 

16-374 

6 

5'242 

5158 

5076 

36 

18*906 

17-666 

16*547 

7 

6002 

5-893 

5'7S6 

S7 

19-I43 

17*862 

16711 

8 

6733 

6-596 

6-4613 

38 

19*368 

18*050 

16*868 

9 

7435 

7-269 

7*108 

89 

19*584 

18*230 

17-017 

10 

8111 

7'9^3 

7722 

40 

19793 

184QX 

17-15» 

11 

876a 

8-i29 

8-306 

41 

19993 

18-56& 

17-294 

12 

9385 

9'^^9 

8-863 

42 

20186 

18*724 

17-423 

13 

99^^ 

9-683 

9-^94^ 

43 

20*371 

I8S74 

ir546 

J4 

10563 

10223 

9'm 

44 

20549 

19-01 8 

17*668 

15 

11118 

10-740 

10-380 

45 

20720 

19156 

,  17774 

16 

ir652 

11-234 

10*838 

46 

20*885 

19288 

17-880 

17 

12-166 

11707 

1 1-274 

47 

21-043 

19*415 

17981 

18 

12-659 

I216D 

11-690 

48 

21-195 

19536 

I8O77 

Id 

13*134 

12-593 

1 2085 

49 

21*341 

19-651 

18-1^ 

30 

13-590 

13008 

12-462 

50 

21-482 

19762 

18-256 

21 

14-029 

13-405 

12*821 

51 

21*617 

19-868 

18*339 

22 

14-451 

13-784 

13163 

52 

21-748 

19*9^ 

18418 

23 

14-857 

14-148 

13*489 

53 

21-873 

20066 

1 8-493 

24 

15-247 

14-495 

13799 

54 

21-993 

20159 

18*565 

25 

15-622 

14*828 

14-Q94 

55 

22-109 

20-248 

18  633 

26 

15-983 

15-1-17 

14*375 

56 

22*220 

20333 

18*699 

V 

J  6-330 

1 

15-45  J 

14-643 

57 

22*327 

20*414 

18*761 

28 

16-663 

15743 

14*898 

58 

22*430 

20*492 

18'820 

29 

16'984 ' 

16-022 

15141 

59 

22-528 

20-567 

18876 

30 

17-292 

16-289 

15*372 

60 

22-623 

20*638     18  929} 

621 


TABLE  LIX    Conu'nued. 


Yean 

4 

4,\         S     1 

Te»r.        4 

H 

5 

jier  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

61 

22715 

207O6 

I6-98O 

9& 

24143 

•  ar7id 

^9^699 

62 

22803 

^0-772 

19029 

97 

24-17CJ 

21  740 

1971* 

6& 

22-687 

20  834 

19075 

88 

24-207 

21-760 

19727 

64 

229&'9 

20*894 

19-119 

89. 

24-238 

21*780 

19740 

65 

23  047 

20-951 

19-161 

90 

ii4-267 

.21-799 

19752 

66 

23-122 

21-006 

19201 

91 

24-295 

21617 

a97fc 

67 

23-194 

21*058 

19239 

92 
93 

24-323 

21-835 

19-775 

6S 

23  204 

21  108 

19-275 

24  3*19 

21-852 

19786 

6c) 

23  330 

21  153 

19-310 

iH 

24374 

2 1  -868 

19796 

70 

23395 

21-202 

1<^343 

95 

24*398 

21-883 

19'8O0 

71 

23*45(5 

2 1  -246 

19-374 

96 

24-421 

21*897 

19*815 

72 

23-516 

2! -288 

19-404- 

d7 

24  443 

21^11 

19*824 

73 

23  573 

21 '328 

ig-432 

98 

24^465 

21  *  925 

19-832 

74 

23-628 

21-30*7 

19459 

99 

24*4«o 

2T938 

19-840 

75 

23-690 

21-404 

19*485 

ICO 

24*505 

21-950 

19*848 

76 

23*731 

21-439 

19-509 

l>eip 

25  000 

22-232 

20uua 

77 

23*780 

21*473 

19*533 

, 

73 

2^'%V 

21-505 

19-555 

, 

79 

23-872 

21-536 

1957^^ 

80 

23915 

21565 

19-59^ 

81 

23-957 

21-594 

19-616 

82 

23997 

21-621 

19-634 

1 

- 

T 

83 

24-0<6 

21-647 

19'651 

1 

» 

84 

24073 

21-671 

19668  1 

85 

24109 

21695 

11^-684 1 

• 

t 

THE    EKiy. 


